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The non-abelian tensor product of normal
crossed submodules of groups
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Abstract. In this article, the notions of non-abelian tensor and exterior
products of two normal crossed submodules of a given crossed module of
groups are introduced and some of their basic properties are established. In
particular, we investigate some common properties between normal crossed
modules and their tensor products, and present some bounds on the nilpo-
tency class and solvability length of the tensor product, provided such infor-
mation is given at least on one of the normal crossed submodules.

1 Introduction

The notion of the non-abelian tensor product of groups was introduced by
Brown and Loday [5,6] following ideas of Miller [14], Dennis [8], and has
arisen from applications in homotopy theory of a generalized Van Kampen
theorem. Group theorical aspects of this concept have been studied ex-
tensively by several authors (see [2,3,4,9,16,17,22]). Especially, one of the
main themes of the group theoretical part of research on non-abelian ten-
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sor products has been to determine which group theoretical properties are
closed with respect to forming the tensor product. For instance, Ellis [10]
proved that the non-abelian tensor product of two finite groups is again a
finite group. Visscher [22] and Nakaoka [17] had investigated nilpotency and
solvability of the non-abelian tensor product. Donadze, et al. [9] showed
that the classes of the nilpotent-by-finite, solvable-by-finite, and supersolv-
able groups are each closed under the formation of the non-abelian tensor
product. These results are excellent tools for studying groups.

The algebraic study of the category of crossed modules was initiated by
Norrie [18] and has led to a substantial algebraic theory contained essentially
in the following papers: [1,7,11,12,13,15,20,21]. In particular, Pirashvili [19]
presented the concept of the tensor product of two abelian crossed modules
and investigated its relation to the low-dimensional homology of crossed
modules. He also generalized Whitehead’s universal quadratic functor of
abelian groups to abelian crossed modules.

In this article, we introduce the notions of non-abelian tensor and ex-
terior products of two normal crossed submodules of some crossed module,
which are a generalization of the work of Brown and Loday. We give some
of their important properties and study the connection of nilpotency and
solvability between the normal crossed modules and their tensor products.

2 Preliminaries on crossed modules

This section is devoted to recalling some basic definitions in the category
of crossed modules and giving some results related to non-abelian tensor
products of groups which will be needed in the sequel.

A crossed module (T,G,0) is a group homomorphism 0 : T — G
together with an action of G on T', written 9¢ for ¢t € T and g € G, satisfying
d(9t) = gotg~"! and 2O = 't~ for all t,t' € T, g € G. It is worth
noting that for any crossed module (T, G, ), Imd is a normal subgroup of
G and ker 0 is a G-invariant subgroup in the centre of T'. Evidently, for any
normal subgroup N of a group G, (N, G,1) is a crossed module, where i is
the inclusion and G acts on N by conjugation. In this way, every group G
can be seen as a crossed module in two obvious ways: (1,G, i) or (G, G, id).

A morphism of crossed modules (y1,7v2) : (T,G,0) — (T',G', ') is
a pair of homomorphisms v, : T — T’ and 75 : G — G’ such that
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Oy = 720 and ~;(9) = 12~ (t) forall g € G, t € T.

Taking objects and morphisms as defined above, we obtain the category
of crossed modules. In this category one can find the familiar notions of
injection, surjection, (normal) subobject, kernel, cokernel, exact sequence,
etc.; most of them can be found in detail in [11,18].

Let (T,G,0) be a crossed module with normal crossed submodules
(S,H,0) and (L, K,0). The following is a list of notations which will be
used:

o Z(T,G,0) = (TY, Z(G) N stg(T),d) is the center of (T,G,d), where
Z(G) is the centre of G, T¢ = {t € T| 9t = t forall ¢ € G}, and
sta(T)={g€ G| 9%t =tforallteT}.

e (7,G,0) = (|G,T],G",0) is the commutator crossed submodule of
(T,G,0), where G’ = [G,G] and [G,T] = (9tt™ |t € T,g € G) is the
displacement subgroup of T relative to G.

. [(S,H,0),(L,K,0)] is the mnormal crossed submodule
(K, S|[H,L],[H,K],0) of (T,G,0).

o 7, (T,G,0) denotes the nth term of lower central series of (T, G, 0) de-
fined inductively by

gat (Tv G, a) = (T7 G, 8) and 'Yn-i—l(T? G, 8) = [’Yn(Tv G, 8)7 (T7 G, 8)]7
forn > 1.

e (T,G,0)™ denotes the nth term of derived series of (T, G, ) eﬁned
inductively by (T, G,d) = (T,G,d) and (T,G,0)"*t) = (T,G, )™)Y,
for n > 0.

o (T,G,0)s = (T/[G,T),Ga,0) denotes the abelianization of (T,G,d),
where G4, = G/G’ and 9 is induced by 9.

We say a crossed module (T,G,0) is finite if the groups T and G are
both finite. Also, the crossed module (T, G, ) is nilpotent (respectively,
solvable) when there is n > 1 such that ~,4+1(7,G,9) = 1 (respectively,
(T,G,d)™ =1). The smallest n with this property is called the nilpotency
class (respectively, solvability length) of (T, G, 0). Especially, the nilpotent
crossed module of class 1 is abelian and the solvable crossed module of length
2 is metabelian.

Let (S,G,0) and (L, G, o) be two crossed modules. There are actions of
S on L and of L on S given by *I =9)] and 's =715, We take S (and
L) to act on itself by conjugation. The non-abelian tensor product S ® L
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is defined in [6] as the group generated by symbols s ® [ for s € S,l € L,
subject to the relations

s @l=(%® °l)(s®l), (2.1)

sl = (s (lse ), (2.2)
for all s,s’ € S and [,I’ € L. Note that the identity homomorphism id¢ :
G — G is a crossed module with G acting on itself by conjugation, so we
can always form the tensor products S ® G, L ® G and G ® G.

Let S and L be as above, and let T" be a group. A function ¢ : S x L —
T is called a crossed pairing if ¢(ss’,l) = ¢( s, *1)¢(s,1) and ¢(s,ll') =
d(s,0)¢( s, 1) for all s,8' € S, 1,I' € L. Tt is apparent that the function
SxL— S®L, (s,1) — s®1I, is the universal crossed paring in the sense
that any crossed pairing ¢ : Sx L — T determines a unique homomorphism
¢* : S® L — T such that ¢*(s @ 1) = ¢(s,1).

Let SOIL denote the subgroup of S ® L generated by the elements s ® [
with 9(s) = o(1). This is a normal subgroup of S® L and, following [6], the
non-abelian exterior product S A L is defined to be the quotient S ® L/SCIL.

The following proposition summarizes the rather elementary properties
of the non-abelian tensor product, the proof of which is left to the reader
(see also [4,6]).

Proposition 2.1. With the above assumptions and notations, we have
() Ifsl=1,'s=s forallsc S,1 € L, then S® L= S, ® Lay, where
the right-hand side of the isomorphism denotes the usual tensor product of
abelian groups.
(ii) There is an isomorphism S® L — L® S, s®@1+— (I® )7L
(iii) There are group homomorphisms
Ag:S®L— G, s®@ 1+ [0(s),0(l)]
As:S®L— S, s@1— s(ts™h
A :S®L— L, s®l—> U1

(iv) These homomorphisms are crossed modules in which the action of
G on S®L is given by 9(s®1) =9s® 9, and S and L act on S ® L via 0
and o.

(V) As(@) @l =zle™", s@ Ap(z) = *za~! forallz € S®L, s € S,
[ € L and thus the actions of S on ker A\, L on ker Ag are trivial.
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(vi) SOL C ker Ag Nker A\, whence SOL C Z(S® L), and S, L act
trivially on SOL. In particular, for any s®1 € SOL, s®@1=s"1®17!.

(vii) There is a natural exact sequence I'(Sqp) 2808 5 SA S, where
P(y(8)) = s®@s and w(s1 ® s2) = (s1 ® s2)SOS.

Here I'(Syp) denotes J.H.C. Whitehead’s universal quadratic functor [23],
defined for each abelian group A = Sy, as the abelian group generated by
symbols v(a) for a € A, subject to 1the relations

Y(a™) = ~(a),
v(abe)y(a)y(b)y(c) = ~(ab)y(ac)y(be),
for all a,b,c € A. Note that the last condition yields that the map A~ :

Ax A — T(A), (a,b) — y(ab)y(a)~ty(b)~!, is bilinear. Therefore one has
a natural homomorphism A : A® A — I'(A) given by A(a®b) = Avy(a,b).

Lemma 2.2. With the above assumptions and notations, we have
(i) For all s,s' € S, l,I' € L, x,y € S ® L, the following identities hold

inS©L: s el) = (s@l) " = (sl (2.3)
S U= (sol)(sol) (2.4)

slsTlol =(sol)(sel)™, (2.5)

s®l(5/ ® ll) _ (8 ZS—l ® s/l/l/—l)(sl ® l/), (26)

As(@)y — Arle)y (2.7)

(ii) For any s®1, s @' € SOL, (¢ @1)(s®1") € SOL and ss' @ Ul
(s@sel)(sel)(sal).
(iii) In the group G® S, d(y) @y =1 for ally € [G, S].

Proof. Parts (i) and (ii) are found in [4; Proposition 3] and in the proof of
[6; Theorem 2.12], respectively.

(iii) Taking into account that any element of [G, S] is written as a finite
product of the elements of the form (9ss~1)*! where g € G, s € S, and using
Proposition 2.1(vi), we need only verify the result for the case y = 9ss 1.
Applying (2.4), we have

Ny) @y = 8(933_1) ® 951 = a(g‘(”sil)(g ®s)(g® s)_1
=" gos)(gos) =9 (gos)(ges) =1,

which gives the result. O
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3 The tensor and exterior products of crossed submodules

Let (S, H,0) and (L, K, 0) be two normal crossed submodules of a crossed
module (7,G,9). We can form the non-abelian tensor products S ® K,
H ® L, and H® K. By Proposition 2.1(iv), there are crossed modules
A H®L— H, Ny : H®K — H and A\g: S ® K — S from which
we find the actionsof HRLon SQK, HR K, of HRK on S K, H® L,
and of S® K on H® L, H® K. We now form the semidirect product
(S® K) x (H® L) and consider the maps

a:S®L— (S®K)x(H®L) , B:(S®@K)xH®L) — HRK
x— (ids © 9(z), (9 @ idy(x)) ™) (y,2) — (0 ®idk (y))(idg @ O(z))

in which ids ® 0 : SL — SR K, 0®idy, : S L — H® L,
0Ridg : SK — HQK and idg ® 0 : H® L — H ® K are the
functorial homomorphisms.

The following lemmas play a crucial role in our investigation.

Lemma 3.1. With the above assumptions and notations, we have

(i) foranyz € SOK,y € HRL and z € (S K)U(H®L), 9%/ (@) 5 —
As(®) oy and 19E®OW) 5 — AE(Y) 4

(ii) For anyz € S® L and y € S @ K, 9%dr(@)y — ids®@d(x),,

(iii) For any h € H and x € S ® L, "(ids ® 0(x)) = ids ® 9("x) and
h(a ® zdL(x)) =0 & idL(h.’L').

(iv) Foranys€ S, l€ L andxz € S® K, @)™ g = 100(s) 4,

(v) Foranyl € L,h € H andx € SNL, (0(z)@"I71)"t =9("I )z
and (z @ ("I~ = M~ @ O(x).

(vi) There are actions of H® L and H ® K on (S ® K) x (H ® L)
defined by “(y,z) = (M@ y, A @)Y and 7 (y, z) = (Ma@y, Xa@)2) | for all
re€H®L, 2’e HRK and (y,2) € (S® K) x (H® L).

Proof. Parts (i)-(iv) immediately follow from the definitions of the actions
and the properties of crossed module 0.

(v) Applying the relations (2.4), (2.5) and using the action of T" on G,
we have

O@) @M ) T =@ (hel)(hal) ™ ' =(hal)*(hel)™"
=hh ' or=hr"0n1gy
=hoo) tewr=0("M") @



The non-abelian tensor product of normal crossed submodules ... 29

For the proof of the second formula, assuming Iy = "II~!

the relations (2.3)-(2.5) we see that
(lo®d(z)) = (" (" @)™ = (M @d(x)~!
=((loh)?@lon) =L 1eh)(loh)™
=z hh) = b@ead) o)™
=Pzeily") = "PEeal")),

and using again

and consequently (z ® 9(lp))(lp ® d(x)) = 1.

(vi) We only verify the condition *((y1,21)(y2, 22)) = “(y1,21) " (y2, 22),
forallz € H® L and (y1, 21), (y2,22) € (S®K) x (H ® L); the rest is easily
shown.

(y1, 21) % (ya, 22) = (M @y, M@)o )@y, An(@) )

(
(M @)y MOz Am @)y Ar(@) ) A (@) 4,

— (AH(f)yl Ny (MH @) zp) ()\H(f)yZ)’ >\H(9ﬂ)z1 /\H(m)ZZ)
(A1 (@)gy, A @y (DN @) (A @)y A (@) 5 An (@) )
(
T

)\H(I)yl >\H(55))‘,H(Zl)y2, >\H(30)Z1 >\H($)Z2)

The proof is complete. O

Lemma 3.2. With the above assumptions and notations, we have
(i) B is a homomorphism.
(ii) Ima is a normal subgroup of (S ® K) x (H ® L).

Proof. (i) Straightforward.
(74) By virtue of Lemma 3.1(i7), for any 1,22 € S ® L, we have
a(zr)o(xs) = (idg ® 9(x1) Q2@ ™ (jdg @ (),
(0 @idp (1)) 10 @ idp (o
= (ids ® O(z1) 522D (idg @ O(xo)
(0 @ idp(22)0 ®idp(z1))
= (ids ® O(zax1), (0 ®idr(x271)) ") € Ima.
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In particular, a(z1)™' = (ids ® d(x; 1), (0 ® idr(z7)™") € Ima. We
now prove that for all elements x € S ® L and (y,2) € (S® K) x (H® L),
A =2 (idg®0(x), (0®idr(x)) ") € Ima. A simple computation indicates
that A = (y*(idg ® (x)) “©O®dL@) ™ y=1 (9 @ idy(x))~!), from which we
infer from Lemma 3.1(ii),(vi) that

1

A = (7 ylids © 0(x)) O @) (2T (9 @ ddy (2) 1)
= (* y(ids ® d(x)) “sEO@N (=)L (9 @ didy (2)) 1)
= (idg ® 0(x), (0 @ idp(z)) ™) € Ima.

Hence,
A= *(ids ® 9(x), (0 @idr(z)) ™)
= (idg @ (M P x), (0 @ id (M P z)) ™Y € Ima,
thanks to Lemma 3.1(iii). O

In the above lemma, it is easy to see that Ima lies in the kernel of 3. So,
if we denote by Cokera the quotient group (S ® K) x (H ® L)/Ima, then
(8 induces a homomorphism ¢ : Cokera — H ® K. On the other hand,
the parts (iii) and (vi) of Lemma 3.1 show that Ima is invariant under the
action of H ® K and so, we have an action of H ® K on Cokera. We can
hence get the following

Proposition 3.3. (i) (Cokera, H® K,§) is a crossed module.

(i1) If I is a subgroup of Cokera generated by the elements (x @ y, (y ®
x)(0(z) ® 2))Ima for all z,z € SN L,y € HNK, then (I, HOK,0) is a
normal crossed submodule of (Cokera, H® K,0).

Proof. (i) It is straightforward to check that §(*v) = “d(v) for allu € HR K,
v € Cokera. We now establish that ®("y = "1y for all v,v; € Cokera.
Without loss of generality, we may assume that v = (s ® k, h ® I)Ima and
v1 = (81 ® k1, b1 ® l1)Ima. We must prove that

((8(81)®k1)(h1®3(11))(5 Q k), (9(81)®k1)(h1®3(11))(h ® 1))Ima =

((s1 @ k1)™M®0 (s @ k) "V 0D (51 @ ky) L, MO (1 @ 1)) Ima,
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or equivalently, letting

1 = @EDER)(MBIW) (5 @ k) |
g = @)k (M) (1, g ) |

Y1 = (51 @ k)M (s ® k)(h1®l1)(h®l)(81 ® k),
yo ="M (h 1),

we show that

-1
(z1,22) " (y1,92) = *2 (27 y1, 9225 ") € Ima.

The simple calculations, together with the results of Lemmas 2.2(i) and
3.1(i), allow us to get

=" (M (s @ b));

po = M (ML (L 1)) = R (B b @ MY (R @ 1)
= "Rk (T @ MY (kT @ MY (h @ 1)

y1=21(s1 @ k1) (s1 @ k1)

y2 = (h"ht @ "I (h ).

Now, assuming lp = M7, I3 = hllllfl and sy = 51 klsfl, one easily sees
that lz,13,52 € SN L, d(l3) = hi"hy " and 9(s2) = “1kik; !, implying that

2y = 22)(9(13) ® 1) (0(s2) @ L) (h ® 1) = (O(s2l3) ® l) (h @ 1);
Yo = (8([3) & lg)(h (= l).

Putting a = 0(s2l3) ® l2 and b = 9(I3) ® la, we hence deduce that

_1 -1
% (o gers ) = (T (51 @ k1) PP (51 @ Ky ) 1), a7 M)

(he)~1

- (T (51 @ k) " (51 @ ) ), a7 MD).

b s ® k1)l (sy @ k1)71, it is enough to prove

Therefore, if we set ¢ = (
= (¢!, b7a) € Ima. But

that (% 'bc,a=1p)~!
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¢t =" @ k) (P (51 @ Kr)) (by Lemma 3.1(v))
= " s @ k) (PB (51 @ k1)) (by Lemma 3.1(i))
= (I ® A(s9)) (213151 © (s2)) ™ (by (2.4))
la 59)) (122015 @ A(s9)) (by the properties of 0)
(by (2.5))

lg)) 1 12®0( lg)(l2 ® 8(82[3)

)
1»)) (1300(l2))~ 1(l2 ® O(s2l3))
)

(

= (

= (b ® O(s2)) 7 (ly ® 3@3))@2 ®9(13))~"
= (

= (l2

= (

® o(

(

lo @ (sal3))(l2 @ 9(l3)) ™ (by (2.2))

® O(

® O( (by Lemma 3.1(v))

= (I3 ® 9(ly)) PR (1, & 9(s4l3)) (by Lemma 3.1(ii)).

So, (¢c71, b7 a) = (I320(1), (8([3)@[2)1)(l2®8(82l3§, I(lg)®s2l3) 1) €lma.

(ii) Recall that HOK = (x ® « | + € H N K). Taking into account
Lemma 2.2(ii), we have

0((z @y, (y ©2)(9(2) @ 2))Ima) = (d(z) © y)(y ® 9(x))(9(2) @ d(2))
= (y9(z) ® y0(2))(A(x) ® A(x)) " (y @ y) 1 (9(2) ® 8(2))
€ HOK

forall z,z € SNL,y € HNK and then (1) C HOK. The other conditions
are easily verified. O

I3

Setting (S, H,0)O(L, K,0) = (I, HOK, §), we are now ready to give the

following main definition.

Definition 3.4. The non-abelian tensor and exterior products of normal
crossed submodules (S, H,d) and (L, K, 0) are defined, respectively, as

(S,H,0)® (L,K,0) = (Cokera, H® K,?),
(Cokera, H® K,5) (Cokera
(S,H,0)0(L,K,0) I
Note that if [(S, H,0), (L, K,0)] = 1, then

(SaHva) ® (L7K7a> = (SaH7a>ab® (L7K7a)ab7

(S,H,0) A (L,K,0) = JHNK, ).

where the right-hand side of the isomorphism denotes the tensor product of
abelian crossed modules introduced in [19]. Also, one easily sees that the
tensor and exterior products are symmetric.
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Example 3.5. (i) If H and K are normal subgroups of a group G, then
(H,H,id)® (K, K,id) 2 (H® K, H® K,id). For, assume that (H, H,id) ®
(K, K,id) = (Cokera, H® K,0), where the homomorphism ¢ is defined by
d((z,y)Ima) = zy. Then, it is an easy verification that ¢ is an isomorphism
and (0,id) : (Cokera, H® K,§) — (H ® K, H ® K,id) is a morphism of
crossed modules. Analogously, one can see that

(H,H,id) A (K, K,id) = (H A K, HA K, id),
(1,H, i) ® (1, K,i) = (1, H® K, i),
(1, H,i) A (1, K,i) = (1, H A K, i).

(ii) For any crossed module (T, G, 0), (T,G,0) AN (T,G,0) = (GAT,G N
G,id N\ 0). Because, by the definition, we have (T,G,0) A (T,G,0) =
(Cokera/I,G AG,$), in which § is defined by §((x, y)I) = 0 Aidg(x)idg A
d(y) for all (z,y) € Cokera. According to Proposition 2.1(ii), the map
0:TRG —GT,t®g+— (¢g®t)~! is an isomorphism. So, we get the
epimorphism p: (T® G) x (G®T) — G T given by u(z,y) = 0(x)y.
Since, by Lemma 2.2(ii),

[ty @ O(t2), (O(t1) @ t2) 1) = ((9(t1) ® t2)(O(t2) ® t1)) ™" € GOT,

for all t1,to € T, pu induces an epimorphism i : Cokeraa — G AT. We
claim that ker i = I. Plainly, I C ker i. So, suppose that f((z,y)Ima) =
0(x)yGOT = lgar. Then y = 6(x) "2 for some z € GOT, implying that
(z,y)Ima = (z,0(z)"'2)Ima € I. Thus, ji gives rise to an isomorphism
i : Cokera/T — G N'T. Now, an easy verification shows that the pair
(11, idgac) is a crossed module morphism.

The following extends [6; Proposition 2.3] and is important in obtaining
the next results.

Proposition 3.6. (i) There is a morphism (11, 72) : (S, H,0)®(L, K,0) —
(T, G,0) defined by 71((z,y)Ima) = Ag(x)Ap(y) and 12(2) = Ag(z), for all
re€S®K,yc H® L and z € H® K.

(i) ker(7i,72) is an abelian crossed module.

(iii) If (L, K, Q) is simply connected or H acts trivially on L, then

ker(m1,72) C Z((S,H,0) ® (L, K, d)).

Proof. (i) The only non-trivial part is to verify that 71 is a homomorphism.
But this follows from the following observations. (1) 71 is well-defined,
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because it is induced by the homomorphism (S ® K) x (H ® L) — T,
(l’,y) — )\S(Jf))\L(y) (2) For any :L'al‘/ ESQ®K, yvy/ € H®L,

As(@ "2 A (yy') = As (2 WAL ()AL W)
= As(z) M WAg ()AL ()AL Y)
= As(@)AL(y)As(@)AL(Y).
Note that the second equality follows from the first property of the crossed
module A\g and the fact that A\ (y) € LN S.

(ii) It is sufficient to note that ker = HOK is a central subgroup of
H ® K and acts trivially on C'okera.

(iii) We first assume that (L, K, J) is simply connected. Owing to part
(ii), we only need to prove that ker 71 is contained in Cokera™®X  or equiv-
alently, y = y for all z € H® K and y € ker;. Let x = W @ K
and y = (s ® k,h ® )Ima for b, € H, k,k' € K, s € S, 1 € L.
Then *ss™' = "i~'and also, ¥ = 9(I') for some I' € L, forcing that
M1 = 9(M1I'l'-1). Hence, we have
h/®k/ (s ® k;) _ h/k/k/_l(s ® k;)

=(s*s '@ "EE ) Ws®k) (by (2.5))
= STl g MY (s @ k) (by (2.3))
= Skt e MK (s @ k)
_ (S ® k?)( hll—l ® h/k/k/—l)
— (Mt Mgy (e h/k’k’*l)*l(s ® k)
— ("t h’k/k/—l) (M 1® hu—l)(s o k)
(by Lemma 3.1(i), (iv))
_ ( hp—1 ® a( h’llll—l)) (o( h/l’l’_1)® hll_l)(s ® k‘),
and using Lemma 3.1(i),
Mok (hetl) = " (hel) = "' (hel) = (h®1)
= 0" D (he ) = @MY @ M) (he ).

h/lll/—l

It therefore follows that
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2y = (MO (s@ k), " (h @ 1)) Ima

(Mt a(M I, a(M I @ MY (s ®@ ky h @ DIma

(Mt oMUY, (MY @ MUY Y (s @k, h @ DIma
(by Lemma 3.1(v))

=(s®k,h®)Ima =y.
The proof for the other case is analogous. O

The following corollary is an immediate consequence of the above propo-
sition.

Corollary 3.7. Let (T,G,0) be a crossed module such that 0 is onto or G
acts trivially on T. Then (T,G,0)0(T, G, 0) is a central crossed submodule
of (T,G,0)® (T, G,0).

In order to study the relation between the exterior product and tensor
product of crossed modules, under some conditions, we use a generalized
version of Whitehead’s universal quadratic functor, the generalization being
due to [19].

Definition 3.8. ([19]). Let (A, B,0) be an abelian crossed module, and
B®A be the quotient of B ® A by the subgroup generated by the elements
(0(a1) ® az)(d(az) ® a;)~! with aj,a2 € A. Then we define T'(4, B, 9) to
be the abelian crossed module (I'(4, B,d),T(B),dr), in which I'(4, B,0)
is the cokernel of the group homomorphism f: A® A — (B®A) x I'(A)
given by f(a1 ® az) = (9(a1) ® az, A(a; ® az)™ ), and dr(b®a,v(a1)) =
A(b® d(a))~(9(ar)).

Theorem 3.9. Let (T,G,0) be a crossed module such that 0 is onto or G
acts trivially on T'. Then there is a natural exact sequence

T(T,G,0)a) (T,G,9) ® (T,G,d) — (T,G,0) A (T, G, ).

Proof. We only prove the result for the case of 0 is onto. The proof for
the other case is identical. It is sufficient to define a surjective morphism
(n1,m2) : (TU(T,G,0)a), T (Guwp),0r) — (I,GOG,5). We take 12 to be
the epimorphism given in Proposition 2.1(vii). Putting T' = T/[G,T] and
G = Gy, we construct 7y in the following three steps.
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Step 1. Here we show the existence of a homomorphism 51 :GRT — 1.
Let ¢1 : G x T — I be defined by ¢1(g,%) = (t® g, g @ t)Ima. We first
show that ¢; is well-defined. Suppose that g1 = gox and t; = tsy for some
z € G and y € [G,T]. Then
$1(g1, 1) = (t2y ® 92w, g27 ® toy)Imav
= ("(y ® g2)(t2 @ g2) " (y ® @) ©(t2 ® ),
%2(x @ 1t2) 22 (z @ y)(g2 @ 12) (g2 © y))Imay
= ("(y®@ g)(t2 @ g2) " (y @ 2),1) (L2 @ 7,2 @ ta)
(1,9%%(z @ y)(g2 @ t2) (92 ® y))Imav.
The surjectivity of 9 yields that 9([G,T]) = G’ and then there exists ¢’ €
[G,T] such that 9(t') = x. Since, by Lemma 3.1(v),
Pty @ x,x @) = (L2 @ A(t'),0(t") @ ta)
= 2(ty @ O(t'), (O(t2) @) 7") € Imay,
it follows that
o1(g1,11) = (P (y ® g2) (t2 ® g2) P (y @ ), 1)
(1,95 (z @ y)(g2 @ t2) (g2 ® y))Imay
)(t2 ® g2),1) 2 (y @ x, 2 @ y)
(1, (92 ® t2) (g2 ® y))Imav.

=("(y® g

Using the same arguments as above, one sees that 922(y ® z, 2 ® y) € Ima,
whence

$1(g1,t1) = (2(y @ g2) (t2 ® g2), 1)(1, (g2 ® t2) 2 (g2 ® y))Imax
=" (y® g9, 1)(t2 ® g2, 92 @ t2) (1, g2 ® y)Imav
= (t2 ® g2, 92 @ t2) 2 (y ® g2, g2 ® y)Imay,

since (t2®g2, g2®ta2) € I C Z(Cokera), thanks to Corollary 3.6. Noting that
y € [G,T] and g2 = 9(t3) for some t3 € T, we can again conclude that 2(y®
92, 92®y) € Ima and therefore ¢1(g1,%1) = (t2® g2, g2 ®t2)Ima = ¢1(g2, t2).
It is easily verified that ¢; is a crossed paring, and the universal property
of the tensor product then implies the homomorphism ¢y : G ® T — 1.
Now, we claim that ¢; annihilates the subgroup generated by the elements
(O(t1) @ t2)(0(t2) @ £1) 7L, t1,t2 € T; because, we have
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t1) @ ta)(t1 @ O(ta), O(ta) @ t1)

O(t1) @ to)(VR¥ 7 (1 @ O(t2)) 7, (A(t2) @ 1))

) (OEIEER)OERIST (1 @ 9(ty)) 1, (B(tr) @ 12) (D(t2) @ 1) 1)
)t @ A(t2)) ™, (D(t1) @ t2)(A(t2) @ t1) 1)

(t2 ® O(t1), O(
= (t2 ® 0(t1)

(ta ® O(t;

(t2 ® O(t;

(th @ 0(t2)) ™" YRty @ 0(1h)), (0(t1) @ 12)(D(t2) ® t1) )

t1 ® 0(t2)) "1, (t1) @ ta)(t2 @ O(t1), ((t2) @ 1))

Aok (1) @ 3( 2)) 1, 0(t1) @ ta) (b2 @ A(t1), (At2) @ t1) ")

1 ®(ta), (A1) @ t2) ")) (t2 @ D(t1), ((ts) @ 1)) € Tmar.

A/—\

)
)
)
)

(
(
(
(
(
(

Note that the third and sixth equalities follow from the parts (ii) and (iv) of
Lemma 3.1. Consequently, ¢1((9(t1) @12)(0(t2) ©11)~") = 1 and ¢; induces
a homomorphism ¢1 : GRT — I.

Step 2. Here we show the existence of a homomorphism ¢y : T'(T) —» I.

Let ¢o : T — I be defined by ¢2(t) = (1,0(t) ® t)Ima. Then ¢o is
correctly defined; because if ¢; = toy for some y € [G, T], then

I(tay) ® tay = (O(y) ® t2)(9(t2) ® y)(9(t2) @ 12)(A(y) @ y)
(by Lemma 2.2(ii))
= (3(t2) @ y) " (3(t2) @ y)(D(t2) @ t2)
(by Lemmas 2.2(iii), 3.1(v))
= J(t2) ® ta.

So, ¢2 induces a map 52 : T(T) — I. We prove that 52 is a homomorphism
by showing that ¢o preserves the defining relations for I'(—). This is deduced
for the first from Proposition 2.1(vi) and for the second from the following
equalities, which all follow from Proposition 2.1(vi) and Lemma 2.2(ii). For
any ti,ts,t3 €T,
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O(t1ts) @ tits = (D(t3) ® £1)(D(t1) @ t3)(D(t1) ® £1)(D(t3) @ L),
D(tats) @ tats = (D(t3) ® £2)((t2) @ t3)(D(ts) ® £2)(A(t3) @ L),
At1tats) @ trtats = (O(t3) @ t1te)(O(trts) @ t3)(A(t1ta) @ t1ts)(D(ts) ® ts)
= (O(t1t2) ® trta)(D(t3) @ t1) " ((A(t3) @ ta)

)
(0(t2) ®13))(0(t1) @ t3)(O(t3) @ t3)
= (O(t1t2) @ t1ta)(O(t3) @ t1)(O(t1) ® t3)
(0(t3) @ t2)(0(t2) @ t3)(0(t3) ® t3).

Step 3. Here we define the homomorphism 7 : T((T, G, 9) ) — I.

Since the groups G®T, I'(T) and I are abelian, we get the induced
homomorphism 5 = <d~>1, q~52> in the coproduct GRT x I'(T') — I, which is
clearly surjective. Using Proposition 2.1(vi) and Lemma 2.2(ii), it is readily
verified that g(lm f) =1, in which f is the homomorphism introduced in
the above definition. We thus obtain the epimorphism 7; induced by ¢.

Finally, the pair (71,72) is a crossed module morphism; because, using
the definition of the homomorphism Or, Proposition 2.1(vi) and Lemma
2.2(ii), we have

nzar((s‘z?@fﬁ(fl))lmﬁ; m2(A(g ® 0()v(d(t1)))

=om((g@t,y(t))mf),
forall£,z; € T, g € G (note that 0 : T — G is the crossed module induced
by @). The proof of theorem is complete. O

Combining the above theorem with Proposition 3.6 and [18; Theorem
2.68], we immediately deduce that if (7, G,0) is a simply connected per-
fect crossed module, then the central extension ker(r,72) — (T,G,0) ®

(T,G,0) - (T,G,0) is universal.

4 On nilpotency and solvability of tensor products

Throughout, we assume that (S, H, 9), (L, K, 0) are normal crossed submod-
ules of a given crossed module (7, G, ). The goal of this section is to give
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bounds on the nilpotency class and solvability length of (S, H,0)® (L, K, 0),
provided such information is given in context with (S, H,d) and (L, K, 9).
The following lemma shortens the proof of our main result.

Lemma 4.1. For any n > 0, we have
: n+1(T,G,0)(S,H,0 T,G.0)\(n) _ (T,G,0)(™(S,H,0
(i) %H(ESHag) gl +1((S,H,<)9() ) and (és,H,ag)( ) — (I,GO) ™ (S,H,9)
(il) (T, G,0) = ([nG,T),ms1(G),d), in which [0G,T) = T and

inductively [,,G,T] =[G, [—1G,T].

Proof. (i) Follows by induction on n.
(ii) By virtue of [20; Lemma 2.1],
1 (T, G, 0) = (G TV Jln—iGs (G, T a1 (G), D).
=2
So, it is enough to prove that for any i > 1, [v(G),T] C [;G,T]. But this
follows by induction on 4, and using the fact that

Mi+1(G), T) € (@), |G, TG, [vi(G), T]]-
O

Theorem 4.2. (i) If the commutator submodule [(S, H, 0), (L, K, )] is solv-
able of length m, then (S, H,0)® (L, K, 0) is solvable of length m or m+ 1.
(ii) If the commutator submodule [(S, H, D), (L, K, )] is nilpotent of class
¢, then (S, H,0) ® (L, K, 0) is nilpotent of class ¢ or ¢+ 1.
(iii) If the commutator submodule [(S, H,0), (L, K, )| is abelian, then
(S,H,0) ® (L, K, 0) is metabelian.

Proof. Proposition 3.6 yields the following abelian extension

(S,H,0)® (L, K, a)( v 2)[(5 H,0),(L,K,0). (8)

ker(ri,72)

Now, the parts (i) and (iii) are directly obtained from this extension.

To prove (ii), it suffices to indicate that v.12((S, H,0) ® (L, K,0)) =
1, or equivalently, by Lemma 4.1(ii), that ([c+1H ® K, Cokeral, ye42(H ®
K),d) = 1. Tt follows from the assumption and the above extension that
Yet1(H ® K) C kermy and then v.42(H ® K) = 1. We now prove that
[c+1H ® K, Cokera] = 1. To do this, we will first show by induction that
for any n > 1, every generator of [,H ® K,Cokera] can be expressed as
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mi m2

(l_I(aUz ® Yi), H(y; ® ) Ima, where z;, 2, € [,—1[H, K], [K, S|[H, L]] and
i=1 j=1

vi,y; € [H,K]. Forn =1, let = = “(a,b)(a,b) ' Ima be an arbitrary
generator of [H ® K, Cokeral], wherea € S® K, be H®Landce HR® K.
Considering the homomorphisms Ag : S K — S, Ay : H® K — H,
Mgt H® K — K, A\ : H® L — L and using the relations (2.4), (2.5),
we have

r = (AK(c)a )\H(c)b)(lfl

(As(a) ® Ak
(As(a) ® Ak

On the other hand, by the relation (2.5),

A (©@ALB) =1 — CHEOXLOALDB) ™) =1 — CHOIALB)IALB) ),

= D000~ = 0~ (\s(@) @ Air (), OAL ()

1 b HIma
o)~ < () @ AL(B)b)(* o™, b7 ) Ima
) taPEE2AL®) =1 Ny (e) @ Ap(b))Ima.

(
(

It thus follows that
= ((As(a) @ Ak () (As(a) @ Am(e), dAL(B))]), Arr(€) @ Ap(b))Ime,
where
A ( )7)‘L(b) € [Ku SHHvL]v
An(c), Ak (), [Ar(c), O(AL(b))] € [H, K].

Now, assume that the result holds for n > 1. Then any generator of [,+1 H®
K, Cokera] can be written as

mi mo mi ma
T = C(H(xi ® Yi), H(y§ ® w;))(H(xi ® i), H(y; ® 2/)) Ima,
i=1 Jj=1 i=1 j=1
where xl,xj € [n1[H, K], [K, S|[H, L]], yi,y} € [H,Kland ¢ € H® K.
mi m2

Setting a = H(:UZ ®yi), b= H(y; ® z;) and applying arguments similar
to the a‘bove,z :olne can easily soe ‘1chat
z = ((As(a) ® Ax ()" (As(a) ® Au(e), OALD)), A (€) @ Ar(b))Imay,

where
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AS(a)a)\L(b) € [n[Ha K]? [K7 S][H7 L]]a
AH(C)7)‘K(C)7 [AH(C)76(/\L(Z)))] S [H7 K}

This completes the induction. Since, by hypothesis, [.[H, K|, [K, S][H, L]] =
1, we therefore infer that [.+1H ® K, Cokera] =1, as desired. O

As an immediate consequence of the above theorem, we have

Corollary 4.3. (i) If the crossed module (T, G,0) is solvable of length m,
then (T,G,0) ® (T, G, 0) is solvable of length m — 1 or m.

(ii) If the commutator crossed submodule (T, G, )" is nilpotent of class
¢, then (T, G,0) ® (T, G, 0) is nilpotent of class ¢ or ¢+ 1.

(iii) If the crossed module (T, G,d) is metabelian, then so is (T,G,0) ®
(T, G, 0).

In the following, we indicate a result similar to part (i) of the above
corollary for nilpotent crossed modules.

Theorem 4.4. (i) If the crossed module (T,G,0) is nilpotent of class c,
then (T,G,0) ® (T, G, 0) is nilpotent of class at most c.

(ii) If the crossed module (T, G, 9) is nilpotent of class 2, then (T, G,0)®
(T, G, 0) is abelian.

Proof. (i) By the assumption and Lemma 4.1(ii), [G,T] = 17 and v.41(G) =
1g. Hence, G®G is a nilpotent group of class to be ¢ or ¢+ 1, thanks to [22;
Proposition 3.2]. By an argument analogous to that used in the proof of The-
orem 4.2, one observes that any generator of the group [(G®G, Cokera] may

mi m2
be exhibited as (l_I(acz ®Yi), H(y; ®@}))Ima, where 2,2 € [.1G', [G, T]]
i=1 j=1

and y;,y; € G'. Inasmuch as [.1G', [G,T]] C [.G,T] = 17, we must there-
fore have [.G ® G, Cokera] = 1 and then (T,G,0) ® (T, G, ) is nilpotent
of class at most c.

(ii) Tt follows from hypothesis that ([G,T],G’,d) lies in (T, Z(G) N
sta(T),d). So, the group G ® G is abelian, due to [2; Proposition 3.1], and
acts trivially on Cokera. O

Theorem 4.2(iii), Theorem 4.4(ii), and the following example show that
both outcomes obtained in the above for the nilpotency class and the solv-
ability length of tensor products occur.
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Example 4.5. Let G = (a, b, c) be the free two-Engel group of rank three.
Let H and K be the smallest normal subgroups of G containing the sets
{a,b} and {c}, respectively. Then it is shown in [22; Example 4.5] that
[H, K] is an abelian subgroup of G and H ® K is nilpotent of class 2. So,
considering the normal crossed submodules (H, H,id) and (K, K, id) of the
crossed module (G, G,id), the commutator submodule

[(H,H,id), (K, K,id)] = ([H, K], [H, K],id)

is abelian and the tensor product (H, H,id)® (K, K,id) = (HK, HRK, id)
is nilpotent of class 2.

A crossed module (T,G,0) is called nilpotent-by-finite (respectively,
solvable-by-finite) if it has a nilpotent (respectively, solvable) normal crossed
submodule (S, H,0) such that (T'/S,G/H, ) is finite.

In [9], it was established that if H and K are groups acting on each other
compatibly, then H ® K is nilpotent-by-finite or solvable-by-finite whenever
H or K satisfy such information. In the final result of this section, we
extend this result by showing the following

Theorem 4.6. With the assumptions of Proposition 3.6(iii), we have

(i) if (S, H,0) or (L, K,Qd) is nilpotent-by-finite, then so is (S, H,0) ®
(L,K,0).

(ii) if (S, H,0) or (L, K, Q) is solvable-by-finite, then so is (S, H,d) ®
(L, K, Q).

Proof. 1t is a routine exercise to check that the properties of nilpotent-by-
finite and solvable-by-finite are closed under taking normal crossed submod-
ules and central extensions. The results now follow from the extension (8)
that is central because of Proposition 3.6(iii). O
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