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Abstract. The monoid Cb of name substitutions and the notion of finitely
supported Cb-sets introduced by Pitts as a generalization of nominal sets. A
simple finitely supported Cb-set is a one point extension of a cyclic nominal
set. The support map of a simple finitely supported Cb-set is an injective
map. Also, for every two distinct elements of a simple finitely supported
Cb-set, there exists an element of the monoid Cb which separates them by
making just one of them into an element with the empty support.

In this paper, we generalize these properties of simple finitely supported
Cb-sets by modifying slightly the notion of the support map; defining the no-
tion of 2-equivariant support map; and introducing the notions of s-separated
and z-separated finitely supported Cb-sets. We show that the notions of s-
separated and z-separated coincide for a finitely supported Cb-set whose sup-
port map is 2-equivariant. Among other results, we find a characterization
of simple s-separated (or z-separated) finitely supported Cb-sets. Finally,
we show that some subcategories of finitely supported Cb-sets with injective
equivariant maps which constructed applying the defined notions are reflec-
tive.
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1 Introduction

Let D be a countable infinite set. A permutation 7 on D is said to be
finitary if it changes only a finite number of elements of . Consider the
group G = Permg(D) of finitary permutations on D, and take a set X with
an action of G on it, that is, a G-set. An element x € X is said to have
a finite support C C D if it is invariant (fixed) under the action of each
element 7 of G which fixes all the elements of C' (that is, if m¢ = ¢, for all
c € C, then mx = x).

A G-set X all of whose elements have a finite support is said to be a
nominal set. The notion of a nominal set was introduced by Fraenkel in
1922, and developed by Mostowski in the 1930s under the name of legal
sets. The legal sets were used to prove the independence of the axiom of
choice from the other axioms (in Zermelo-Fraenkel set theory: ZFA).

In 2001, Gabbay and Pitts rediscovered those sets in the context of
name abstraction. They called them nominal sets, and applied this notion
to properly model the syntax of formal systems involving variable binding
operations (see [5]).

In [9], Pitts generalized the notion of nominal sets, by first adding two
elements 0, 1 to D, then generalizing the notion of a finitary permutation
to finite substitution and considering the monoid Cb instead of the group
G. Then he defined the notion of a support for Cb-sets, sets with an action
of Cb on them, and invented the notion of finitely supported Cb-sets as a
generalization of nominal sets.

In [8], Pitts defined the support map from a nominal set X to the set
of all finite subsets of D which takes each element of X to its least support.
In [3], we showed that the support map of a simple finitely supported C'b-set
is an injective map.

In this paper, we slightly modify the definition of the support map for
a finitely supported Cb-set, and then consider finitely supported Cb-sets
whose support maps are injective. We call them s-separated finitely sup-
ported Cb-sets. On the other hand, for every two distinct elements of a
simple finitely supported Cb-set, there exists an element of the monoid Cb
which separates them by making just one of them into a zero element. Gen-
eralizing this property, led us to introduce the notion of z-separated finitely
supported Cb-sets. The notions of s-separated and z-separated for simple
finitely supported Cb-sets are the same. This fact, then, motivates us to
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define the notion of 2-equivariant support maps under which z-separated
finitely supported Cb-set are exactly s-separated finitely supported Cb-sets.
Among other things, we find some adjoint relations between the categories
of defined notions and the category (a subcategory) of finitely supported
Cb-sets with injective equivariant maps between them.

2 Preliminaries

This section is devoted to giving some basic notions needed in this paper.
For more information one can see [3, 4, 7, 9].

2.1 M-sets A (left) M-set for a monoid M with identity e is a set X
equipped with a map M x X — X, (m,z) — mz, called an action of M on
X, such that ez =  and m(m'z) = (mm/)x, for all z € X and m,m’ € M.
An equivariant map from an M-set X to an M-set Y isamap f: X =Y
with f(mz) =mf(z), for all z € X, m € M.

An element z of an M-set X is called a zero (or a fized) element if
max = x, for all m € M. We denote the set of all zero elements of an M-set
X by Z(X).

The M-set X all of whose elements are zero is called a discrete M-set,
or an M-set with the identity action.

A subset Y of an M-set X is a sub M-set (or M-subset) of Y if for all
m € M and y € Y we have my € Y. The subset Z(X) of X is in fact a sub
M-set.

An equivalence relation p on an M-set X is called a congruence on X
if xpz’ implies mx pma’, for x,2’ € X, m € M. We denote the set of all
congruences on X by Con(X).

For a sub M-set Y of an M-set X, the Rees congruence p, on X is
defined by

zp, o’ ifand only if z,2’ €Y or z =21

The Rees factor of X by the sub M-set Y is denoted by X/Y.
Finally, an M-set X is called simple if Con(X) = {A,,V,}, where
V,=XxX,and Ax ={(z,z) | x € X} is the equality relation.

2.2 (b-sets Let D be an infinite countable set, whose elements are some-
times called atomic names (data values) and PermD be the group of all
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permutations (bijection maps) on D. A permutation 7 € PermDD is said to
be finite if {d € D | w(d) # d} is finite. Clearly the set PermsD of all finitary
permutations is a subgroup of PermDD.

Also, we take 2 = {0,1} with 0,1 ¢ D.

Definition 2.1. (a) A finite substitution is a function ¢ : D — D U 2 for
which Domgo = {d € D | o(d) # d} is finite.
(b) A finite substitution satisfies injectivity condition, if

(Vd,d € D), o(d)=o(d) ¢2=d=d.

(c) If d € D and b € 2, we write (b/d) for the finite substitution which
maps d to b, and is the identity mapping on all the other elements of D.
Each (b/d) is called a basic substitution.

(d) If d,d’ € D then we write (dd’) for the finite substitution that trans-
poses d and d’', and keeps fixed all other elements. Each (dd') is called a
transposition substitution.

Definition 2.2. (a) Let Cb be the monoid whose elements are finite substi-
tutions satisfying injectivity condition, with the monoid operation given by
o-0' =60', where 6 : DU2 — DU2 maps 0 to 0, 1 to 1, and on D is defined
the same as o. The identity element of Cb is the inclusion ¢ : D — D U 2.

(b) Take S to be the subsemigroup of Cb generated by basic substitu-
tions. The members of S are of the form 6 = (b1/dy)--- (bg/di) € S for
some d; € D and b; € 2, and we denote the set {di,--- ,di} by D;.

Remark 2.3. (1) Notice that each finite permutation 7 on D can be con-
sidered as a finite substitution to7 : D — D U 2. Doing so, throughout this
paper, we consider the group Perm¢ID as a submonoid of Cb, and denote
tom with the same notation 7.

(2) Let dy,--- ,dp € D and by,--- ,b; € 2. Then, for all 7 € Perm¢(D)
and (by/dy) - (bg/dy) € S, one can compute that in Cb,

m(b1/dy) -+ (bi/dy) = (b1/mdy) - - - (b /mdp),

and
(by/dy) - (by/dg)m = m(by /7 dy) - - - (b /7 dy).
(3) Let d # d € D and b,V € 2. Then

(b/d)(V'/d') = (V' /d")(b/d).
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But, we see that (1/d)(0/d) = (0/d) and (0/d)(1/d) = (1/d), and hence
(1/d)(0/d) # (0/d)(1/d).

Theorem 2.4. [3] For the monoid Cb, we have

Cb = Perm¢(D) U Perm¢(DD)S.

2.3 Finitely supported Cb-sets In this subsection, basic notions
about finitely supported Cb-sets, which are needed in the sequel, are given,
some of which are in [9].

The following definition introduces the notion of a, so called, support,
which is the central notion to define finitely supported Cb-sets.

Definition 2.5. (a) Suppose X is a Cb-set. A subset C' C D supports an
element z of X if, for every 0,0’ € Cb,

(0(c) = d'(c), (Ve € C)) = oz = o'

If there is a finite (possibly empty) support C' then we say that x is finitely
supported.

(b) A Cb-set X all of whose elements have finite supports, is called a
finitely supported Cb-set.

We denote the category of all Cb-sets with equivariant maps between
them by Cb-Set, and its full subcategory of all finitely supported Cb-sets
by (Cb-Set)ys.

Lemma 2.6. ( [9], Lemma 2.4) Suppose X is a Cb-set, x € X and b € 2.
Also, let C be a finite subset of . Then, C is a support of x if and only if

(VdeD) d¢ C = (b/d)z = .

Remark 2.7. Let X be a Cb-set and =z € X.

(1) If X is finitely supported, then the set {d € D | (0/d)x # x} is in fact
the least finite support of x. From now on, we call the least finite support
for x the support for x, and denote it by supp z.

(2) x is a zero element if and only if suppx = ) if and only if 2 = =z,
for all § € S.

(3) Every non-empty finitely supported Cb-set has a zero element.
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Example 2.8. (1) The set D U2 is a finitely supported Cb-set, with the
canonical action given by evaluation; that is,

Vo € Cb, z€DU2, ox =d(x),

in which ¢ is defined as in Definition 2.2(a). Also, for each d € D, suppd =
{d}, and supp0 = supp 1 = 0.

(2) Let X = ]DD(k)U{O}, where k is a natural number, D" = {(dy,--- ,d) :
d; € D,d; # d;, for i # j}, and 0 be a zero element which is not included in
D™, Then, we see that X is a ﬁnitelgy supported Cb-set with the following
action of Cb. Let o € Cb and 2 € D™ Then, applying Theorem 2.4, c = 7
or 0 = 79, where m € Permy(D) and 6 € S. For ¢ = m or ¢ = wd with
D, Nsuppz = @, define oz = wx and for o = 7§ with D, Nsuppz # 0, and
ox = 0. Notice that, for each element (dy,--- ,dg), the set {dy,--- ,dy} is
the support.

(3) The set P,(DU2) ={Y|Y is a finite subset of D U2} is a finitely
supported Cb-set with the natural C'b-action

x:ChbxP.(DU2) - P, (DU2), oxY =0Y ={oy|lyeY}.

Notice that suppY =Y.
(4) All discrete Cb-sets are clearly finitely supported Cb-sets, because of
Remark 2.7(2).

Lemma 2.9. [3]| Let X be a non-empty finitely supported Cb-set and x € X.
Then,
(i) for 6 € S, we have

dx =z if and only if D, Nsuppz = 0.

(ii) for 6 € S, suppdx C suppx \ D;.
(iii) for m € Perm¢(D), we have suppmx = wsuppx. In particular,
|supp x| = |wsupp z| = |supp z|.

Remark 2.10. [8] Suppose f : X — Y is an equivariant map between
finitely supported Cb-sets X and Y.

(1) If z € X, then supp f(z) C suppz.

(2) If x € X and f is injective, then supp f(z) = supp z.
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The following proposition is needed in the next section.

Proposition 2.11. (i) Let A be a subset of DU 2, and 6 € S. Then,
(54)\2 = (4\2)\D,.

(ii) Suppose X is a finitely supported Cb-set, and x € X. If o € Cb,
then supp oz C (osuppz) \ 2.

Proof. (i) Notice that 0A = {6(d) : d € A}. Let d € (A\2)\D,. Then,
de A\2and d ¢ D,. By Lemma 2.9(i), 6(d) = d, and so we get that
d=9(d) € (6A) \ 2. To prove the reverse inclusion, suppose d € (64) \ 2.
So, there exists dy € A with d = §(dy) and d ¢ 2. If dy € D,, then
d = 6(dy) € 2, which is impossible. Thus d; ¢ D, and so, by Lemma 2.9(i),
d(d1) = di. Now, we have d = 0(d;) = d; € Aandsod e (A\2)\D,.
Therefore, (64)\2=(A\2)\D;.

(ii) Let 0 € Cb. Then, by Theorem 2.4, ¢ € Perm¢(D) or ¢ = 7,
where m € Perm¢(D) and § € S. If 0 € Perm¢(D), then, by Lemma 2.9(iii),
supp ox = osupp x. Notice that, 0,1 ¢ suppx. Let 0 = wd. Then, applying

supp ox = supp méx = wsupp 0z C 7((suppz) \ D,)
— 7((65upp) \ 2) = (mbsuppx) \ 2 = (osupp) \ 2,
where the third equality follows from (i), by replacing A = supp z. O
Remark 2.12. [3] The sets
S, ={6eS|ér=x} and S, =S\S,={0€S|dox+#x},
are two subsemigroups of S.

Theorem 2.13. ( [3], Theorem 6.3 ) Suppose X is an infinite finitely sup-
ported Cb-set with a unique zero element 0. If X is simple, then there exists
a non-zero element x with X = Permg(D)x U {0}. The converse is also true
if the support of each non-zero element of X is a singleton.

3 Separated finitely supported Cb-sets

In [8], Pitts showed that the support map of a nominal set is equivariant,
where the support map is the map supp : X — P,(D), which takes z € X
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to suppx. In this section, in Definition 3.1, we modify slightly the defi-
nition of the support map for a finitely supported Cb-set, and define the
notion of 2-equivariant support map. In Theorem 3.6, we characterize sim-
ple finitely supported Cb-sets in the category of finitely supported Cb-sets
with 2-equivariant support maps. Also, in Subsection 3.1 we define the
notions of s-separated and z-separated finitely supported Cb-sets. In The-
orem 3.13, we show that a z-separated finitely supported Cb-set is exactly
an s-separated finitely supported Cb-set if its support map is 2-equivariant.
For this reason we first give the necessary facts about 2-equivariant support
maps.

Definition 3.1. Let X be a finitely supported Cb-set and x € X. Then,
(a) the map
supp: X — P,(DU2),z — suppz

is called the support map of X.

(b) The support map is called 2-equivariant if supp oz = (osuppz) \ 2,
for all o € Cb.

We denote the category of all finitely supported Cb-sets with 2-equivariant
support maps by (C’b—Set)fzs.

Remark 3.2. Suppose X is a finitely supported Cb-set. Let z € X and
o € Cb. Then we have the facts

(1) if 0 € Perm¢(D), then (osuppzx) \ 2 = osuppx. This is because
osuppz C D, for all 0 € Perm¢(D). So, by Lemma 2.9(iii), we get that
(osuppx) \ 2 = suppoz.

(2) if z € Z(X), then (osuppz) \ 2 = = supp oz.

Example 3.3. (1) The support maps of DU2 and DU{0} are 2-equivariant.

This is because taking d € D and o = 7d, for 7 € Perm¢(D) and 6 € S,
we have if d € Dy, then od = 7dd € 2 and (osuppd) = 7d{d} C 2, which
gives suppod = () = (osuppd) \ 2. Also, if d ¢ D;, then od = 7d and the
result holds by Remark 3.2.

(2) The support map of X = D" U {0} is 2-equivariant if and only if
k=1.

Recall Example 2.8(2) where X is a finitely supported Cb-set. By part
(1), if K = 1 then the support map of X is 2-equivariant. Conversely, we
show that if £ > 1 then the support map of X is not 2-equivariant. Let & > 1
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and x = (dy, -+ ,dg). Then suppx = {dy, -+ ,di}, and taking 6 = (0/d;)
we get dx = 0, and so supp dx = (), while

(osuppz) \ 2 ={0,da, - ,dp} \ 2 ={da,--- ,dg}.

Notice that, by part (2) of the above example, the support map of X =
D" U {0}, for k£ > 1, is not 2-equivariant.

Theorem 3.4. Let X be a finitely supported Cb-set and x a non-zero ele-
ment of X. Then, the support map of X is 2-equivariant if and only if

Vo € S, (suppw) \ D, C (supp iz) (%)
where S’ is defined as in 2.12.

Proof. Let X have a 2-equivariant support map and § € S’. Then, by
Definition 3.1(b) and Proposition 2.11(i), we get that

supp 0z = (dsuppx) \ 2 = (suppz) \ D;.

Conversely suppose () holds and o € Cb. Applying Definition 3.1(b),
we must show that suppox = (osuppz) \ 2. By Theorem 2.4, we have the
cases

Case (1): If o € Perm¢(ID), then, by Lemma 2.9(iii), we get suppoz =
o(supp z).

Case (2): Suppose 0 = 7 where m € Perm¢(D) and § € S. Now, if
§ € S,, then, by Lemma 2.9(i), D, Nsuppz = (. So, d(suppx) = suppzx
and dx = x. Therefore,

supp ox = supp 7x = w(supp x) = wd(supp ).

If § € S, then, applying the assumption and Lemma 2.9(ii), we have
supp 0z = (suppz) \ D,. Thus by Proposition 2.11 and Lemma 2.9(iii),

supp ox = supp mox = 7(supp dx)
— n((supp) \ B;) = 7((Ssupp) \ 2) = (osupp) \ 2.

O

Corollary 3.5. Let X be a finitely supported Cb-set, and x € X. Then, the
support map of X is 2-equivariant if and only if (suppz) \ D, = (suppdz),
for all§ € S'.
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Proof. This follows from Theorem 3.4 and Lemma 2.9(ii). O

Theorem 3.6. Let X be an infinite finitely supported Cb-set with 2-equivariant
support map, and a unique zero element 0. Then, the following statements
are equivalent:

(i) X is simple ;

(ii) X = Perm¢(D)x U {0} with |suppz| =1 ;

(iii) X is isomorphic to D U {0}.

Proof. (i)=(ii) Let X be simple and = € X \ {#}. Then, applying Theorem
2.13, we have X = Perm¢(ID)x U {0}, and so, by Theorem 5.6 and Corollary
5.5 of [3], suppdz = 0, for all § € S’. We show that supp x is singleton.
On the contrary, let |[suppz| > 1 and d € suppx. Then, by Lemma 2.9(i),
(0/d) € S’. Now, since the support map of X is 2-equivariant, we get that
supp (0/d)x = (suppx) \ {d} # (), which is a contradiction.

(ii)=(i) Follows by Theorem 2.13.

(ii)<(iii) This holds by Corollary 5.7 of [3]. O

3.1 Stabilizer separated and zero-separated finitely supported
Cb-sets In Theorem 6.4(iv) of [3], we showed that the support map of a
simple finitely supported Cb-set is an injective (one-one) map. In other
words, every two distinct elements have different least supports. Also, for
every two distinct elements of a simple finitely supported Cb-set, there ex-
ists an element of the monoid Cb which makes just one of them into a zero
element. In this subsection, we generalize these properties and define the
notions of s-separated and z-separated finitely supported Cb-sets (see Def-
inition 3.7). In Theorem 3.10, we show that s-separated finitely supported
Cb-sets are exactly ones with injective support maps on non-zero elements.
A characterization of simple finitely supported Cb-sets is given in Theorem
3.14. In Theorem 3.13, it is shown that the notions of z-separated and s-
separated finitely supported Cb-sets are the same in the category of finitely
supported Cb-sets with 2-equivariant support maps.

Definition 3.7. Let X be a finitely supported Cb-set. Then,

(a) X is called stabilizer-separated or briefly s-separated if for every two
non-zero elements x # 2’ € X, we have Sy \ Sz # 0, or S; \ Spr # 0. In
other words, for every  # 2’ € X \ Z(X), there exists some § € S with
(0x#£xand d2’ =2') or (0 =x and § 2’ # /).
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(b) X is zero-separated or briefly z-separated, if for all non-zero elements
x # 2/ € X, there exists 6 € S with (0x € Z(X) and d2’ ¢ Z(X)) or
(0x ¢ Z(X) and 62’ € Z(X)).

Example 3.8. The set DU2 is a z-separated (s-separated) finitely supported
Cb-set. To see this, for all d # d’, it is sufficient to take § = (0/d).

Lemma 3.9. Any finitely supported Cb-set X whose support map is injec-
tive over non-zero elements, is s-separated.

Proof. Let x # o/ € X \ Z(X). Then, since the support map of X is
injective, we get suppx # suppa’, and so there exists some d € D, with
d € supp x\supp «’ or d € supp ' \supp x. Assuming d € supp z\supp z’, we
show that S,/ \ S, # 0. For the case d € supp 2/\supp z, it is similarly proved
that S, \ Spr # 0. Let 6 = (0/d). Then, by Lemma 2.9(i), d x = (0/d) x # x
and 2’ = (0/d) 2’ = ', which means (0/d) € S, \ S,. O

In the following theorem, we show that the converse of the above lemma
is also true, that is, distinct non-zero elements of an s-separated finitely
supported Cb-set have different least supports.

Theorem 3.10. Let X be a finitely supported Cb-set. Then, X is s-
separated if and only if the support map of X over mon-zero elements is
an injective map.

Proof. Let X be s-separated and x # 2’ be two non-zero elements of X.
Then, we must show suppx # suppa’. Since X is s-separated, applying
Definition 3.7(a) we get S,N.Sy # 0 or S, NS, # (. Assuming 6 € S, NS,
we show that suppx # suppz’. The other case is proved similarly. Since
§ € S,NS,, by Lemma 2.9(i), we get I, Nsupp x # () and D, Nsupp 2’ = 0.
Therefore, supp z # supp ’.

Conversely, let the support map of X over non-zero elements be injective.
Then, by Lemma 3.9, we get the result. O

Theorem 3.11. Let X be an s-separated finitely supported Cb-set and x, 2’
be two distinct non-zero elements of X. Then, |suppz| = [supp 2’| if and
only if Permg(D)x = Perm¢(D)2’ if and only if Cbx = Cba'.
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Proof. We prove the non-trivial parts. Let |[suppz| = |supp’|. Then, we
show that Perm¢(D)x = Perm¢(ID)a’. Since X is s-separated, by Theorem
3.10, supp z # supp z’. We have the following two cases:

Case (1): Suppose suppx N suppa’ # (). Let

/|‘

Suppx:{dlv'” 7dk7 ,1/7 7d;/

and
/ ! ! /! !
supp r :{d17"'7 kryW1y," " l}'

Take m = (dy d})--- (di d},) € Permg(DD). Then, by Lemma 2.9(iii),

SUppTr = TSUpPpT

= W{db'":dkv /1/7"'7d2/
{(dy, - ddl - d
= suppx’.

Case (2): Suppose supp xNsupp 2’ = (). Take suppz = {d1,--- ,d} and
suppa’ = {d},--- ,d,.}. In this case, similar to Case (1), applying Lemma
2.9(iii), we have

suppmx = wsuppx = w{dy, - ,dx} = {d},--- ,d},} = supp’,

where m = (dy d}) - - (dy, d},) € Perm¢(D).

Therefore, in each case we get suppmz = suppx’. Now, by Theorem
3.10, 7z = 2/, and so Perm¢(D)z = Perms(D)z’.

Assuming Cbz = Cbz’, we show that Perm¢(D)z = Perm¢(D)z’. Since
Cbx = Cba’, there exist 0,0’ € Cb with z = o2’ and 2’ = ¢’z. By Theorem
2.4, 0,0’ € Perm¢(D) U Perm¢(D)S. Now, we have the following cases:

a) x = mx’ and 2’ = 7'z, for some 7, 77" € Perm;(D);

We show that only (a) occures. In case (b), by Lemma 2.9, we have

supp x| = [supp ma’| = |supp 2’| = [supp 7'd’ x| = |supp &’ x| < [supp x|,



Separated finitely supported Cb-sets 67

which is impossible. Similarly, case (c) does not occure. Also, in case (d),
we have x = w2z’ = wén'd’z. Now, by Remark 2.3(2), o7’ = #'6”, and so,
by Lemma 2.9,

|supp x| = |supp 7d7’'8'z| = |supp 7’6" x| = |supp "¢’ x| < |supp =,
which is again impossible. O

In the following proposition, we show that in a cyclic finitely supported
Cb-set with an additional property, the notions of z-separated and s-separated
are the same. We first notice that a cyclic finitely supported Cb-set is of
the form Cbz, also, recall from [3], that for every cyclic finitely supported
Ch-set Cbx, we have

Cba = Permg(D)z U Permy (D) S’ 2.

Proposition 3.12. Let X = Cbx be a cyclic finitely supported Cb-set with
suppdx = 0, for all 6 € S'. Then, X is s-separated if and only if X is
z-separated.

Proof. Suppose X is s-separated and z # 2’ are two non-zero elements of
X. Thus supp z # supp 2’ and so there exists some d € (supp z) \ supp 2’ or
d € (supp 2’) \ supp z. Assuming d € supp z \ supp 2’, we prove that X is z-
separated. The other case is proved similarly. Since d € (supp z)\supp 2, by
Remark 2.5, we get (0/d)z # z and (0/d)z’ = 2’. Applying the assumption,
we have supp (0/d)z = 0 and (0/d)z' = 2’. So (0/d)z € Z(X) and (0/d)2’ ¢
Z(X).

Conversely, suppose X is z-separated and z # 2’. Thus, there exists some
d € S with (§z € Z(X) and 62" ¢ Z(X)) or (62’ € Z(X) and 0z ¢ Z(X)).
Assuming 6z € Z(X) and §2' ¢ Z(X), we show that X is z-separated.
The other case is proved similarly. Notice that, since 6z’ ¢ Z(X), we get
supp 8z’ # ), and so, by the assumption, § ¢ S’ . Also, since dz € Z(X)
and z is a non-zero element, we get §z # z. Thus, § € S’ andsod e S'\S,,
which means X is s-separated. T

Now, in the following theorem, we show that the notions of z-separated
and s-separated finitely supported Cb-sets in the category of finitely sup-
ported Cb-sets with 2-equivariant support maps are the same.
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Theorem 3.13. Let X be a finitely supported Cb-set with 2-equivariant
support map. Then, X is s-separated if and only if X is z-separated.

Proof. Let X be z-separated and x # 2’ two non-zero elements of X. Then,
there exists § € S with (dz € Z(X) and 02’ ¢ Z(X)) or (dz ¢ Z(X) and
oz € Z(X)). We show that suppx # suppz’ and so, by Theorem 3.10, X
is s-separated. Assuming dx € Z(X) and 02’ ¢ Z(X), we prove the result.
The other case is proved similarly. Since dz € Z(X) and the support map
of X is 2-equivariant, we have () = supp dz = (suppz)\D,. So suppz C D;.
On the other hand, notice that dz’ ¢ Z(X). Thus, by the assumption, we
get that suppz’ \ D, = suppdz’ # ), and so there exists d € suppz’ \ D,
which means that d € suppa’ and d ¢ D,. Since suppz C D, d ¢ supp .
Therefore, supp z # supp ’.

To prove the converse, suppose X is s-separated and z # z’ are two
non-zero elements of X. Thus suppx # suppa’ and so there exists some
d € suppx \ supp’ or d € supp’ \ supp z. Assuming d € supp z \ supp 2/,
we prove that X is z-separated. The other case is proved similarly. To show
this claim, take § € S with D, = suppz’. Then, d € (suppz) \ D,. So
suppdz’ = suppa’ \ D, = 0 and suppdz = suppx \ D, # (. Therefore,
dz' € Z(X) and dz ¢ Z(X). O

Theorem 3.14. Let X be an s-separated (z-separated) finitely supported
Cb-set with a unique zero element 6. Then, X is simple if and only if
X = Permy(D)z U {0}, where z € X \ Z(X).

Proof. First, notice that, applying Theorem 5.6 and Corollary 5.5 of [3],
X = Perm¢(D)x U {6} is cyclic and supp dxz = (), for all 6 € S’. Therefore,
for X = Perm¢(D)z U {#}, by Lemma 3.12, the notions z-separated and
s-separated are the same.

Now, let X be a finitely supported Cb-set with a unique zero element 6,
and z a non-zero element of X. Then, by Theorem 6.7 of [3], X is simple
if and only if X = Perm¢(ID)x U {#} and the support map of X is injective.
So, by Theorem 3.10, X is simple if and only if X = Perm¢(D)z U {0}. O
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4 Some reflective subcategories of the category of finitely
supported Cb-sets with injective equivariant maps

Let us denote the category of all finitely supported Cb-sets with injective
equivariant maps between them by Inj-(Cb-Set) , and its full subcategory

fs
of all finitely supported C'b-sets with unique zero elements by Inj-(Cb—Set)fs.
In this section, we show that Inj—(Cb—Set)fS is a reflective subcategory

of Inj—(Cb—Set)fs. We also construct some reflective subcategories of Inj-

(Cb—Set)fS using z-separated and s-separated finitely supported Cb-sets in-
troduced in the last section.

4.1 Inj-(Cb—Set)Z is a reflective subcategory of Inj-(Cb-Set) .

fs

To define the reflector functor, given a finitely supported Cb-set X, we
construct the Rees factor of X by its sub Cb-set Z(X).

Remark 4.1. Let X be a finitely supported Cb-set. Consider the Rees
factor on X by the sub Cb-set Z(X), of all zero elements of X. Then

X/Z2(X) = {Z(X), {2} sz € X — Z(X)}
and for z € X \ Z(X), we have supp z # 0.

Lemma 4.2. For a a finitely supported Cb-set, X/Z(X) is a finitely sup-
ported Cb-set with a unique zero element.

Proof. Define the action on X/Z(X) by
a, if a=2(X)

ca=1 Z(X), fa={z},zx € X\ Z(X), suppozr =10
{oz}, fa={a},xe X\ Z(X), suppox #0

g *

foro € Cband a € X/Z(X). It is really an action, because t*, a = a, for all
a€ X/Z(X). Also, if 01,09 € Cb, then (0102) *, a = 01 *, (02 %, a). This
is because, if a = Z(X) or a = {z}, x € X — Z(X) with o1, 02 € Perm(ID),
then the result holds. If a = {z}, z € X — Z(X) with o1 ¢ Perm;(D) or
o9 ¢ Perm¢(D), then we have the following cases:

Case (1): Let 01 € Perm¢(D). If o9 = mede with supposz = (), then
o1 % (02 %, a) = Z(X). On the other hand,

SUpp 0102& = SUpp 0102x = o1supp o2 = (),
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and so (o102) *, a = Z(X).
Case (2): Let 09 = m01 and o9 = mads. Then,

(0102) % a = (m101m202) % a, and oy * (02 %, a) = m101 *, (m202 % a).

Applying Remark 2.3(2), 61092 = d1m202x = w207 022. Now, we have the
following subcases:

Subcase (a): Suppose supp dox = (. Applying Lemma 2.9(ii), we have
supp 01092 C ma[(supp d2) \Déi]' Thus supp d1022 = (), and so

(0102) %y a = Z(X) = 01 %, (02 %, a).

Subcase (b): Let suppdox # (0. Then, m101 %, (w202 *, a) = w11 *
({m2d2z}), and (m1017202) *,, {x} = (m1m20102) *, {z}.

Notice that, [supp d]d22| = |supp d1m2d2x|. Thus supp §}dez = 0 if and only
if supp d1medax = 0. Therefore, o1 *, (02 *, a) = (0102) *, a.

Finally, we show that all elements of X/Z(X) have a finite support,
and so X/Z(X) is a finitely supported Cb-set. Let a € X/Z(X). Then,
a=Z(X)ora={z}withz e X\ Z(X). If a = Z(X), then it is clear that
a is a zero element, and so, by Remark 2.7(2), suppa = 0. If a = {z} with
x € X\ Z(X), then, by Lemma 2.6 we show that supp z is a finite support
of a. To prove this, let d ¢ suppx. Then, (0/d)x = = and so, applying the
definition of the action %, on X/Z(X), we get that

(0/d)a = (0/d){z} = {(0/d)z} = {z} = a.
O

Theorem 4.3. The inclusion functor Inj-(C’b-Set)fS — Inj-(Cb-Set);, has
a left adjoint L : Inj-(Cb-Set);, — Inj-(Cb-Set)’ .

Proof. Take X to be a finitely supported Cb-set. Define L(X) = X/Z(X).
By Lemma 4.2, L(X) is a finitely supported Cb-set with a unique zero
element Z(X). Suppose g : X — Y is an injective equivariant map between
finitely supported Cb-sets X,Y. We show that L(g) : X/Z(X) —» Y/Z(Y)
defined by

_ [ {o@)} fa={z}veX-Z(X)
sow={ 55 0%
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is an injective equivariant map. Notice that, if a = {z} with z € X — Z(X),
then, applying Remark 2.10(2), we get that supp g(z) = suppx # ), and so
L(g)(a) = {g(x)} € Y\ Z(Y). Also, since g is injective, L(g) is injective.
To prove that L(g) is equivariant, let ¢ € Cb. Then, by Theorem 2.4, we
have o € Perm¢(D) or 0 = w0 with 7 € Perm¢(D) and § € S.

If a = Z(X), then

L(g)(0 *y a) = L(9)(Z(X)) = Z(Y) = o *, Z(Y)
= 0%y L(9)(Z2(X)) = o %, L(g)(a).

If a = {z} with x € X — Z(X), then we have the following cases;
Case (1): If 0 € Perms(D) or o0 = md with suppdxz # ), then we have
ox € X\ Z(X), and so

L(g)(o *x a) = L(g)({oz}) = {g(ox)} = {og(2)} = 0 *, L(g)(a).

Case (2): Suppose o = 70 with supp dx = (). Since g is equivariant, by
Remark 2.10, we get that supp dg(z) = supp g(dx) C supp dz = (). Thus

L(g)(o *y a) = L(9)(Z(X)) = Z(Y)
=0 *y {g( )} 0 *y L(g)(a).

Checking the properties of L(idy ) = id, , and L(g2g1) = L(g2)L(g1),
where g1 : X — Y and g9 : Y — Z are two injective equivariant maps
between finitely supported Cb-sets, is clear.

Now, we define the reflection arrow r, : X — L(X) by

_J {z}, ifsuppz #0
TX(Q:)_{ Z(X), if suppx = 0.

Then r, is equivariant. To see this, taking o € Cb, we consider the following
cases:

Case (1): If o € Perm¢(D), then since supp oz = osupp z, for the case
suppz =0, we get o, r (x) =0*, Z(X)=Z(X)=r,(ox), and for the
case supp x # (), we get o *, r (v) =0 *, {z} = {ox} =71, (0ox).

Case (2): Suppose 0 = 70 and suppx = (). By Proposition 2.11(ii), we
have suppox C o(suppz) \ 2 = 0. So

ox,r(z)=0%, Z(X)=2Z2(X) =r,(0ox).
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Case (3): Suppose o = 76 with suppz # 0. If supp oz = @), then

ox, 1 (x)=0x*, {2} =2(X)=r,(ox).

If suppox # 0, then o« v, () = 0 x, {z} = {oz} =1 (ox).

Finally, we prove the universal property of rx. Let Y be a finitely
supported Cb-set with a unique zero element § and f : X — Y be an
injective equivariant map. Define the map f: X/Z(X) — Y by

= | flx) fa={z}, v e X - Z(X)
f(“)_{e ifa = 2(X).

We show that f is equivariant. If a = Z(X), then of(a) = 0 = f(0 *, a).
Now, suppose a = {z} with x € X — Z(X). If 0 € Perm¢(D) or o = 7d with
supp dz # (), then

of(a) = of(z) = f(ox) = f(o %y a).
Suppose ¢ = 7w with suppdz = (). Since f is equivariant, by Remark

2.10(1), we get that supp f(dz) C supp dz, and so f(dx) = 6. On the other
hand, since 0 *, a = Z(X), we get that

of(a) = f(z) = f(ox) =0 = f(0 %, a).

Also, fr,(x) = f(x), for all z € X. This is because, if supp x # ), then
fri(x) = f({z}) = f(z), and if suppz = 0, then 7, (z) = Z(X) and so
fri(z) = f(Z(X)) = 0 = f(z). To show uniqueness, suppose fr, = f. If
a=Z(X), then f(Z(X)) =60 = f(Z(X)). Let a = {2} with x € X — Z(X).

Then suppx # 0, and so
fla) = f(ry(z)) = f(z) = f(a)

as required. O

4.2 InJ-(Cb-Set) ~is a reflective subcategory of Inj-(Cb-Set)_
Let us denote the category of finitely supported Cb-sets equipped with 2—
equivariant support maps and injective equivariant maps between them by
Inj—(C’b—Set)fS. We show that it is a reflective subcategory of Inj-(Cb-Set) .
Let X be a finitely supported Cb-set. Consider the Cb-set Cb x X with
the action o1(0,z) = (d10,x), for x € X and ¢ € Cb. Here, we define a

congruence relation on Cb x X, which makes it into a finitely supported
Cb-set.
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Remark 4.4. Notice that, the Cb-set C'b x X is not finitely supported. To
prove this, on the contrary, we assume that Cb x X is a finitely supported
Cb-set. Then taking C' to be a finite support for (:,z) € Cb x X, apply-
ing Lemma 2.6, we get (0/d)(¢,z) = (¢, ), for all d ¢ C, and hence we
have ((Oid)L,LU) = (t,z). This implies that (07d)L = ¢, which contradicts
(0/d)u(d) = 0 # d = o(d).

Lemma 4.5. Let X be a finitely supported Cb-set. Then, the relation ~,
defined on Cb x X by

(0,2) ~, (¢/,2) & ox=0'2" and (esuppz)\ 2 = (¢'suppa’) \ 2,
is a congruence relation on the Cb-set Cb x X.

Proof. First notice that ~, is clearly an equivalence relation on Cb x X.
Let us denote the equivalence class of (o,z) by z,. To show that it is a
congruence relation, let z, = 2/ ,. Then, (o suppz)\2 = (¢’ suppz’)\ 2 and
ox = o'z'. So, for all o1 € Cb, we have

(drosuppa)\2 = o1 [(osupp )\ 2] = o1[(0” supp a’) \ 2] = (d10"supp 2’) \ 2,

and diox = d10'x’. Therefore, . =2 . O
oo oo’

Lemma 4.6. Let X be a finitely supported Cb-set, x € X, and o € Cb.
Then suppz, = (osuppz) \ 2.

Proof. First, we show that (o(suppz)) \ 2 is a finite support for z_ . Let
d ¢ (osuppzx)\ 2 and b € 2. Then, applying Lemma 2.6, we show that
(b/d)x, = x,. In other words, we prove Ly = Lo Notice that, by
Proposition 2.11(ii), suppox C (osuppz) \ 2. Now, since d ¢ (o supp x) \ 2,
we get (b/d)((osuppz) \ 2) = (osuppz) \ 2 and d ¢ suppox. Therefore,
((b]d)a suppz) \ 2 = (osuppz) \ 2 and (b;d)az = ox. This implies that
suppz, C (osuppz) \ 2.

Now, to prove the reverse inclusion, we define a map g : (Cbx X)/ ~,—
Pr(DU2) as g(x,) = (osuppz) \ 2. Notice that g is well-defined and equiv-
ariant. To see this, suppose 2, = 2’ ,. Then, (o suppz)\2 = (o' suppz’)\ 2.
To prove that g is equivariant, let 81 € Cb. Then

g(orz,) = g(:L'aAlcr)
(drosuppz) \ 2
o1((osuppx) \ 2)
= o19(z,).
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Finally, we see that

(osuppz) \ 2 supp [(osupp ) \ 2

= suppg(z,)
C supp(z,),
where the inclusion is because of the fact that g is equivariant. O

Theorem 4.7. The inclusion functor Inj-(Cb- Set) — Inj-(Cb-Set), has
a left adjoint K : Inj-(Cb-Set),, — Inj-(Cb- Set)fs.

Proof. Let X be a finitely supported Cb-set and take K (X) = (Cbx X)/ ~,.
Then, as a corollary of Lemma 4.6, we get that (Cb x X)/ ~, is a finitely
supported Cb-set. We show that the support map of K (X) is 2-equivariant.
Let 0 € S;U. Then, by Lemma 4.6, we have

supp 0x, = suppz, = (5asupp x)\ 2
= [(osuppz) \ 2] \ D; = (suppz,) \ D,

where the third equality is because of Proposition 2.11(i). Now, apply-
ing Theorem 3.4, we get that the support map of K(X) is 2-equivariant.
Therefore, K (X) is in the category Inj—(Cb—Set)fs.

Now, given an injective equivariant map g : X — Y between finitely
supported Cb-sets, we define K (g) : K(X) — K(Y) by K(g)(x,) = (g9(z)),-
Notice that K(g) is an injective equivariant map. It is injective, since so is
g, and so, by Remark 2.10(2), supp « = supp g(z), for all x € X, and thus

z, =2,
< or=o0'2', and (osuppz)\ 2= (¢'suppz’) \ 2
& 0g(x) = g(0w) = 9(0's’) = o'g(s'), and
(Usupp 9(x)) \ 2= (osuppx) \ 2 = (¢'suppz’) \ 2 = (o'supp g(2')) \ 2

K(9)(x,) = K(9)(@',).

Also, K(g) is equivariant, since for o1 € Cb, we have

a1K(g)(z,) = 01(9(z)), = (9(2)),,, = K(9)(z,,,) = K(9)(o12,).

Finally, the proofs of K(idy) = id, ., and K(g2g1) = K(g2)K(g1) are
straightforward.
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Now, we define the reflection arrow r, : X — K(X) by r (z) = z,. It
is equivariant, because

O-TX (l’) = O-:BL = x&b = xo’ = TX (O-x)’

for o € Cb. To prove the universal property of rx, suppose Y is a finitely
supported Cb-set with 2-equivariant support map, and f : X — Y is an
injective equivariant map. Define f : (Cb x X)/ ~,— Y by f(z,) = o f(x),
for all z, € (Cb x X)/ ~,. To see that f is well-defined, let z, = 2’ .
Then, (o (suppz)) \ 2 = (¢’ (supp’)) \ 2 and oz = o’z’. Now, since f is an
equivariant map, we get

of(x) = flox) = f(o'a") = o' f(a).

To show that f is equivariant, let oy € Cb. Then,

o1f(z,) = o10f(z) = f(or02) = f(z,,,) = flo1z,).

Notice that, since f is injective, f is also injective. Also, for all z € X, we
have fr,(z) = f(z,) = tf(x) = f(z). Further, f is unique. This is because,
it fr, = f, then

O]

Denoting by Inj—(Cb—Set)fzf, the full subcategory of Inj—(C’b—Set)i, con-
sisted of all finitely supported Cb-sets with unique zero elements, as a corol-
lary of Theorem 4.7, we conclude the following result.

Corollary 4.8. The inclusion functor Inj-(Cb-Set)?’ — Inj-(Cb-Set)(,
has a left adjoint.

4.3 zsep-Inj-(Cb-Set)fs is reflective in Inj-(Cb-Set)) Let us de-
note the full subcategory of Inj—(Cb—Set)?s consisting of all z-separated
finitely supported Cb-sets equipped with unique zero elements by zsep-
Inj—(C’b—Set)fS. We show that it is a reflective subcategory.

We first define a congruence relation on a finitely supported Cb-set which
makes it into a z-separated finitely supported Cb-set.
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Lemma 4.9. Suppose X is a finitely supported Cb-set, and z,x' € X.
Define
r~, 2 & (V6 eS) (br € Z(X) & 62’ € Z(X)).

Then ~_ s a z-congruence on X.

Proof. The relation ~_ is clearly an equivalence relation on X. Suppose
o € Cband x ~, a’. We show that oz ~, oz’/. Notice that, by Theorem
2.4, 0 € Perm¢D or o € Perm;DS.

Case (1): Let 0 = 7w € PermyD. Then, for all § € S we have

dmx € Z(X) & ndxe Z(X) (by Remark 2.3(2))
& dzxe Z(X)
& §a' € Z(X) (since, by the assumption, z ~, ')
& 7nda € Z(X)
& dmr’ € Z(X) (by Remark 2.3(2)).

Case (2): Let 0 € Perm;DS. Then o = md;, where m; € Perm¢(D) and
61 € S. For all § € S, we have

dmohr e Z(X) md'd1z € Z(X) (by Remark 2.3(2))

(5,(511’ € Z(X)

8012’ € Z(X) (by the assumption, x ~_ ')
7715/5133’ S Z(X)

dmoix’ € Z(X) (by Remark 2.3(2)).

e

O]

Remark 4.10. Let X be a finitely supported Cb-set, and x € X. Then,

(1) The set (suppz) is a finite support for [z]_ . To prove this, let
d ¢ suppz. Then, applying Remark 2.7(1), we gefc (0/d)x = x and so
(0/d)[z]. =[(0/d)x]. = [z]. . Thus, by Lemma 2.6, we get the result.

(2) If 1 # 65 € Z(X), then [6;]__ = [65]__ and so Z(X/ ~_), the set of
zero elements of X/ ~_, is singleton.

(3) [#]., € Z(X/ ~.) ifand only if z € Z(X). To show this, if z € Z(X),
then by (1), suppz = 0 is a support of [z]_ and so, by Remark 2.7(3),
], € Z(X/ ~.). Now let [z] € Z(X/ ~.). Then, by (2), we have
[x]. = [0]. , where 8 € Z(X). Now, we have dz € Z(X), for all 6 € S.
Take § = (O/Zd) with d ¢ suppx. Then, z = (0/d)x € Z(X).
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Lemma 4.11. If X is a non-discrete finitely supported Cb-set, then X/ ~,
s a z-separated finitely supported Cb-set with a unique zero element.

Proof. Let [z].  # [2]._ be two non-zero elements in X/ ~_ . Then,
(xz,2") ¢ ~_, and so there exists § € S with (0z € Z(X) and 0z’ ¢ Z(X))
or (0z ¢ Z(X) and 2’ € Z(X)). Notice that, by Remark 4.10(3), we have
xz,2' ¢ Z(X). Assuming dz € Z(X) and 0z’ ¢ Z(X), we show that 0[z] €
Z(X/ ~.) and d0[2'] . ¢ Z(X/ ~.). The other case is proved snmlarly

By Remark 4.10(3), we get [dz]. € Z(X/ ~.) and [62'] . & Z(X/ ~.).
Therefore, §[z]. = [0x]. € Z(X/ ~.), and 0[z']. = [ox ] ¢ Z(X/ ~.).
Also, by Remark 4.10(2)Z, X/ ~_ has a unique zer0 elemenzt [0].._, where
0 e Z(X). O

Remark 4.12. Let X be a finitely supported Cb-set with a unique zero
element. Then, X is z-separated if and only if for all distinct elements
z,2’ € X, there exists 0 € S with (dz € Z(X) and 0z’ ¢ Z(X)) or (0'x €
Z(X) and dz ¢ Z(X)) if and only if for all distinct elements z,2’ € X we
have (z,2') ¢~, if and only if [z]~, = {«}, for all z € X if and only if
~ =A.

Theorem 4.13. The category zsep—Inj-(C’b—Set)?S is a reflective subcate-
gory of Inj—(Cb—Set)?s.
Proof. We show that F : Inj—(Cb—Set)?S — zsep-Inj—(C’b—Set)?S is a left
adjoint of the inclusion functor zsep—Inj-(Ob—Set)fS — Inj—(Cb—Set)fs. Let
X be a finitely supported Cb-set. Define FI(X) = X/ ~_, where ~_ is
the congruence relation given in Lemma 4.9. Notice that, by Lemma 4.11,
X/ ~_ is a z-separated finitely supported Cb-set with a unique zero element.
Also, since the morphisms in Inj-(C’b—Set)?S are injective, F' is a functor.
Now, we take the canonical epimorphism r, : X — F(X) , r,(z) =
[z].., to be the reflection arrow. To prove its universal property, let Y €
zsep—Inj—(Cb—Set)fs and f: X — Y is an injective equivariant map. We
define f : X/ ~.— Y by f([z]. ) = [f(z), for [2] € X/ ~_. Then, f is
an equivariant map and fr, = f It is well-defined, since [z]_ = [2/]_
implies dx € Z(X) if and only if 62’ € Z(X), for all 6 € S, “and then,

since f is injective and equivariant, 0 f(x) = f(dz) € Z(Y) if and only if
0f(x") = f(d2") € Z(Y'). Therefore, f(xz) ~ f(a'), but Y is a z-separated
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finitely supported Cb-set with a unique zero element, and, by Remark 4.12,
we have ~' = A . This gives f(z) = f(2). Also, since f is injective and
equivariant, so is f. Further, fr (z) = f([x]wz) = f(z),forallz e X. O
4.4 ssep—Inj-(Cb-Set)f:) is reflective in Inj-(Cb-Set)?’ Let us de-
note the full subcategory of Inj-(C’b—Set)?j consisting of all s-separated
finitely supported Cb-sets equipped with unique zero elements by ssep-Inj-
(C’b—Set)?j. We show that it is a reflective subcategory.

We first define a congruence relation on a finitely supported Cb-set with

2-equivariant support map which makes it into an s-separated finitely sup-
ported Cb-set.

Lemma 4.14. Let X be a finitely supported Cb-set with the 2-equivariant
support map. Then the relation =~ on X defined by

— o . . /
x ~, x if and only if suppx = suppx,
s a congruence on X. Furthermore, = =~ _.

Proof. The relation =, is clearly an equivalence relation. To prove that it is
a congruence, let x, 2’ € X with z ~_ 2’ and o € Cb. Then, supp x = supp 2’
and, by Theorem 2.4, 0 € Perms(D) or o = 70, where 7 € Perm¢(D) and
d€S. Let 0 =7 € Permg(D) or 0 = wd with D, Nsuppx = (). Then, by
Lemma 2.9, ox = wx and so

Supp ox = supp mx = wsupp * = wsupp 2’ = supp 7z’ = supp ox’.

Now, if o = 7 with D, Nsupp x # ), then we show that supp éx = supp oz’
Applying Corollary 3.5,

supp dz = suppz \ D, = suppz’ \ D, = supp z’.

Therefore, for all o € Cb, we have ox ~_ oz’
Furthermore, ~ =~ . For, if (z,2') € ~,, then suppz = suppz’. Also,
for § € S such that éx € Z(X), by Corollary 3.5, we get

) = supp dz = suppz \ D, = suppz’ \ D, = supp dz’,

and so 02’ € Z(X). Similarly, if 02’ € Z(X), then oz € Z(X).
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Now, assuming (z,2’) ¢ ~_, we show that (z,2’) ¢~ and so ~_Cr_.
Since suppx # suppa’, there exists some d € suppzx \ suppz’ or some
d € suppz’ \ suppz. Assuming d € suppz \ suppz’, we prove the result.
The other case is proved similarly. Take § € S such that D, = suppa’.
Thus we have d € (suppz) \ D, and so suppdz’ = suppa’ \ D; = 0 and
supp dz = suppz \ D, # 0. Therefore, é2’ € Z(X) and dz ¢ Z(X), which
means that (z,z") ¢~_. O

Remark 4.15. Let X be a finitely supported Cb-set equipped with the
2-equivariant support map, and x € X. Then,
(1) supp [ac]zs = suppz. To show this equality, notice that, we have

supp [z].. C suppz. To prove the reverse inclusion, let d ¢ supp [z].
Then, [z]. = (0/d)[z]. = [(0/d)z]. and so ((0/d)z,x) €~,. Thus

supp (0/d)xz = supp x. Now, applying Remark 2.7(1), d ¢ supp z.
(2) For z € Z(X), we have [z], = Z(X). This is because

[z], = {eX:2 ~, z}
= {2/ € X :suppa’ =suppz}
= {2/ € X :suppa’ =0}
= {feX: 2 eZ(X)}
= Z(X).

Corollary 4.16. Let X be a finitely supported Cb-set with the 2-equivariant
support map. Then,

(i) X/ ~, is an s-separated finitely supported Cb-set with a unqiue zero
element.

(ii) X/ =, is a z-separated finitely supported Cb-set with a unique zero
element.

Proof. (i) Let [z]. # [2']. be non-zero elements of (X/ =,). Then,
(z,2") ¢~ and sossuppa: ;éssupp z’. Applying Remark 4.15(1), we have
supp [z]. = suppx and supp [2/]. = suppz’. So supp [z]. F# supp [2]. .
Also, by Remark 4.15(2), X/ ~, has a unique zero element. )
(ii) This follows from (i) and Theorem 3.13. O

Theorem 4.17. The full subcategory Ssep—Inj—(Cb—Set)fse of the category
Inj—(C'b—Set)fse is reflective.
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Proof. Define the functor H : Inj—(C’b—Set)?se — ssep—Inj—(Cb—Set)fse, by
H(X) = X/ ~_, where X is a finitely supported Cb-set with the 2-equivariant
support map and ~, is the congruence relation given in Lemma 4.14. By
Corollary 4.17, X/ =_ is an s-separated finitely supported Cb-set with a

unique zero element. Let § € S[/z] . Then, since the support map of X is

2-equivariant, by Remark 4.15, we Sget that

8lzl., = [dz]., =0z = (suppz) \ D; = (supp []. )\ Dy,

which means that X/ ~,
2-equivariant support map. Also, since morphisms in Inj-(Cb-Set)
injective, H is a functor. Now, by Lemma 4.14, since =~ ,=~_, the rest of
the proof is similar to the proof for Theorem 4.13. 0

is an s-separated finitely supported Cb-set with
fse are
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