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K-theories and free inductive graded rings in
abstract quadratic forms theories

K.M.d.A. Roberto™ and H.L. Mariano

Abstract. We build on previous work on multirings ( [17]) that provides gener-
alizations of the available abstract quadratic forms theories (special groups and real
semigroups) to the context of multirings ( [10], [14]). Here we raise one step in
this generalization, introducing the concept of pre-special hyperfields and expand a
fundamental tool in quadratic forms theory to the more general multivalued setting:
the K-theory. We introduce and develop the K-theory of hyperbolic hyperfields that
generalize simultaneously Milnor’s K-theory ( [11]) and Special Groups K-theory, de-
veloped by Dickmann-Miraglia ( [S]). We develop some properties of this generalized
K-theory, that can be seen as a free inductive graded ring, a concept introduced in [2]
in order to provide a solution of Marshall’s Signature Conjecture.

1 Introduction

Concerning Abstract Theories of Quadratic forms (in particular special groups
and real semigroups), the references [3], [6] and [7] are central. The theory of
special groups deals simultaneously reduced and non-reduced theories but focuses
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on rings with an “expressive amount” of invertible coefficients to quadratic forms
and the theory of real semigroups consider general coefficients of a ring, but only
addresses the reduced case. Both are first-order theory, thus they allow the use of
model theoretic methods.

M. Marshall in [10] introduced an approach to (reduced) theory of quadratic
forms through the concept of multiring (roughly, a ring with a multi valued sum)
11 this seems more intuitive for an algebraist since it encompasses (generalizes, in
fact) some techniques of ordinary Commutative Algebra. Moreover, the multirings
encode copies of special groups and real semigroups (see [14]) and still allows the
use of model-theoretic tools, since multirings (hyperrings) endowed with conve-
nient notion of morphisms constitutes a category that is isomorphic to a category
of appropriate first-order structures.

In the recent work [17]: (i) we have considered interesting pairs (A, 7T) where
Aisamultiring and 7 C A is a certain multiplicative subset in such a way to obtain
models of abstract theories of quadratic forms (special groups and real semigroups)
via natural quotients - Marshall’s quotient construction and (ii) we have used this
new setting to motivate a “non reduced” expansion of the theory of real semigroups
to deal the formally real case, isolating axioms over pairs involving multirings and
a multiplicative subset with some properties.

The uses of K-theoretic (and Boolean) methods in abstract theories of quadratic
forms has been proved a very successful method, see for instance, these two papers
of Dickmann and Miraglia: [2] where they give an affirmative answer to Marshall’s
Conjecture, and [4], where they give an affirmative answer to Lam’s Conjecture
(previously both conjecture have kept open for almost three decades). These two
central papers makes us take a deeper look at the theory of special groups (and
hence, hyperbolic/pre-special hyperfields) by itself. This is not mere exercise in
abstraction: from Marshall’s and Lam’s Conjecture many questions arise in the
abstract and concrete context of quadratic forms.

In the present paper we provide some new steps towards the development of
tools of algebraic theory of quadratic forms in this multiring setting: we have
defined and explored K-theory and graded rings in the context of hyperfields that,
in particular, provides a generalization and unification of Milnor’s K-theory ( [11])

1'The main terminology in the literature is “hyperring”. Moreover, M. Marshall makes a distinction
between “multiring” and “hyperrings” which is important in the context of quadratic forms. But
throughout this entire work, we deal essentially with multifields/hyperfields and then, the main
terminology here will be “hyperfield”.
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and special groups K-theory ( [5]). We develop some properties of this generalized
K-theory, that can be seen as a free inductive graded ring.

Outline: In Section 2 we: recall the basic notions of K-theory in quadratic
forms theories (Milnor’s K-theory, Special Groups K-theory); provide the basic
definitions, constructions and results on multirings and hyperfields; introduce the
concept of pre-special hyperfield. In the third section we introduce the notion
of K-theory of hyperfields and establish its main properties and some technical
results. In Section 4 we recognize the K-theory of special hyperfields as a free
construction in the category of inductive graded rings ( [3]) and prove that this
concept, encompasses both Milnor’s K-theory and Special Groups K-theory. We
finish the work indicating some themes of research motivated by the present paper.

Throughout this entire paper, we adopt the following convention: let A be an
arbitrary structure (field, graded ring and so on) and let 7 C A be a subset such that
the quotient A/T is defined. We usually denote the elements of A/T by a € A/T.
This notation is overwhelming here (as you will see rapidly). So, we will omit the
overline symbol, and an equation “@ = b” that took place in A/T will be denoted
simply by “a = b in A/T”. In other words, we will add “in A/T” or “in A” to make
distinctions between some set and its quotients.

2 Preliminaries

This section contains, basically, the fundamental definitions and results included
for the convenience of the reader such as multirings, hyperfields, special groups,
Minor’s K-theory of fields and Dickmann-Miraglia K-theory of (pre) special groups.
For more details, consult [11], [3], [5], [10], [14] or [17].

2.1 Milnor’s K-theory Here we get some definitions and results about Mil-
nor’s K-theory, as developed in [11].

Definition 2.1 (The Milnor’s K-theory of a Field [11]). For a field F' (of character-
istic not 2), K..F is the graded ring

K.F = (KoF,K | F,K)F,...)

defined by the following rules: KoF := Z. K| F is the multiplicative group F written
additively. With this purpose, we fix the canonical “logarithm” isomorphism

l:F — K|F,
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where [(ab) = I(a) + [(b). Then K, F is defined to be the quotient of the tensor
algebra
KiF® KiF ®...® K| F (n times)

by the (homogeneous) ideal generated by all [(a) ® (1 — a), with a # 0,1. We
also have the reduced K-theory graded ring k.F = (koF, k| F, ..., k,F,...), which
is defined by the rule k,F := K, F /2K, F for all n > 0.

Theorem 2.2 (Theorem 4.1 of [11]). There is only one morphism
Sp: koF — I"F/I"™'F

which carries each product [(ay)...l(a,) in K,F/2K,F to the product
(a1) = (1))...({an) — (1)) modulo I"*'F.
These morphisms determines an epimorphism s, : k.F — W, (F), where

Wy (F) = (WF/IF,IF|I’F, ..., I"F[/I""'F, ...).

For a field F, let F be the a separable closure of F and G = Gal(Fy). Then,
the exact sequence
2

1 — {1} Fy F 1

is taken to the following exact sequence
HY (G, Fy) == H(Gp, ;) —= H' (G, {x1}) — H'(Gp, Fy)

of cohomology groups. Identifying the two first groups with F, and {+1} with
Z/27Z and applying Hilbert’s 90, we have

F—2.F S L H'(Gr,Z/2Z) —— 0.

The quotient F/F? is identified with k F.

Theorem 2.3 (Lemma 6.1 of [11]). The isomorfisml(a) — 6(a) from K\ F /2K F
to H'(Gp,Z/2Z) admits a unique extension to a graded ring morphism

hy:k.F — H (Gr,Z/2Z).

The Milnor Conjecture consists of the assertion that s and 4 are graded rings
isomorfisms, which makes the fuctors K.F/2K.F, W, (F), H*(G,Z/2Z) isomor-
phic.
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2.2 Dickmann-Miraglia K-theory for Special Groups There are some
generalizations of Milnor’s K-theory. In the quadratic forms context, maybe the
most significant one is the Dickmann-Miraglia K-theory of Special Groups. It is a
main tool in the proof of Marshall’s and Lam’s Conjecture. In this section, we get
some definitions and results from [3] and [5].

Firstly, we make a brief summary on special groups. Let A be a set and = a
binary relation on A X A. We extend = to a binary relation =,, on A", by induction
onn > 1, as follows:

i) = is the diagonal relation Ay C A X A.
i) =p==.

iii) Ifn > 3, {ay, ...,a,) =, (b1, ..., by) if and only there are x, y, z3,...,2, € A
such that

<a1"x> = <b1’ y)’ <a2’---’an> En—l <-x9 Z3$ ey Zl’l>’
and <b2, veey bn> =n-1 (y, T35 eeey Zn>-

Whenever clear from the context, we frequently abuse notation and indicate the
afore-described extension = by the same symbol.

Definition 2.4 (Special Group, 1.2 of [3]). A special group is a tuple (G, -1, =),
where G is a group of exponent 2, i.e, gZ = 1 for all g € G; —1 is a distinguished
element of G, and =C G X G X G X G is a relation (the special relation), satisfying
the following axioms for all a, b, c,d,x € G:

SG 0 = is an equivalence relation on G?;

SG 1 (a,b) = (b, a);

SG2 {a,-a) =(1,-1);

SG3 {(a,b) ={c,d) = ab = cd,

SG 4 <(l, b> = <C’ d) = <(l, _C> = <_ba d>a

SGS5 {(a,b) ={c,d) = (ga,gb) = (gc,gd), forall g € G.

SG 6 (3-transitivity) the extension of = for a binary relation on G? is a transitive
relation.
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A group of exponent 2, with a distinguished element —1, satisfying the axioms
SGO0-SG3 and SGS is called a proto special group; a pre special group is a proto
special group that also satisfy SG4. Thus a special group is a pre-special group
that satisfies SG6 (or, equivalently, for each n > 1, =, is an equivalence relation
on G").

A n-form (or form of dimension n > 1) is an n-tuple of elements of a pre-SG G.
An element b € G is represented on G by the form
¢ = {(ai,...,ay), in symbols b € Dg(¢), if there exists by,...,b, € G such
that (b, by, ..., b,) = ¢.

A pre-special group (or special group) (G, —1, =) is:

o formally real if —1 ¢ |J,,c;y D (n(1))?;
¢ reduced if it is formally real and, for each a € G, a € Dg ({1, 1)) iffa = 1.

Definition 2.5 (1.1 of [3]). Amap (G,=¢g,-1) L (H,=pg,-1) between pre-
special groups is a morphism of pre-special groups or PSG-morphism if f :
G — H is a homomorphism of groups, f(—1) = —1 and for all a, b,c,d € G

(a,b) =g (c.d) = (f(a), f(D)) =n (f(c), f(d))

A morphism of special groups or SG-morphism is a pSG-morphism between
the corresponding pre-special groups. f will be an isomorphism if is bijective and
f, f~! are PSG-morphisms.

It can be verified that a special group G is formally real iff it admits some
SG-morphism f : G — 2. The category of special groups (respectively reduced
special groups) and their morphisms will be denoted by SG (respectively RSG).

Definition 2.6 (The Dickmann-Miraglia K-theory [5]). For each special group G
(written multiplicatively) we associate a graded ring

k.G = (koG, kiG, ..., knG, ...)

as follows: koG :=F, and k|G := G written additively. With this purpose, we fix
the canonical “logarithm” isomorphism A1 : G — kG by
A(ab) = A(a) + A(b). Observe that A(1) is the zero of k1G and k{G has ex-
ponent 2, i.e, A(a) = —A(a) for all @ € G. In the sequel, we define k.G by the

2Here the notation n(1) means the form (ay, ...,a,) where a; = 1 for all j = 1,...,n. In other
words, n(1) is the form (1, ..., 1) with n entries equal to 1.
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quotient of the F-graded algebra
(Fz, kG, kG ®F, kG, kG ®F, kG ®F, kG, )

by the (graded) ideal generated by {1(a) ® A(ab), a € Dg(1, b)}. In other words,
for each n > 2,
koG :=T"(k1G)/Q"(G),

where
Tn(le) =k1G ®F, kG OF, ... OF, kG

and Q"(G) is the subgroup generated by all expressions of type
Aay) ® A(az) ® ... ® A(a,) such that for some i with 1 < i < n, there exist
b € G such that a; € D (1, b) and a; = a;+1b, which in symbols, means

0"(G) :={A(a1) ®A(az) ®...® A(a,) : exists ] <i<nand b e G
such that a; = a;.1b and a; € Dg(1,b)}).

Since A(a) + A(a) = 0 forall a € kG, it follow that n + = 0 for all € k,, G,
so this is a group of exponent 2.

Moreover, we will denote “A(a;) ® A(az) ® ... ® A(a,)” simply by
“A(ar)A(az)...A(a,)”. Clearly, k.(G) is a graded ring, and in particular, a ring, so
that we are able to multiply elements € k,G, T € k,,,G. Whenever we want to
do this, we will denote 1 - 7, in order to avoid confusion with the simplifications
described above.

Finally, since we only take tensorial products with parameters in F,, we ab-
breviate “A ®g, B” simply by “A ® B”. In this way, 7" (k;G) we will be denoted
simply by

Tn(le) =kiGRkiIG®..®kG.

Next, we have a result that approximates Dickmann-Miraglia’s K-theory with
the Milnor’s reduced K-theory:

Proposition 2.7 (2.1 [5]). Let G be a special group, x,y,ay, ...,a, € G and o be
a permutation on n elements.

(@) In kG, 2(a)* = A(a)A(-1). Hence in k,G, 1(a)™ = A(a)A(-1)""},
m>=2;

(b) In kG, A(a)A(=a) = A(a)?* = 0;
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(c) In k,G, /l(al)/l(al)-“/l(an) = /l(aal)/l(aoﬂ)-“/l(aow);
(d) Forn>1andé& € k,G, €2 = A(-1)"¢;

(e) If G is a reduced special group, then x € Dg(l,y) and the equality
A(y)A(ay)...A(ay) = 0 implies

A(x)A(ay)A(ay)...A(ay,) = 0.

Definition 2.8 (2.4 [5]).
a) A reduced special group is [MC] if for all n < 1 and all forms ¢ over G,

For all o € Xg, if 0(¢) = 0mod 2" then ¢ € I"'G.
b) A reduced special group is [SMC] if for all n > 1, the multiplication by
A(=1) is an injection of k,,G in k,1G.

Fact 2.9: We summarize some properties of the Dickmann-Miraglia K-theory be-
low:

i) An inductive system of special groups
G=(Gu{fiji<jel}),

provides an inductive system of graded ring, which nodes are k.G; and
morphisms are

(fij)« : kiGi = k.G, fori < jin 1.

ii) (45 0of [S]) Let G = (Gi;{fij : i,j € 1,i < j}) an inductive system of
special groups over a directed poset I and (G;{f; :i € I}) = h_r)n G. Then

k.G = limk.G;.
-

iel
iii) (4.6,5.1,5,7 and 6.8 of [5]) The inductive limit, finite products, SG-sum and
extension of SMC groups is a SMC group.

iv) (5.1 of [5]) Let Gy, ..., G, be special groups and [];”, G;. Then there exists
a graded isomorphism

m
Y kP > P kG
i=1
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2.3 Multifields/Hyperfields Roughly speaking, a multiring is a
“ring” with a multivalued addition, a notion introduced in the 1950s by Kras-
ner’s works. The notion of multiring was joined to the quadratic forms tools by the
hands of M. Marshall in the last decade ( [10]). We gather the basic information
about multirings/hyperfields and expand some details that we use in the context
of K-theories. For more detailed calculations involving multirings/hyperfields and
quadratic forms we indicate to the reader the reference [14] (or even [8] and [17]).
Of course, multi-structures is an entire subject of research (which escapes from the
“quadratic context”), and in this sense, we indicate the references [12], [18], [1].

Definition 2.10. A multigroup is a quadruple (G, *,r, 1), where G is a non-empty
set,* : GXG — P(G)\ {0} and r : G — G are functions, and 1 is an element of
G satisfying:

i) Ifzex+ythenx € zxr(y)and y € r(x) * z.

ii) y € 1 #x if and only if x = y.

iii) With the conventionx * (y*z) = |J xs*wand (xxy)*xz= |J t*z,
WEy*z tex*y

xx(yxz)=(x*y)xzforallx,y,z€G.

A multigroup is said to be commutative if
iv) xxy=y=xforallx,y € G.

Observe that by (i) and (ii), l *x =x* 1 = {x} forallx € G. When a * b = {x} be
a unitary set, we just write a * b = x.

Definition 2.11 (Adapted from Definition 2.1 in [10]). A multiring is a sextuple
(R,+,,—,0,1) where R is anon-empty set,+ : RXR — P(R)\{0},- : RXR —> R
and — : R — R are functions, 0 and 1 are elements of R satisfying:
i) (R,+,—,0) is a commutative multigroup;
ii) (R,-, 1) is a commutative monoid;
iii) a.0 =0forall a € R;
iv) If ce a+ b, then c.d € a.d + b.d. Or equivalently, (a + b).d C a.d + b.d.
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Note that if a € R, then 0 = 0.a € (1 +(-1)).a € l.a + (-1).a, thus
(-1).a = —-a.

R is said to be an hyperring if for a, b,c € R, a(b + ¢) = ab + ac.

A multring (respectively, a hyperring) R is said to be a multidomain (hyperdo-
main) if it has no zero divisors. A multring R will be a multifield if every non-zero
element of R has multiplicative inverse; note that hyperfields and multifields coin-
cide. We will use “hyperfield” since this is the prevailing terminology.

Definition 2.12. Let A and B multirings. A map f : A — B is a morphism if for
alla,b,c € A:

i) cea+b= f(c) € f(a)+ f(b);
ii) f(-a)=-f(a);

iii) f(0) = 0;
iv) f(ab) = f(a)f(b);
v) f(1)=1.

If A and B are multirings, a morphism f: A — B is a strong morphism if
for all a,b,c € A, if f(c¢) € f(a) + f(b), then there are a’,b’,c’ € A with
f(a) = f(a), f(b") = f(b), f(c") = f(c) such that ¢’ € a’ + b’. In the quadratic
context, there is a more detailed analysis in Example 2.10 of [14].

Example 2.13.

(a) Suppose that (G, +,0) is an abelian group. Defining a + b = {a + b} and
r(g) = —g, we have that (G, +,r,0) is an abelian multigroup. In this way,
every ring, domain and field is a multiring, multidomain and hyperfield,
respectively.

(b) Q> ={-1,0, 1} ishyperfield with the usual product (in Z) and the multivalued
sum defined by relations

O+x=x+0=ux, foreveryx € Q>
I+1=1,(-)+(-1)=-1
I1+(-1)=(-1)+1={-1,0,1}

(c) Let K = {0, 1} with the usual product and the sum defined by relations

x+0=0+x=x,x € Kand 1 +1 = {0,1}. This is a hyperfield called
Krasner’s hyperfield [9].
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Now, another example that generalizes Q> = {—1,0,1}. Since this is a new
one, we will provide the entire verification that it is a multiring:

Example 2.14 (Kaleidoscope, Example 2.7 in [14]). Let n € N and define
X, ={-n,...,0,...,n} C Z.

We define the n-kaleidoscope multiring by (X,,+,-,—,0,1), where
—: X,, > X,, is restriction of the opposite map inZ, + : X,, X X, — P(X,,) \ {0}
is given by the rules:

{a}, if b # —a and |b|
a+b={b}, if b # —aand|a|
{-a,...,0,...,a}if b=—-a

< al
< 10|

’

and - : X, X X;, — X, is given by the rules:

b sgn(ab) max{|al, |b|} ifa,b #0
a-b=
Oifa=0o0orb=0

With the above rules we have that (X,,, +, -, —, 0, 1) is a multiring.
Now, another example that generalizes K = {0, 1}.

Example 2.15 (H-hyperfield, Example 2.8 in [14]). Let p > 1 be a prime integer
and H, := {0,1,...,p — 1} € N. Now, define the binary multioperation and
operation in H, as follows:

H,ifa=b,a,b+0
{a,b}ifa+b,a,b+0
{a}ifb=0

{b}ifa=0
a-b=kwhere 0 < k < pand k = ab mod p.

a+b=

(Hp,+,-,—,0,1) is a hyperfield such that for alla € H,,, —a = a. In fact, these H,,
are a kind of generalization of K, in the sense that H, = K.
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There are many natural constructions on the category of multrings as: products,
directed inductive limits, quotients by an ideal, localizations by multiplicative
subsets and quotients by ideals. Now, we present some constructions that will be
used further. For the first one, we need to restrict our category:

Definition 2.16 (Definition 3.1 of [17]). An hyperbolic multiring is a multiring
R such that 1 — 1 = R. The category of hyperbolic multirings and hyperbolic
hyperfields will be denoted by H MR and H MF respectively.

Let F| and F, be two hyperbolic hyperfields. We define a new hyperbolic
hyperfield (F; X, F»,+, —, -, (0,0), (1, 1)) by the following: the adjacent set of this
structure is

Fy X, Fp = (F1 X F2) U {(0,0)}.

For (a, b), (¢, d) € Fy X;, F> we define

_(a’b) = (_a’ _b)’
(a,b)-(c,d)=(a-c,b-d),
(a,b) +(c,d)={(e,f)e FixFy:eca+cand f € b+d} N (F| X F»).
2.1

In other words, (a, b) + (¢, d) is defined in order to avoid elements of F; X F, of
type (x,0), (0,y), x,y #0.

Theorem 2.17 (Product of Hyperbolic Hyperfields). Let Fi, F, be hyperbolic
hyperfields and F| Xy, F» as above. Then F| Xy, F; is a hyperbolic hyperfield and
satisfy the Universal Property of product for F| and F;.

Proof. We will verify the conditions of definition 2.11 (in a very similar manner
as in Theorem 3.3 of [14]). Note that by the definition of multivalued sum in
F1 Xy, F» we have for all a,c € Fy and all b,d € F; that (a,b) + (c,d) # 0 and
(a,c) —(a,c) = F1 xp Fyifa,c # 0.

i) In order to prove that (F} Xj F3,+,—, (0,0)) is a multigroup we follow the
steps below.

(a) We will prove that if (e, f) € (a,b) + (c,d), then (a, b) € (¢,d) + (—e,—f)
and (c,d) € (—a,—b) + (e, f).

If (a,b) = (0,0) (or (c,d) = (0,0)) or (a,b) = (—c,—d), then
(e, f) € (a,b)+(c,d) means (e, f) = (c,d)ore € a—a, f € b—b. Inboth
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cases we get (a, b) € (¢,d)+ (—e,—f) and (¢, d) € (—a,—b) + (e, ). Now
suppose a, b,c,d # 0 witha # —c, b # —d. Let (e, f) € (a,b) + (¢, d).
Then (e, f) € F| X, F, withe € a+cand f € ¢ +d. Moreovera € ¢ — e
and b € d — f with (a, b) € F| X;, F,, implying (a, b) € (c,d) + (—e,—f).
We prove (c,d) € (—a,—b) + (e, f) by the very same argument.

(b) Commutativity and ((a,b) € (c¢,d) + (0,0)) & ((a = b) A (¢ = d)) are
direct consequence of the definition of multivaluated sum.

(c) Now we prove the associativity, that is,

[(a,b) + (c,d)] + (e, f) = (a, D) + [(c.d) + (e, f)].

In fact (see the remarks after Lemma 2.4 of [14]), it is enough to show
[(a,D) + (c,d)] + (e, ) € (a,b) + [(c,d) + (e, f)].

If (a,b) =0or(c,d) =0or (e, f) = 0we are done. Now leta, b, c,d, e, f #
O0and (v,w) € [(a,b) + (c,d)] + (e, f). If (¢c,d) = —(e, f), we have

(a,b)+[(c,d)+(e, f)] = (a, b)+Fi1xnF2 = FiXpF2 2 [(a, b)+(c, d)]+(e, f).
If —(e, f) € (a,b) + (c,d) then —(a, b) € (c,d) + (e, f) and we have
[(a,b) + (c,d)] + (e, f) = F1 Xp F2 = (a,b) + [(c,d) + (e, f)]

Now suppose a, b,c,d,e, f #0, (c,d) # —(e, ), —(e, f) ¢ (a,b) + (¢, d).
Let (x,y) € [(a,b) + (c,d)] + (e, f). Then there exists (v,w) € F| X, F»
such that (v,w) € (a,b) + (¢,d) and (x,y) € (v,w) + (e, f). This imply
vea+c)AN(xev+e)and (w € b+y) A(y € d+ f), so there exists
peF,qgeF,suchthat(vea+p)A(pec+e)and (web+q) A(q €
d+f). If p,g =0o0r p,q # 0 we have (p,q) € F| X, F>, which imply
(v,w) € [(a,b) + (c,d)] + (e, f). If p=0and g # O (the case ¢ = 0
and p # 0 is analogous), then v = g and ¢ = —e. Since a,c # 0 and F] is
hyperbolic, we have a —a =c—c = F|. Then (v € a—a) A (—a € ¢ —¢)
and (w € b+q) A (g € d+ f), with (—a, q) € F| X;, F> and again, we get
(v,w) € [(a,b) + (c,d)] + (e, f).

ii) Since (F} Xp F2,-, (1,1)) is an abelian group, we conclude that it is a
commutative monoid. Beyond this, every nonzero element of F| X; F> has an
inverse.
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iii) (a, b) - (0,0) = (0,0) for all (a, b) € F X, F, is direct from definition.
iv) For the distributive property, let (a, b), (¢, d), (e, f) € F1 Xy, F> and consider
(x,y) € (e, /)[(a,b) + (c,d)]. We need to prove that

(x,y)e(e,f)-(a,b)+(e,f)-(c,d). (*)

It is the case if (a, b) = (0,0), or (¢, d) = (0,0) or (e, ) = (0,0). Moreover (*)
also holds if a, b, c,d, e, f # 0 and (c,d) = —(a, b).

Now suppose a, b, c,d, e, f # 0and (c,d) # —(a, b). Then we have (x, y) =
(ev, fw) for some (v,w) € (a,b) + (c,d). Since (e, f) € F| X F>, e = 0 iff
f =0, which imply (ev, fw) € F| X F», with ev € ea + ec and fw € fb+ fd.
Therefore (x,y) = (ev, fw) € (e, f) - (a,b) + (e, f) - (¢, d), as desired.

Then (F; Xj Fa,+,—,+,(0,0), (1, 1)) is a hyperbolic hyperfield. Moreover we
have projections 7y : Fy| Xy, F — F1, my » F1 X5, F, — F, given respectively by
the rules i (x,y) = x, ma(x,y) =

Finally, suppose that F is another hyperfield with morphisms p; : F — F| and
p2 : F — F,. Consider (p1, p2) : F — F x5, F> given by the rule (p1, p2)(x) =
(p1(x), p2(x)). It is immediate that (py, p2) is the unique morphism making the
following diagram commute

/ (\

F1<—F1 XhF2—>F2

so F| Xy F, is the product in the category of hyperbolic hyperfields, completing
the proof. 0

In order to avoid confusion and mistakes, we denote the binary product in
HMGF by Fy Xj, F>. For hyperfields {F;};<;, we denote the product of this family
by
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with underlying set defined by

h
l—[F,' =

iel

]_[ Fi) U {(0i)ier}

iel

and operations defined by rules similar to the ones defined in 2.1. If

I = {1, ...n}, we denote
h n
[17=]]F
iel i=1
[A]
Example 2.18. Note that if F; (or F;) is not hyperbolic, then F| X; F, is not a
hyperfield. Let F; be a field (considered as a hyperfield), for example F; = R

and F, be another hyperfield. Then if a,b € F>, we have 1 — 1 = {0}, so
(I,a) + (=1,b) = {0} X (a — b), and

[{0} x (a - b)] N (F1 x4 F2) = 0.

Proposition 2.19 (Example 2.6 in [10]). Fix a multiring A and a multiplicative
subset S of A such that 1 € S. Define an equivalence relation ~ on A by a ~ b if
and only if as = bt for some s,t € S. Denote by a the equivalence class of a and
set Al S ={a: a e A}. Then, we define in agreement with Marshall’s notation,
a+b= {c¢ : cv € as + bt, for some s,t,v € S}, —a = =a, and ab = ab.

Then A/;,S are multirings. Moreover, if A is a hyperring, the same holds for
A/wmS. The canonical projection : A — A/,,,S is a morphism.

Proposition 2.20 (2.19in [14]). Let A, B be a multiring and S C A a multiplicative
subset of A. Then for every morphism f : A — B such that f[S] = {1}, there exist
a unique morphism f : A/m,S — B such that the following diagram commute:

A—"5A)wmS
\l!f
B

where . A — A/,,S is the canonical projection n(a) = a.

Proposition 2.21 (3.13 of [14]). Let (G,=,—-1) be a special group and define
M(G) = G U {0} where 0 := {G}3. Then (M(G),+,—,-,0,1) is a hyperfield,
where

3Here, the choice of the zero element was ad hoc. Indeed, we can define 0 := {x} for any x ¢ G.
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{Oifa:OOrb:O
.a-b:

a - b otherwise

e ~(@)=(-1)-a
{b}ifa=0
catho {a}ifb=0

M(G)ifa=-b,anda #0
Dg(a, b) otherwise

Corollary 2.22 (3.14 of [14]). The correspondence G +— M (G) extends to a
faithful functor M : SG — MField.

Definition 2.23 (3.15-3.19 of [14]). A hyperfield F is a special multifield if there
exist a special group G such that F = M(G). The category of special multifields
will be denoted by SMF.

Definition 2.24 (Definition 3.2 of [17]). A Dickmann-Miraglia multiring (or
DM-multiring for short) 4 is a pair (R, T) such that R is a multiring, 7 C R is a
multiplicative subset of R \ {0}, and (R, T) satisfies the following properties:

DMO R/,,T is hyperbolic.

DM1 Ifa # 0in R/,nT, then a> = 1 in R/,,T. In other words, for all a € R \ {0},
there are r, s € T such that ar = s.

DM2 Foralla € R, (1-a)(1-a) € (1 —a)in R/mT.
DM3 Foralla,b,x,y,z € R\ {0}, if

|

then exist vV € X +Z such that@ € y+v and vb € Xy + az in R/ T.

€Ex+
eEy+

NS

inR/,.T,

RS
< =l

If R is a ring, we just say that (R,T) is a DM-ring, or R is a DM-ring.
A Dickmann-Miraglia hyperfield (or DM-hyperfield) F is a hyperfield such that
(F,{1}) is a DM-multiring (satisfies DM0-DM3). In other words, F is a DM-
hyperfield if F' is hyperbolic and for all a, b, v,x,y,z € F*,

4The name “Dickmann-Miraglia” is given in honor to professors Maximo Dickmann and Francisco
Miraglia, the creators of the special group theory.
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i) a?=1.

i) (I1-a)(1 —-a) € (1-a).

bey+z
vb € xy +az.

aex+b .
iii) If then there exists v € x + zsuchthata € y + vand

Theorem 2.25 (Theorem 3.4 of [17]). Let (R,T) be a DM-multiring and denote
Sm(R,T) = (R/mT).
Then Sm(R) is a special hyperfield (thus Sm(R,T)> is a special group).

Theorem 2.26 (Theorem 3.9 of [17]). Let F be a hyperfield satisfying DMO-DM?2.
Then F satisfies DM3 if and only if satisfies SMF4. In other words, F is a DM-
hyperfield if and only if it is a special hyperfield.

In this sense, we define the following category:

Definition 2.27. A pre-special hyperfield is a hyperfield satisfying DM0, DM1
and DM2. In other words, a pre-special hyperfield is a hyperbolic hyperfield F
such that foralla € F,a*>=1and (1 —a)(1-a) C 1 —a.

The category of pre-special hyperfields will be denoted by PSM F'.

Example 2.28 (An hyperfield satisfying DM3 but not DM2). Let H3 as in Example
2.15. We have that H3 is hyperbolic and has exponent 2 but does not satisfies D M?2:

1+2={1,2}and (1+2)(1+2)=1+2+2+1=(1+1)+(2+2) = Hs.

Moreover, by a case analysis we have that H3 satisfies DM3, and we prove it by a
case analysis: we have 27 possible choices for the triple (x, y, z) with x, y, z € Hj.

(1) Let (x,y,z) suchthatz =0. Then b € y+zmeans b = yandv € x + 2
meansv =x. Leta e x+b withbey+z Thena e b+x=y+vand

vb =xy € xy +az.

So we cover the cases

(x,y,2) € {(0,0,0),(0,1,0),(0,2,0),(1,0,0), (1,1,0), (1,2,0), (2,0,0),
(2,1,0),(2,2,0)}.
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(i1)

(iii)

(iv)

v)

Let (x,y,z) suchthat x =0. Thenv € x +zmeans v = z. Leta e x +b =
O0+b={b}withbey+z. Thenaeb+z=y+z, az=>bzand

vb=bzexy+bz=xy+az.
So we cover the cases

(x,y,2) €{(0,0,1),(0,0,2),(0,1,1),(0,1,2),(0,2,1),(0,2,2)}.

Let (x,y,z) such that y =0 and x,z # 0. Then {1,2} Cx+z,b € y+z
means b = zanda € y+vmeansa =v. Leta e x+b =x+z. Thenvb = az
and

vb=aze€0+az=xy+az.

So we cover the cases

(x,y,2) € {(1,0,1),(1,0,2),(2,0,1),(2,0,2)}.

Let (x,y,z) suchthatx,y,z # Oandx+z = H3. Leta e x+b withb € y+z.
Ifa=0thenb =x. Takingv=ye Hy=x+zwegetac y+y=y+vand

vb=xyexy+0=xy+az.

Ifb=0thenz=ya=x(soaz=uxy). Takingv =y € H3 = x + 7 we get
acey+y=y+vand

vb=0€exy+xy=xy+az.

If a,b # 0, then there exist v € Hz = x + z such that vb = xy. Then
a €{1,2} C y+v (because x, y,z,v # 0) and

vb =xy € xy+az.
So we cover the cases

(x,y,2) € {(1,1,1),(1,2,1),(2,1,2),(2,2,2) }.

Let (x,y,z) suchthatx,y,z # Oand y+z = H3. Leta € x+b withb € y+2z.
Ifa=0then b =x. Takingv=ye{l,2} Cx+zwegetacy+y=y+v
and

vb=xyexy+0=xy+az.
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Ifb=0thenz=ya=x(soaz=xy). Takingv =y € {1,2} C x+z we get
ac€y+y=y+vand

vb=0€exy+xy=xy+az.

If a,b # 0, then there exist v € {1,2} C x + z such that vb = xy. Then
a €{1,2} C y+v (because x, y, z,v # 0) and

vb =xy € xy +az.
So we cover the cases

(x,y,2) € {(1,1,2),(1,2,2), (2,1, 1), (2,2, 1) }.

Example 2.28 is a big surprise in the sense that, in the context of special groups,
this example exhibits a group that it is not pre-special but satisfies SG6.

3 The K-theory for Multifields/Hyperfields

In this section we introduce the notion of K-theory of a hyperfield essentially
repeating the construction in 2.1 replacing the word “field” by “hyperfield” and
explore some of this basic properties. In particular, Theorem 3.8 is an extension of
aresult [19], that gives us some evidence, that apart from the obvious resemblance,
more technical aspects of this new theory can be developed (but with other proofs)
in multistructure setting in parallel with classical K-theory.

Definition 3.1 (The K-theory of a Hyperfield). For a hyperfield F, K.F is the
graded ring
K.F = (KoF,K | F,K)F,...)

defined by the following rules: KoF := Z. K| F is the multiplicative group F' written
additively. With this purpose, we fix the canonical “logarithm” isomorphism

p:F—>K1F,

where p(ab) = p(a) + p(b). Then K, F is defined to be the quotient of the tensor
algebra
KiF® KiF ® ... ® Ki F (n times)

by the (homogeneous) ideal generated by all p(a) ® p(b), with @ # 0,1 and
bel-a.
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In other words, for each n > 2,
KnF :=T"(KF)/Q"(K\(F)),
where
Tn(KlF) =KiF®,KiF®z..9;, K F

and Q"(K|(F)) is the subgroup generated by all expressions of type
p(ar) ® p(az) ® ... ® p(a,) such that a; € 1 —a; for some i, j with 1 <i,j < n.
To avoid carrying the overline symbol, we will adopt all the conventions used
in Dickmann-Miraglia’s K-theory (as explained in above definition 2.6). Just as it
happens with the previous K-theories, a generic element € K, F has the pattern

n=pla)®pla)®...® p(a,)

for some ay, ...,a, € F, with a; € 1 —aj forsome 1 < i < j < n. Note that if F
is a field, then “b € 1 — a” just means b = 1 — a, and the hyperfield and Milnor’s
K-theory for F coincide.

The very first task, is to extend the basic properties valid in Milnor’s and
Dickmann-Miraglia’s K-theory to ours. Here we already need to restrict our atten-
tion to hyperbolic hyperfields:

Lemma 3.2 (Basic Properties I). Let F be an hyperbolic hyperfield. Then

(@ p(1) =0.
(b) Foralla € F, p(a)p(-a) =0 in K>F.
(c) Foralla,b € F, p(a)p(b) = —p(a)p(b) in K, F.

(d) Foreveryay,...,a, € F and every permutation o € Sy,
plai)...o(a;)...o(an) = sgn(o)p(ai)...o(an) in KpF.

(e) Forevery & € KyyF andn € K, F, né = (=1)™én in Ky F.
(f) Foralla € F, p(a)® = p(a)p(-1).
Proof.

(a) Is an immediate consequence of the fact that p is an isomorphism.
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(b) Since F hiperbolic, | — 1 = F. Then —a~! € 1 — 1 for all a € F, and hence,
—1 € —1+a~". Multiplying this by —a, we get a € 1 — a. By definition, this
imply p(a)p(-a) = 0.

(c) By item (b), p(ab)p(—ab) = 0in K»F. But

p(ab)p(—ab) = p(a)p((-a)b) + p(b)p((-b)a)
= p(a)p(=a) + p(a)p(b) + p(b)p(=b) + p(b)p(a)
=p(a)p(b) +p(b)p(a).
From p(a)p(b) + p(b)p(a) = p(ab)p(—ab) = 0, we get the desired result
p(a)p(b) = —p(a)p(b) in KrF.
(d) This is a consequence of item (c) and an inductive argument.
(e) This is a consequence of item (d) and an inductive argument, using the fact

that an element in K, F' has pattern

n=p(a) ®p(a) ®..®p(a,)

for some ay, ..., a, € F, with a; €l—ajforsomel <i<j<n.

(f) Follow from the fact that F is hyperbolici.e, foralla € F,a € 1 - 1.
O

An element a € F induces a morphism of graded rings of degree 1,
w* = {wl},>1 + K.F — K.F, where w8 : K,F — K, F is the multiplica-
tion by A(—a). When a = —1, we write

w = {wn}n>l = {W;I}n>l =w

Proposition 3.3 (Adapted from 3.3 of [5]). Let F, K be hyperbolic hyperfields and
¢ : F — L be a morphism. Then ¢ induces a morphism of graded rings

0« ={¢,:n>0}:K.F — K,L,
where ¢o = Idz and for all n > 1, ¢, is given by the following rule on generators

en(p(ay)...o(an)) = p(e(ar))...o(p(as)).

Moreover if ¢ is surjective then @, is also surjective, and if y : L — M is another
morphism then
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(@) (Wo) =w.o0p,andld, = Id.

(b) Forall a € F the following diagram commute:

wy
KnF—— K, F
$n Pn+l

_—
K, L @ K, L

(¢) If (1) = 1 then for all n > 1 the following diagram commute:

-1
K,F — " K,.F

Pn $Pn+l

Kyl ————— Knii L

Wy

Proof. Firstly, note that ¢ extends to a function ¢; : K1 F — KL given by the rule

p1(p(a)) = p(e(a)).
Certainly ¢; is a morphism because
¢1(0) = 1(p(1) = p(e(1)) = p(1) =0,
and for all p(a), p(b) € K| F,
ei1(p(a)+p(b)) = e1(p(ab)) = p(e(ab)) = p(e(a)e(b)) = p(e(a)) +p(p(b)).

Proceeding inductively, for all n > 1 we extend ¢ to a function
on : [1i2, K1F — K, L given by the rule

e(p(ai),....plan)) = ¢i1(p(ar))...p1(p(ay)) = p(ep(ay))...o(¢(an)).
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Thenifi =1, ...,n and b; € k; F we have

en(p(ar), ... p(ai) + p(bi), ..., p(an)) = gn(p(ar), ..., p(aibi), ..., p(an)) =
p(p(ar)...o(g(aibi)...o(¢(an)) = p(p(ar)...o(e(ai)e(b:))...o(¢(an)) =
plp(ar)...[p(p(ai) + o(bi)]...p(¢(an)) =
p(p(ar))...o(g(a;))...o(¢(an)) + p(p(ai))...o(e(b:))...o(¢(an)) =
en(p(ai), ..., p(ai), ..., p(an)) + u(p(a), ..., p(bi), ..., p(an)),

then for each n, ¢, : [1\_, K1 F — K, L is multilinear and by the universal property
of tensor product there is an unique morphism

n
n: R KiF — KL
j=1

extending ¢,. By construction (and using the fact that ¢ is a morphism), Ker(g,) =
Q" (K F), which provides an unique morphism

@ T"(K 1 F)/Q" (K (F) — Ky L

such that @, = ¢,, o, where 7, is the canonical projection 7" (K F) in Q" (k F).
Then taking ¢o = Idz, we get a morhism ¢, : K.F — K.L, given by ¢. = {gp,, :
n > 0}.
For items (a) and (b), it is enough to note that these properties holds for ¢,,,
n = 0, and after the application of projection, we get the validity for ¢,, = 7, o @p,.
Item (c) follows by the same argument of itens (a) and (b), noting that ¢ (1) = 1
imply ¢(—1) = —1. By abuse of notation, we denote

¢ ={@y:n =0} ={pn:n >0}
O

We also have the reduced K-theory graded ring
k.F = (koF,k\F,...,k,F,...) in the hyperfield context, which is defined by the
rule k, F := K, F /2K, F for all n > 0. Of course for all n > 0 we have an epimor-
phism ¢ : K,F — k,F simply denoted by ¢g(a) := [a], a € K, F. Itis immediate
that k, F' is additively generated by

{le(aD]..[p(an)] : a1, ....an € F}.
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We simply denote such a generator by g(ai)...p(a,) or even p(ay)...po(a,) when-
ever the context allows it.

We also have some basic properties of the reduced K-theory, which proof is
just a translation of 2.1 of [5]:

Lemma 3.4 (Adapted from 2.1 [5]). Let F be a hyperbolic hyperfield, x,y, a1, ...,a, €
F and o be a permutation on n elements.

(@) In koF, p(a)* = p(a)p(-1). Hence in knF, p(a)™ = p(a)p(-1)""",
m=72;

(b) In kyF, p(a)p(—a) = p(a)* = 0;
(©) InknF, p(ar)p(az)...o(an) = p(ac1)p(ac2)...o(@gn);
(d) Forn>1and ¢ € k,F, & = p(=1)"¢;

(e) If F is a real reduced hyperfield, then x € 1 +y and p(y)p(ay)...0o(a,) =0
implies
p(x)p(ar)p(az)...o(ay) = 0.

Moreover the results in Proposition 3.3 continue to hold if we took
0 ={¢n:n>0}:k,F — k.L.

Proposition 3.5. Let F be a hyperfield and T C F be a multiplicative subset such
that F C T. Then
K(F/,T") = k(F/,T").

Proof. Since F2CT, foralla e F/.,,T* we have
0=p(a®) = p(a) +p(a).
Then 2K (F/,,T*) = 0 and we get K(F [/, T*) = k(F [, T"). O

Theorem 3.6. Let F be a hyperbolic hyperfield and T C F be a multiplicative
subset such that F C T. Then there is a surjective morphism

k(F) — k(F/,T").

Moreover,
k(F) = K(F/mF?) = k(F/nF?).

Berfore we prove it, we need a Lemma:
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Lemma 3.7. Let F be a hyperfield and n > 1. Then

p
K, (F) = {Zp(ajl)...p(ajn) : for all j there is an index k such that
7=
ajk = b%, bi (S F},
p
2K, (F) = { Zp(ajl)...p(ajn) : for all j there is an index k such that

j=1
aji = b}, b; € F}
Proof. Letn € 2K, F. Then

p P
n={D plaj)..plap)|+| > plaj)..pla) |, dij € F.
j=1

j=1
By induction, we only need to consider the case p = 1, so
p(ay)...p(an) + p(ar)...p(an) = p(ai)p(az)...o(an).

and we get C. The reverse inclusion follow by the same calculation. O

Proof of Theorem 3.6. Letw : F — F/,,T* denote the canonical projection. By
Proposition 3.3 there is amorphism rr,. : K(F) — K(F/,,T*). Since x is surjective,
7. 1s surjective.

Now, let 7 : F — F/,,F* and g : K(F) — k(F) the canonical projections.
Denote elements in F/,,F? by [a] € F/nF?, a € F and elements in k,(F) by
p(ayr)...p(ay,). Forall n > 1 we have an induced morphism G, : K,,(F/,F?) —
k. (F) given by the rule

gn(p(lar])...o(lan])) = plar)...o(an).

This morphism 7,, makes the following diagram commute

K, (F) —2— k,(F)

Kn(F/mF?)
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and then, g, is surjective. Finally, if §,(o([a1])...0([ax])) = 0, then we have
play)...p(ay) =0, and hence p(ay)...p(a,) € 2K, (F). By Lemma 3.7

P
pla)...p(an) = > p(dj1)..p(djn), di € F

J=1

and for all i there is an index k such that a;; = b?, b; € F. Therefore

p
ma(p(ar)...o(an)) = mn (Z p(djl)---P(djn)>
j=1
P P
= nn(p(djl)---p(djn))=Zp([dj1])---p([djn)])

1 j=1

-
I

M=

[dj1]D)-..o([1])...p([d}n)] = O.
1

~.
I

Then Ker(g,) = [0], proving that §, is injective. Then §,, is an isomorphism, and
composing all the isomorphisms obtained here we get

k(F) = K(F/mF?) = k(F/nF?).
O

The Theorem 3.8 below generalizes Proposition 5.10 of [19]: this constitutes
a fundamental technical step to build profinite (Galois) groups associated to a
pre-special hyperfield in [15].

Lets establish some notation: for n > 0 we denote

P(n) =P{0,...n—-1})\ {0}
and for 0 <i < n -1, denote
P(n,i)={X € P(n) :i € X}.
For a be a pre-special hyperfield F and {ay, ..., a,—1} € F* F,-linearly independent,

if § € P(n) we denote

— €0 €n-1
as =ag’...a,"},
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where g9 € {0, 1} foralli =0,..,n— 1 and g; = 1 if and only if i € S.
Remember that by the very definition of &, (F),

kn(F) := [k1(G) ® k1(G)]/M,
where M is the subgroup of k1(G) ® k;(G) generated by

{p(a)p(b) - a € DG(1,D), a}.

Theorem 3.8. Let F be a pre-special hyperfield and {ay, ...,a,-1} C F* F,-
linearly independent. The following conditions are equivalent:

(i) There exists {by, ...,b,_1} € F* such that

. p(ap(be) =0 in ka(F).

k<n

(ii) There exist subsets {cq, ..., Cin—1},{do, ..., dn—1} of F* with m > n such that
(@) {co,...,Cm—1} is linearly independent and c; = a; for all i < n;

() di=b; foralli <nandd; =1 fori=n,...m-— 1.
(¢c) Forallx € C :=[cy, ..., Cu—1], there is some r € 1 +x\ {0} such that

foreachi < m
di = l—[ I'x

xeC;
where

Ciz{l_[clf" :akE{O,l}andsizl}.

k<m

In other words, C; is “counting” all products cgo...c}...c:;l"_‘l. Since for all

1
x € C :=cg,...,Cm_1] there exist S € P(m) such that
X = l_l ci '=cCs.
ieS
Denoting r, by rs we can rewrite

di:ﬂrx: l_l rs.

xeC; SeP(m)
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Proof of Theorem 3.8. (1) = (ii). Let

2, plavp(bi) =0 in ka(F).

k<n

Then there existu, ..., up_1, V0, ..., Vp—1 € F*suchthatv; € 1+u; fori =0, ..., p—1
and

> plap(be) = Y pla)p(by) in ki(F) @ ki (F).

k<n k<n

Enlarge the set {ay, ...,a,-1} to a base for [{ao,...,an-1,u0,...,up_1}], namely
{cos ..., cm—1} With ¢; = a; foralli < n. Forall x € C := [cy, ..., ¢;n—1] there exist
S € P(m) such that

x:l_lci =CS.

ieS

Moreover, since {cg, ..., c;y—1} i a basis, for each i = 0, ..., p — 1 there is only one
S; € P(m) such that

u; =cCs..

For each § € P(m), set

rsg = l_[ Vij.

those jwith
S;=S

If no §; = S, set rg = 1. Note that if there is an index j with § = §;, this index
must be unique (because the expression u; = cg; is unique). Then by construction
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rs € 1 +cs \ {0} and in k,(F) we get
D plan)pbi) = 3" plenpldi) = D pwi)p(vi)

k<m k<n k<p

= Z P ﬂ cjlpvy)

SeP(m) those jwith
S;=S

= D>, 2, plepp)

SeP(m) those jwith
§;=S

= Z ples)p ]_[ Vs

SeP(m) those jwith
S;j=S

= > plesptrs) = Y. Y plenp(rs)

SeP(m) SeP(m) keS
= > plep| ] rs|-
k<m SeP(n)

Since {cy, ..., Cm—1} 18 a basis, it follows that

di= 1_I rs

SeP(n)

as desired.
(ii))=(i). Under the hypotheses of (ii) we get

D plap(be) = ) plen)p(di) = p(ck>p( [ FS)

k<n k<m k<m SeP(n)
=20 > plenptrs)= Y. > plep(rs)
k<m SeP(m) SeP(m) k<m
= > ples)p(rs) =0.
SeP(m)
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4 Inductive Graded Rings and Interchanging of K-theories

After the three K-theories defined in the above sections, it is desirable (or, at least,
suggestive) to build of an abstract environment that encapsulates all them, and of
course, provide an axiomatic approach to guide new extensions of the concept of
K-theory in the context of the algebraic and abstract theories of quadratic forms.
The inductive graded rings fit well to this purposes.

Definition 4.1 (Inductive Graded Rings First Version (Definition 9.7 of [3])). Anin-
ductive graded ring (or Igr for short) is a  structure

R = ((Rn)n=0, (hn)n>0, *nm) Where
i) Ry = F,.
ii) R, is a group of exponent 2 with a distinguished element T,.
iii) h, : R, — R, is a group homomorphism such that 4,,(T,) = Tp41-
iv) Foralln > 0, h, = *1,(T1, ).

v) The ring

R:@Rn

n=>0
is a commutative graded ring.
vi) For 0 < s <t define

. Idg, if s =t
S hiy_1o..0ohgohgifs <t.

Thenif p >nand g > m, forallx € R, and y € Ry,

Y (x) = Wi (y) = R (x o+ ).

A morphism between Igr’s R and S is a pair f = (f, (f)n>0) Where f, : R, — S,
is a morphism of pointed groups and

f=@hm:R—S
n=>0

is a morphism of commutative rings with unity. The category of inductive graded
rings (in first version) and their morphisms will be denoted by Igr.

5 A categorical and systematic development of inductive graded rings in connection with “quadratic
multirings” is carried out in [16].
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A first consequence of these definitions is that: if

f : ((Rn)n>0’ (hn)n>0> >knm) - ((Sn)n>(), (ln)n>Oa *nm)

is a morphism of Igr’s then f,,11 0 h, =1, o f,,.

ho hy hy hn-1 hn Ayl
Ry R R> R, R,
Jo fi f2 fn Jn+l
Iy I b [ In It
So S1 S» Sh Snal

In fact, fo : Ry — So is an isomorphism, so f; o hg = lp o fo. If n > 1, for all
a, € R, holds

fn+l © hn(an) = fn+l ° (*1n(Tl’ an)) = fl(Tl) *1n fn(an)
= T1 #1n fu(an) = ln(fu(an)) = ln o fu(an).

Example 4.2.

(a) Let F be a field of characteristic not 2. The main actors here are W F, the Witt
ring of F and IF, the fundamental ideal of WF'. Is well know that /" F, the
n-th power of I F is additively generated by n-fold Pfister forms over F'. Now,
let Ry = WF/IF = F, and R, = I"F/I"*'F. Finally, let h,, = _® (1, 1).
With these prescriptions we have an inductive graded ring R associated to F.

(b) The previous example still works if we change the Witt ring of a field F for
the Witt ring of a (formally real) special group G.

Definition 4.3. We denote Igr;, the full subcategory of Igr such that
Obj(Igrs;,) = {R € Obj(Igr) : |Ry| < wforalln > 1}.
Of course,

D,

n>1

{R € Obj(Igr) :

< a)} # Obj(Igrs;,).

for example, in 4.2(a), F2 [x] € Obj(Igr;,) and F>[x] is not finite.
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We finally this section with an use of Igr’s to interchanging the three K-theory
notions presented before in a functorial fashion. Lets first, look more carefully at
theorem 4.4. We make the following distinctions between K-theories:

K™ will denote the Milnor’s K-theory,
K™ will denote the Dickmann-Miraglia’s K-theory,
K™ will denote the K-theory of Hyperfields.

We will deal with some different categories, so in order to ease the exposition
lets establish some dictionary:

1.

An objectin Igr will be denoted simply by R = (R, hy, *n:,) (being implicit
the identation n € N or n > 0). We even denote simply R = (R,,, h, *) if the
context allows it.

. The distinguished elements T, € R, will be denoted simply by T, whenever

the context allows it, and we do the same for the symbols +,, 0,,.

An IGR-morphism between R and S will be simply denoted by
f + R — S, with the immediate convention that f = (f,)n>0, With
fa 1 Ry — S, being a morphism of pointed F,-modules.

Let C be a category. We use the notation “A, B € C” as a synonym of “A, B
be objects of C”.

Let C be a category, A, B be objects of C. We use the notations “f € C(A, B)
and f € Hom¢ (A, B)” as a synonyms of “f : A — B is a morphism in C”.
We will define various functors below. In order to facilitate the exposition,
we define a functor F' : C — D by the sentence “for f : A — B, we define

F(A) := ... and F(f) := ...”; being implicit that A and B are objects and
f : A — Bis amorphism in category C.

Of course, we need the following theorem:

Theorem 4.4. (a) Let F be a field. Then k™' F (the reduced Milnor K-theory)

is an inductive graded ring.

(b) Let G be a special group. Then k™G (the Dickmann-Miraglia K-theory of

G) is an inductive graded ring.

(c) Let F be a hyperfield. Then k™' F (our reduced K-theory) is an inductive

graded ring.
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Proof. Item (a) is the content of Lemma 9.11 in [3], and item (b) is the content of
Lemma 9.12 in [3]. We prove item (c) and itens (a) and (b) will proceed by the
same argument.

Let k™" F = (koF,k(F,...,k,F,...) be the reduced K-theory of a hyperfield
F.LetTo=1andforeachn > 1, weset T,, = [(—1)" as the distinguished element
of m —n. Foreachn > 0, let

n

. mult n+l prmult
On : I_IKI Fo® Ky F
J=1

given by the rule

On(p(ai), ..., p(an)) = p(=Dp(ar)...o(an).

We have for eachi € {1, ...,n} and each ay, ..., a,, b; € F* that

On(p(ai),...o(a;) + p(bi), ..., p(an)) = On(p(ar), ...o(aib;), ..., p(an)) :=
p(=Dp(air)...oaib;)...o(an) = p(=D)p(ar)...[p(ai) + p(bi)]...p(an) =
p(=Dp(ar)...o(a;)...o(an) + p(-1)p(ai)...o(b;)...p(an) =

On(p(ai), ..., p(ai), ..., p(an)) + On(p(a)...o(bi)...o(an)),

then 6,, is multilinear. By the universal property of tensor product, we have a group

homomorphism @, : K™ F — Kr’:i”l” F given by the rule®

On(p(ar)...p(an)) = p(=Dp(ay)...p(an).

In order to make distinctions between reduced and non-reduced K-theories, we
denote an element in k' F := K™t F QK™ E by 5(ay)...0(a,). Lets also
denote the canonical projection by m,, : K™ F — k™l'F  We define w, :

kit F— k™t F by the following rule (on generators): for ay,...,a, € F,

wp(p(ar)...p(an)) = p(=1)p(ai)...p(an).
In fact, if p(ay)...o(b,) — p(by)...0(b,) € 2K F then
p(=Dp(ar)...o(by) — p(=1)p(b1)...0(bn)
= p(=D)[p(an)...o(bn) = p(b1)...p(by)] € 2K F,

6Remember that we are using the simplificated notation for elements in K, ,’f‘“l 'F (and all other
K-theories), which is p(ay)...p(an) = p(ay) ® ... ® p(an).
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which proves that w,, is in fact a group homomorphism making the following
diagram commute
KmultF On KmultF
n n+l

Tn T+l

mult mult
kn FT kn+1 F

With these rules, we already have the properties (i)-(iv) of Definition 4.1 holding
in k. F, remaining only property (v). Note that w’ = g(—=1)""* for0 < s < 7.

Now letm,n, p,q € N, p > n,q > mandconsiderx € k™ Fandy € k"' F.
Note that w!, (x) = p(=1)P™" - x and w},(y) = p(=1)4~™ - y. Then

wp (x) - wp(y) = (A(=DP™" - ) (p(=DT7" - y)
= p(=1)PTMIT L (x - y) = Wt (),

completing the proof. O

Using this Theorem (in addition with the argument of Lemma 3.3 in [5]) we
obtain the following.

Corollary 4.5. Let F be a field. We have a functor and k : Field, — Igr induced
by K-theory and Milnor’s reduced K-theory.

Corollary 4.6. Let F be a hyperfield. Then, we have a functor
k™t - MField, — Igr induced by our reduced K-theory.

Theorem 4.7 (Theorem 2.51in [4]). Let F be a field. Then the functor G : Field, —
SG provides a functor k%™ : Field, — Igr (the special group K-theory functor)
given on the objects by k%™ (F) : k%™ (G (F)) and on the morphisms f : F — K
by k4™ (f) := G(f). (in the sense of Lemma 3.3 of [5]). Moreover, this functor
commutes with the functors G and k, i.e, for all F € Field, k%™ (G (F)) = k.(F).

Theorem 4.8. Let G be a special group. The equivalence of categories M : SG —
SMF induces a functor k™1 : SG — Igr given on the objects by k™ (G) =
k™t (M (G)), and given on the morphisms f : G — H by k™' (f) = k™" (M(f)).
Moreover, this functor commutes with M and k%™, i.e, forall G € SG, k™' (M (G)) =
kd™(G).
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Proof. The only part requiring proof is that for all G € SG, k™" (M(G)) is
isomorphic to k4" (G). The very first observation is that: since G is an exponent
2 group, the reduced and non-reduced K"/ -theory of M(G) coincide.

Following the argument of Theorem 2.5 in [4], itis enough to show the following
two statements:

(1) Foralla,b € G,if b € 1 —ain M(G) then A(b)A(a) = 0;
(ii) Foralla,b € G,if b € D (1,a) then p(b)p(a) = 0.

For (i), if b € 1 —a in M(G) then b € Dg(1,—a) and then, A(b)A(-a) = 0.
Hence
A(b)? = A(b)A(=a) = A(b)A(a) + A(b)A(-1).

Since A(b)A(-1) = A(b)?, we get A(b)A(a) = 0.
For (ii) we just use the same argument: if b € Dg(1,a) then b € 1 +a in
M (G) and then, p(b)p(—a) = 0. Hence

p(b)* = p(b)p(—a) = p(b)p(a) + p(b)p(-1).

Since p(b)p(=1) = p(b)?, we get p(b)p(a) = 0. O

Combining Theorems 4.4, 4.7, 4.8, 3.6, and Corollaries 4.5 and 4.6, we obtain
the following Theorem that unificate in some sense all three
K-theories:

Theorem 4.9 (Interchanging K-theories Formulas). Let F € Field,. Then
k™(F) = kY™(G(F)) = K™ (M(G(F))).
If F is formally real and T is a preordering of F, then
k" (G1(F)) = k™" (M (G1(F))).
Moreover, since M(G(F)) = F/,,F? and M(G7(F)) = F/,,T*, we get

k™MN(F) = k(G (F)) = k™" (F/,,F?) and
k(G (F)) = k™ (F [T").

Corollary 4.10. Let F be a field. Then

kmil(F) ~ kmult(F/sz).
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Proof. Using the previous Corollary, we already have
KM(F) = k9™(G(F)) = k™" (M(G(F))).
Now, is enough to observe that M (G (F)) = F/,, F>. O

Combining Theorem 4.9, Corollary 4.10 and Theorem 3.6 we get the following
Corollaries.

Corollary 4.11. Let F be a formally real field and T be a preordering. Then we
have a surjective map
kK™ (F) — k™ (F [ T™).

Corollary 4.12. Let G be a pre-special group and H C G be a subgroup of G. Let
M(G) be the pre-special multifield associated to G and let
M(H) =HU{0} € M(G). Then

G/H = M(G)/M(H)".
Moreover, M(H) C M(G) is a preordering if and only if H is saturated.

Corollary 4.13. Let G be a special group and H be a saturated subgroup. Then
we have a surjective map

k9M(G) - k™ (G ) H) = k(G /H).

We close this paper “embedding” the three K-theories considered until now
into the framework of inductive graded rings, in such a way that this “embedding”
provides a sort of free objects in Igr. Lets firstly define functors that formalize the
construction of K-theory.

Definition 4.14. We define the graded subring generated by the level 1 functor
1:1Igr — Igr
as follow: for an object R = (R, hn, *1m),

) 1(R)o := Ry = Fy,
i) 1(R), := Ry,
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iii) forn > 2,
-

1(R), ={x€R,:x= Zalj K11 oon 11 Apjs
j=1

witha;; € R;, 1 <i<n, 1 <j<rforsomer > 1}.
Of course, 1(R) provides an inclusion ¢y (g) : 1(R) — R in the obvious way.

On the morphisms, for f € Igr(R,S), we define 1(f) € Igr(1(R), 1(S)) by
the restriction 1(f) = f 11(r). In other words, 1(f) is the only Igr-morphisms
that makes the following diagram commute:

L1(R)

1(R) —= LR
1(4) ¥

1(S) ——— 5

L1(s)
We denote Igr; the full subcategory of Igr such that
Obj(Igry) = {R € Igr: ty(g) : 1(R) — R is an isomorphism}.
Definition 4.15. We define the quotient graded ring functor
Q : Igr — Igr
as follow: for an object R = (Ry,hu,*nm), Q(R) := R/Q, where
0O = (Qn)n>o is the ideal generated by {(T +a) *;1a € Ry : a € R;}. More
explicit,
1) Qo :={0} € Ro,
ii) Q1 := {0} C Ry,
iii) forn > 2, 0, € R, is the pointed F,-submodule generated by
{x € Ry :x =y 0 (T +ar) =1 ar *ir 2,
witha; € R, yi€ R, zr € R, 1 <1l <n-2,1+r=n-2}.

Of course, Q(R) provides a projection mq(r) : R — Q(R) in the obvious
way.
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On the morphisms, for f € Igr(R, S), we define Q(f) € Igr(Q(R), Q(S)) by
the only Igr-morphisms that makes the following diagram commute:

R— " QR
fl Q(f)
S———Q(S)
TQ(S)

We denote Igr, the full subcategory of Igr such that
Obj(Igr,) = {R € Igr: mq : R — Q(R) is an isomorphism}.
Definition 4.16. We denote by Igr, the full subcategory of Igr such that
Obj(Igr,) = Obj(Igry) N Obj(Igr,).
We denote by j, : Igr, — Igr the inclusion functor.

By the very definition of the K-theory of hyperfields (with the notations in
Theorem 3.3) we define the following functor.

Definition 4.17 (K-theories Functors). With the notations of Theorem 3.3 we have
a functors k : HMF — lIgr,, k : PSMF — Igr, induced by the reduced
K-theory for hyperfields.

Now, let R € Igr. We define a hyperfield (I'(R), +, —.-, 0, 1) by the following:
firstly, fix an isomorphism eg : (Ry,+1,01, T1) = (G(R),-, 1,—1). This isomor-
phism makes, for example, an element a 1| (T + b) € Ry, a, b € R take the form
(el‘el(x)) #1] (61_31((_1) -y)) € Ry, x,y € I'(R). By an abuse of notation, we simply
write x 11 (—y) € Ry, x,y € I'(R). In this sense, an element in Q, (see Definition
4.15) has the form x *1; (—x), x € I'(R), and we can extend this terminology for
all 0, n > 2.
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Now, let I'(R) := G(R) U {0} and for a, b € I'(R) we define

—a:=(-1)-a,
a-0=0-a:=0,
a+0=0+a={a},
a+(-a) =T'(R),

fora,b # 0,a # —b define
a+b :={c € T'(R) : there exists d € G(R) such that
a-b=c-danda+*1b=cx;deRy}. 4.1

Proposition 4.18. With the above rules, (I'(R),+, —.-,0, 1) is a pre-special hyper-
field.

Proof. The proof is similar to Theorem 2.17: we will verify the conditions of
Definition 2.11. Note that by the definition of multivalued sum once we proof that
I'(R) is an hyperfield, it will be hyperbolic.

i) In order to prove that (I'(R),+, —.-,0, 1) is a multigroup we follow the steps
below.

(a) Commutativity and (a € b +0) < (a = b) are direct consequence of
the definition of multivaluated sum and the fact that a =;; b = b *1; a.

(b) We will prove thatif c € a+ b,thena € b —cand b € —c +a.

Ifa=0(rb=0)ora=-b,thencea+bmeansc=aorc € a—a.
In both cases we geta € b —cand b € —c + a.

Now suppose a,b # O witha # —b. Letc € a+b. Thena-b=c-d
andax11b =c*11d € Ry forsomed € G(R). Thenb-(—c) =a-(—d)
and
a*“b:c*ud:>
a*11 b x11 [(=b) *11 (=d)] =c *11 d *11 [(=D) *11 (=d)]
=a 11 (=d) = b*11 (-0,
proving that a € b — ¢. Similarly we prove that b € —c + a.
(c) Now we prove the associativity, that is,

(a+b)+c=a+(b+c).
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In fact (see the remarks after Lemma 2.4 of [14]), it is enough to show
(a+b)+cCa+(b+c).

If 0 € {a, b, c} we are done. Now let a,b,c # O and x € (a +b) +c.
If b = —c we have

a+(b+c)=a+T(R)=T(R) 2 (a+b)+c.
If —c € a + b, then —a € b + ¢ and we have
(a+b)+c=T(R)=a+(b+c).
Now suppose a,b,c #0,¢c # -b, —c ¢ a+b. Letp € (a+b) +c.
Then p € x + ¢ for some x € a + b, and there exists g,y € G(R) such

that

p-q=x'candp*11q:x*llc
x-y=a-bandx>k11y:a*11b.

Now let z, w € G(R) defined by z = xca, w = abx. We have p - q¢ =
x-c=x-c-(a*>)=a-zand z-w = (xca) - (abx) = b - c. Moreover

2
p*nq:x*“c:x*“c*n(a )=X*1C*11a*a

= [x*11 ¢ *ppal x11a=(xca)xj1a=z*14a
and

z 11w = (xca) #11 (abx)

= (cxa) *11 (axb) = c *11 (xa) *11 (ax) 11 b =c*1 b.

Thenp e a+zwithzec+b=b+c,andhence p € a+ (b +c).

ii) Since (G(R),-, 1) is an abelian group, we conclude that (I'(R),-, 1) is a
commutative monoid. Beyond this, every nonzero element a € I'(R) is such
that a® = 1.

iii) a - 0 =0 for all a € I'(R) is direct from definition.
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iv) For the distributive property, let a, b,d € T'(R) and consider x € d(a + b).
We need to prove that

xed-a+d-b. *)

It is the case if 0 € {a, b,d} orif b = —a.

Now suppose a,b,d # 0 with b # —a. Then there exist y € G(R) such
that x = dy and y € a + b. Moreover, there exist some z € G(R) such that
y-z=a-bandysx* z=asx*; b. Therefore (dy) - (dz) = (da) - (db) and
(dy) *11 (dz) = (da) *11 (db),andx =dy ed-a+d-b.

Then (I'(R), +, —, -, 0, 1) is a hyperbolic hyperfield.

Finally, leta € I'(R) and x,y € 1 —a. If a = 0 or a = 1 then we automatically
have x -y € 1 —a,soleta # O and a # 1. Then x,y € G(R) and there exist
P, q € I'(R) such that

x-p=l-aandx=*p=1=%1a

y-g=1-aandy=*;1qg=1xa.
Then (xy) - (pga) =1-a and

(xy) *11 (pga) = x *11y *11 p *11 q *11 a = [x *11 p] *11 a *11 [y *11 ¢q]
=[1*11a] x11ax11 [1*11a] =1%a,
then xy € 1 — a, proving that (1 —a)(1 —a) C (1 - a). O

Definition 4.19. With the notations of Proposition 4.18 we have a functor I" :
Igr, — PSMF defined by the following rules: for R € Igr,, I'(R) is the special
hyperfield obtained in Proposition 4.18 and for f € Igr,(R,S), I'(f) : I'(R) —
I'(S) is the unique morphism such that the following diagram commute

R— TR

f r(f)

~
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In other words, for x € R we have

L(f)(x) = (es o fioeg)(x) = es(fileg' ().

Theorem 4.20. The functor k : PSMF — Igr, is the left adjoint of T : Igr, —
PSMEF. The unity of the adjoint is the natural transformation ¢ : 1psp7 — I'ok
defined for F € PSMF by ¢pr = ex(r) © pr.

Proof. We show that for all f € PSMF(F,['(R)) there is an unique
Vil Igr, (k(F),R) such that ['(f%) o ¢r = f. Note that ¢p = ex(F) © Pr 18
an isomorphism (because ey (r) and pr are isomorphisms).

Let f(? : 1g, : Fo = F, and flIi = el}l ofo(pp)! oerr) : ki(F) — R;. For
n > 2, define h, : [1\., k1(F) — R, by the rule

hn(p(ar), ... pan)) := eg! (f(ar)) * ... x eg! (f(an)).

We have that 4, is multilinear and by the Universal Property of tensor products we
have an induced morphism ®:’:] k,(F) — R, defined on the generators by

hn(p(a1) ® ... ® p(an)) = ex! (f(a1)) * ... x g’ (f (an).

Now let n € Q,(F). Suppose without loss of generalities that
n = p(a)) ®...® pla,) with a; € 1 —a. Then f(a;) € 1 — f(az) which
imply el‘?](f(al)) el- el‘el(f(az)). Since R, € Igr,,

hn(n) = hn(p(a1) ® ... ® p(an)) = ex' (f(ar)) * ... x eg' (f(an)) = 0 € Ry,
Then h, factors through @Q,, and we have an induced morphism
hp ¢ kn(F) — R,. We set f,? := h,. In other words, ff is defined on the
generators by

FHp(a)..p(an) = eg (f(a) * ... x ex (f(an).

Finally, we have

L(f*) 0 ¢r = [er o (ff) o exlp)] o lexir) 0 pr] = er o (ff) 0 pr
=eroleg o fo(¢r) ' oerrlopr
= fo(¢r)" o exr) © prl
=fo(¢r) ' ogr=1.
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For the uniqueness, let u,v € Igr, (k(F), R) such that I'(u) o ¢F is equal to
I'(v) o ¢F. Since ¢F is an isomorphism we have u; = vy and since k(F) € Igr,
we have u = v. O

5 Final Remarks and future works

In [17] we emphasize that DM-multirings and DP-multirings provide a new way to
look at the abstract theories of quadratic forms (for example, for special groups we
obtained an easy way to describe the axiom SG6 in the theory of special groups).

In [13] is constructed a von Neumann hull functor from multiring category and
that, when restricted to semi-real rings, it commutes with real semigroup functor.
This allows us to obtain some quadratic forms properties of a semi-real ring by
looking to its von Neumann regular hull. In fact, the Witt ring of a real semigroups
is canonically isomorphic to the Witt ring of its Von Neumann regular hull and this
connection allows the full description of the graded Witt ring of a real semigroup.

With these two observations in mind, it is natural consider possible expansions
of “Milnor’s triangle” of graded rings — where K-theory is interpolating graded
Witt ring and graded Cohomology ring — to the multiring setting. In more details,
below are some further roads to follow:

1. Extension of the K-theory framework to more general multirings (for exam-
ple, to VN-multirings) with quadratic flavour.

2. Compare graded K-theory with graded Witt ring for VN-real semigroups as
in the field case (Milnor [11]) and special groups (Dickmann-Miraglia [3]).

3. The definition and analysis of the structure of Witt ring (and graded Witt
ring) of more general quadratic structures (not only obtained from special
groups and real semigroups): this subject have already appeared in section
4, in connection with [8].

4. Still in the hyperfield case, investigate the extension of the concept of Galois
group to hyperfields, comparing the Galois cohomology ring and analyse
the existence of some canonical arrow from K-theory to this cohomology
ring, in an attempt to recover the Milnor’s Conjecture available in the classic
algebraic quadratic forms context ( [15], [16]).
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