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The notions of closedness and
D-connectedness in quantale-valued

approach spaces

Muhammad Qasim* and Samed Ozkan

Abstract. In this paper, we characterize local Ty and T} quantale-valued
gauge spaces, show how these concepts are related to each other and apply
them to L-approach distance spaces and L-approach system spaces. Further-
more, we give the characterization of a closed point and D-connectedness in
quantale-valued gauge spaces. Finally, we compare all these concepts to each
other.

1 Introduction

Approach spaces have been introduced by Lowen [30, 31] to generalize met-
ric and topological concepts, have many applications in almost all areas of
mathematics including probability theory [15], convergence theory [16], do-
main theory [17], and fixed point theory [18]. Due to its huge importance,
several generalizations of approach spaces appeared recently such as prob-
abilistic approach spaces 22|, quantale-valued gauge spaces 23], quantale-
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valued approach system [24], and quantale-valued approach with respect to
(w.r.t.) closure operators [29]. Recently, some quantale-valued approach
spaces [25] are also characterized by using quantale-valued bounded interior
spaces and bounded strong topological spaces which are commonly used by
fuzzy mathematicians.

In 1991, Baran [2] introduced local separation axioms and the notion
of closedness in set-based topological categories which are used to define
several distinct Hausdorff objects [4], T3 and Ty objects [6], regular, com-
pletely regular, normal objects [7], the notion of compactness and minimal-
ity, perfectness [9]. He also showed that the notion of closedness induces
closure operators in the sense of Guili and Dikranjan [19] in some well-
known topological categories Conv (the category of convergence spaces and
filter convergence maps) [8, 32, 33|, Lim (the category of limit spaces and
filter convergence maps) [9, 32, 33|, Prord (the category of preordered sets
and monotone maps) [10, 32] and SUConv (the category of semiuniform
convergence spaces and uniformly continuous maps) [11, 33].

The main objective of this paper is:

e to characterize local T and local 177 quantale-valued gauge spaces,
quantale-valued distance approach and quantale-valued approach systems,
and to show their relationship with each other;

e to provide the characterization of the notion of closedness and D-
connectedness in quantale-valued approach spaces, and to show how they
are linked to each other;

e to give a comparison between local Ty and T7 quantale-valued approach
spaces, and between the notion of closedness and
D-connectedness, and to examine their relationships.

2 Preliminaries

Recall |23, 24], that for every non-empty set L, a relation < on L is called
a partial order if it satisfies reflexivity (Va € L, a < a), anti-symmetry
(Va,be L, a <bAb<a= a=0»>), and transitivity (Va,b,c € L, a <bAb <
¢ = a < c¢). If <is a partial order on L, then (L, <) is called a partially
ordered set or a poset. A poset (L,<) is called a complete lattice if all
subsets of L have both supremum (\/) and infimum (/\). For any complete
lattice, the top element and the bottom element are denoted by T and L,
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respectively.

In any complete lattice (L, <), we define the well-below relation, o < 3
if for all subsets A C L such that § < \/ A there is 6 € A such that o < 6.
Similarly, we define the well-above relation, o < 8 if for all subsets A C L
such that A A < « there exists § € A such that 6 < g. Furthermore, a
complete lattice (L, <) is called a completely distributive lattice if and only
if we have o = \/{f : B < a} for any a € L.

The triple (L, <,x) is called a quantale if (L, *) is a semigroup, and the
operation * satisfies: for all a;,8 € L, (\/;c; i) * B = V(o x B) and
B (Ver i) = Ve (B * a;) and (L, <) is a complete lattice.

A quantale (L, <,x) is called commutative if (L,*) is a commutative
semigroup and it is called integral if ax T =T xa =« for all a € L.

Note that we denote a quantale by £ = (L, <,x) if it is commutative
and integral where (L, <) is completely distributive.

In a quantale £ = (L, <, *), we define the implication map —: L X L —»
Lbya—pB=V{yeL:axy<p}forall a,f € L. Then a* 3 <~ if and
only if « < 8 — ~ for all a, 8,7 € L. In addition, a quantale £ = (L, <, %)
satisfies the strong De Morgan law if and only if (A\;c; i) = 8 = Ve p(as —
B) for all a;, 8 € L,i € I, where I # ).

A quantale £ = (L, <,x*) is called a value quantale if (L, <) is a com-
pletely distributive lattice such that for all a, 69T, aV 8 < T [20]. Fur-
thermore, a quantale (L, <,x) is called a linearly ordered quantale if for all
a, B € L either a < f or 8 < a.

Example 2.1. (i) Lawvere’s quantale. (L = [0, 00|, >, +) with v+ oo =
oo+ = oo for all v € L, is a linearly ordered value quantale [20]. Moreover,
it has the distributive property w.r.t. the quantale operation (that is, +)
distributes over arbitrary meets and satisfies the strong De Morgan law.

(ii) A commutative and integral quantale (L, <, x), which satisfies (o —
B) — B =aVpforall a, € L,isacomplete MV-algebra [21|. Furthermore,
a complete MV-algebra satisfies distribution over meets w.r.t. the quantale
operation and holds the strong De Morgan law.

(iii) Distance distribution functions quantale. A function ¢ : [0, co] —
[0, 1] which satisfies p(z) = sup ¢(z) is called a distance distribution func-

z<x

tion [34]. We note that a distance distribution function is non-decreasing
and satisfies ¢(0) = 0. The set of all distance distribution functions is
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denoted by AT; for example, for all a € [0, oo,

is in AT. The set AT is ordered pointwise, and the top and bottom ele-
ments are €y and €4, respectively, and the set AT with pointwise order then
becomes a complete lattice ( [20]). We note that A;.; ¢; is not the pointwise
infimum in general.

A binary operation * : AT x AT — AT which is commutative, asso-
ciative, non-decreasing, and ¢ * ¢g = ¢ for all ¢ € AT, is called a triangle
function [34]. A triangle function is called sup-continuous if (\/;c; ¢;) * ¥ =
Vier(wi* ¥) for all @;, ¥ € AT [34]. Then (AT, <, %) is a commutative and
integral quantale.

Definition 2.2. [23] A quantale £ = (L, <, %) satisfies the condition (I) if
for all 5,y € L with 1. < S and v < T we have g £ v * §.

Lemma 2.3. [23] A quantale £ = (L,<,%) satisfies strong cancellation
property if for all yv,a € L, L < B: vx 3 < axf implies v < a. Moreover,
if T 4T, then the condition (1) is satisfied.

Example 2.4. (i) The Lawvere’s quantale, that is, ([0,00], >, +) satisfies
the condition (I).

(ii) A linearly ordered MV-algebra quantale (L, <,x) satisfies the condi-
tion (I) but it is not true in general for every MV-algebra (see [24]).

Definition 2.5. A quantale £ = (L, <, %) is said to be a linear DM-I value
quantale if it is a linearly ordered value quantale for which the condition (I),
distributivity property over arbitrary meets w.r.t. the quantale operation,
and the strong De Morgan law hold.

Example 2.6. (i) The Lawvere’s quantale ([0, oo], >, +) is a linearly ordered
value quantale which enjoys all these three conditions and thus, ([0, co], >, +)
is a linear DM-I value quantale.

(ii) Let £ = ([0,1], <,*) be a triangular norm with a binary operation
« defined as for all o, € [0,1],a*x f§ = a - and named as a product
triangular norm [26]. The triple £ = ([0,1],<,-) is a commutative and
integral quantale which satisfies the strong cancellation property and thus,



Closedness and D-connectedness in QV-approach spaces 153

the condition (I) holds. Furthermore, it satisfies the strong De Morgan law
and enjoys distributivity property over arbitrary meets w.r.t. the quantale
operation. Hence, it is a linear DM-I value quantale.

(iii) Let £ = ([0,1], <, %), where for all a, 8 € [0, 1], a5 = (a—=145) VO
(Lukasiewicz t-norm) [26]. Then, L is clearly a linearly ordered value quan-
tale which satisfies the condition (I), but the strong cancellation law is not
valid. Moreover, it satisfies the strong De Morgan law and enjoys the dis-
tributivity property over arbitrary meets. Furthermore, £ is a commutative
and integral quantale. Thus, it is a linear DM-I value quantale.

(iv) Let £ = (AT, <,*) (a probabilistic quantale), where ¢ * ¢ = ¢ -1
for all ¢,1 € AT. Then L satisfies the condition (I), but it is not linearly
ordered [23].

(v) Let £L = ([0,1]U{L = -1,T = o0},<,-). Clearly, £ is a linearly
ordered quantale but it does not satisfy the condition (I) as T < T.

(vi) If £ = ({0,1}, <, A), then £ does not satisfy the condition (I) as
11 [23].

Definition 2.7. [23] Let X be a nonempty set. Amapd: X x X — L =
(L, <,x) is called an L£-metric on X if it satisfies for all x € X, d(z,x) =T,
and for all z,y,z € X, d(z,y) * d(y, z) < d(x,z). The pair (X,d) is called

an L-metric space.

A map f : (X,dx) — (Y,dy) is called an L-metric morphism if
dx(z1,x2) < dy(f(x1), f(z2)) for all x1,x9 € X.

The category whose objects are L-metric spaces and morphisms are £-
metric morphisms is denoted by L-MET. Furthermore, we define L-MET (X)
as the set of all £-metrics on X.

Example 2.8. (i) If £ = ({0,1}, <,A), then an L-metric space is a pre-
ordered set.

(i) If £ is a Lawvere’s quantale, that is, £ = ([0, 00],>,+), then an
L-metric space is an extended pseudo-quasi metric space.

(iii) If £ = (AT, <, %), then an L-metric space is a probabilistic quasi
metric space [20].

Definition 2.9. [23] Let % C L-MET(X) and d € L-MET(X).
(i) d is called locally supported by H if for all x € X, a < T, L < w,
there is e € H such that e(z,.) xa < d(z,.) Vw.
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(ii) H is called locally directed if for all finite subsets Ho C H, Agey, @
is locally supported by H.

(i) H is called locally saturated if for all d € L-MET(X), we have
d € ‘H whenever d is locally supported by H.

(iv) The set H = {d € L-MET(X) : d is locally supported by H} is

called the local saturation of H.

Definition 2.10. [23] Let X be a set. Then, G C L-MET(X) is called an
L-gauge if G satisfies the following:

(i) G#0.

(ii) d € G and d < e implies e € G.

(iii) d,e € G implies d A e € G.

(iv) G is locally saturated.

The pair (X, G) is called an L-gauge space.

A map f:(X,G) — (X',G’) is called an L-gauge morphism if d' o (f x
f) € G whenever d’' € G'.

The category whose objects are L-gauge spaces and morphisms are £-
gauge morphisms is denoted by L-GS (cf. [23]).

Definition 2.11. [23] Let (X, G) be an L-gauge space and let H C L-MET(X).
If H =G, then H is called a basis for the gauge G.

Proposition 2.12. [23] Let L = (L, <,*) be a value quantale. If ) #H C

L-MET(X) is locally directed, then G = H is a gauge with H as a basis.

Proposition 2.13. Let X be a nonempty set. The discrete L-gauge struc-
ture on X is given by Gg;s = L-MET(X).

Proof. Note that for all z,y € X,

T, z=yy

ddi8($ay) = {J_ T ?é y

is the smallest £-metric structure on X. To show H = {dy;s} is an L-gauge
basis, by Proposition 2.12, it suffices to show that H is locally directed.
Since a basis with one element is always locally directed, then H = {dg;s} is
an L-gauge basis. In addition, the associated L-gauge is just the principal
filters of dg;s, that is, Ggis = {e € L-MET(X) : e > dg;s}. Therefore, all the
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L-metrics are in L-gauge. Thus, G4s = L-MET(X). Furthermore, every
f o (X,Gqs = L-MET(X)) — (X',G’) is an L-gauge morphism for any
(X', G") L-gauge space. O

Definition 2.14. [23] Amap 0 : X x P(X) — L = (L, <, %) is called an
L-approach distance if § satisfies the following:

(i) Ve € X, 6(z,{x})=TT.

(i) Vz € X, 6(z,0) = L.

(iii) Vo € X and for all A,B C X, §(x,AUB) =§(z,A) Vi(x, B).

(iv) Vo € X, for all A C X and for all o € L, §(x, A) > §(z, A”) x a,
where A” = {z € X : §(z, A) > a}.

The pair (X, 0) is called an L-approach distance space.

A map f : (X,0) — (X',¢') is called an L-approach morphism if
d(x,A) <8 (f(x), f(A)) forall z € X and A C X.

The category whose objects are L-approach distance spaces and mor-
phisms are L-approach morphisms is denoted by L-AP.

Definition 2.15. [24] Let A C LX and ¢ € L¥.

(i) ¢ is supported by A if for all a < T, L < w there exists ¥ € A such
that ¥ xa < p Vw.

(i) A is saturated if ¢ € A whenever ¢ is supported by A.

(iii) For B € LX, B = {p € LY : ¢ is supported by B} is called the
saturation of B.

Definition 2.16. [24] Let A(z) C L for all z € X. Then A = (A(7))zex
is called an L-approach system if for all x € X,

(1) A(z) is a filter in £, that is, ¢ € A(z) and ¢ < ¢’ implies ¢’ € A(z),
and ¢, ¢’ € A(z) implies p A ¢’ € A(z).

(i) ¢(x) = T whenever p € A(z).

(iii) A(z) is saturated.

(iv) For all ¢ € A(z), « < T, L < w there exists a family (¢,).cx €
[L.cx A(z) such that ¢.(2) * ¢.(y) *a < ¢(y) Vw, Vy,z € X.

The pair (X,.A) is called an L-approach system space.

The map [ : (X, A) — (X', A') is called an L-approach system mor-
phism if for all z € X, ¢’ o f € A(x) whenever ¢’ € A'(f(x)).

The category whose objects are L-approach system spaces and mor-
phisms are L-approach system morphisms is denoted by L-AS.
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Definition 2.17. [24] Let B(x) C LX for all z € X. Then (B(x))zex is
called an L-approach system basis if for all z € X,

(i) B(z) is a filter basis in £X.

(ii) p(x) = T whenever ¢ € B(z).

(iii) For all ¢ € B(x), a 9 T, L < w there exists a family (¢,).ex €
[1.cx B(z) such that ¢, (2) * ¢.(y) * a < @(y) Vw, Vy,z € X.

Definition 2.18. [24] Let (A(z))zex be an L-approach system and (B(x))zex
be the collection of filter bases on LX. Then, (B(z))zcx is called a basis for
L-approach system if B(z) = {¢ € LX : ¢ is supported by B(x)} = A(z).

A functor U : &€ — Set (the category of sets and functions) is called
topological if U is concrete, consists of small fibers, and each U-source has
an initial lift |1, 32, 33].

A topological functor which has a left adjoint is called a discrete functor.

Lemma 2.19. /23, 24/ Let L = (L, <,%) be a value quantale, (X;,B;) be
the collection of L-approach spaces, and let f; : X — (X;,B;) be a source
and z € X.

(i) A basis for the initial L-gauge on X is given by

’HZ{/\ dio(fix fi): K CI finite,d; € G;,Vi € I}.
ieK

(ii) A basis for the initial L-approach system is provided by

B(x) ={\ wio fi: K CT finite, p; € Ai(fi(x)),Vi € T}.
€K
Note that for a value quantale £, the categories L-GS, L-AP, and
L-AS are topological categories over Set [23, 24| and we will denote any
L-approach space by (X,B).

Remark 2.20. [23, 24] Let £ be a value quantale and let (X, G) (respec-
tively, (X,0) and (X,.4)) be an L-gauge space (respectively, L-approach
space and L-approach system space). For all A C X and for all x € X,

(i) The transition from an L-gauge to an L-approach distance is deter-

mined by
8(z, )=\ d(z,a).
degG acA
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Conversely, if § : X x P(X) — L is an L-approach distance, then an associ-
ated L-gauge is defined by

G = {d € L-MET(X) : 6(z, A) < \/ d(z,a)}.
acA

(i) If § : X x P(X) — L is an L-approach distance, then an associated
L-approach system is provided by

Alz) ={pe LX : §(z, A) < \/ o(a)}.

acA

Conversely, the transition from an L-approach system to an L-approach
distance is determined by

= N\ Vel

pEA(z) a€A

(iii) The transition from an L-approach system to an L-gauge is given
by
G4 = {d € L-MET(X) : d(z,.) € A(z), Vz € X}.

Conversely, the transition from an L-gauge to an L-approach system is de-
termined by the following L-approach system basis

B(x) ={d(x,.):d € G}.

Remark 2.21. (i) If the quantale £ is a linear DM-I value quantale, then
the above transition formulas provide isomorphisms functors among the cat-
egories, that is, L-GS, L-AP, and L-AS are isomorphic. It was shown
in [23, 24] that these assumptions on the quantale are necessary.

(ii) For any arbitrary quantale, for example, in £ = (AT, <, %) (proba-
bilistic case), by Example 5.11 of [23, 24|, L-GS, L-AP and L-AS are not
isomorphic.

3 Local 7y and T} quantale-valued approach spaces

Let X be a set and p be a point in X. Let X Vv, X be the wedge product of X
at p (2], p. 334), that is, two disjoint copies of X identified at p, or in other
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words, the pushout of p: 1 — X along itself (where 1 is the terminal object
in Set). More precisely, if i1 and iz : X — X V, X denote the inclusion of
X as the first and second factor, respectively, then i1p = iop is the pushout
diagram [9].

A point z in X V), X is denoted as x; if it lies in the first component and
as xo if it lies in the second component.

Let X2 be the cartesian product of X.

Definition 3.1. [2] The principal p-azis map, A, : X Vp, X — X? is

defined by
(xap)v 1=
Ap(wi) = { .
(p,x), i=2

Definition 3.2. [2] The skewed p-axis map, Sy : X V, X — X? is defined

by
(r,z), i=1
S €T;) =
o= {0

Definition 3.3. [2| The fold map at p, V), : X V), X — X is defined by
Vp(x;) =x fori=1,2.

Definition 3.4. [2]| Let U : &€ — Set be topological, X € Ob(E) with
U(X) =B, and p € B.

(i) X is Tp at p if and only if the initial lift of the U-source {4, :
BV, B — U(X?) = B? and V,, : BV, B — UD(B) = B} is discrete,
where D is the discrete functor.

(ii) X is T7 at p if and only if the initial lift of the U-source {S, :
BV, B —U(X?)=B?and V,: BV, B— UD(B) = B} is discrete.

Remark 3.5. In Top (the category of topological spaces and continuous
maps), the condition that a topological space (X, 7) is T at p (respectively,
T, at p) is reduced to the condition that for each x € X with x # p,
there exists a neighborhood of = does not contain p or (respectively, and)
there exists a neighborhood of p does not contain . Moreover, (X, 7) is Ty
(respectively, T1) if and only if (X, 7) is Ty at p (respectively, T1 at p) for
all pe X [5].
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Theorem 3.6. Let (X,G) be an L-gauge space and p € X. Then, (X,G) is
Ty at p if and only if for all x € X with x # p, there exists d € G such that
d(z,p) Nd(p,z) = L.

Proof. Suppose that (X,G) is Ty at p, z € X, and x # p. Let G be the
initial £-gauge on X V,, X induced by A4, : X V, X — U(X?,G?) = X? and
Vp: X Vp X = U(X,Ggis) = X, where Gg;s is the discrete structure on X
and G2 is the product structure on X? induced by m; : X2 — X, projection
maps for i = 1,2. Suppose that Hgis = {dais} is a basis for the discrete
L-gauge, where dg;s is the discrete L-metric on X. Let H be an L-gauge
basis of G and d € H, and H = {dg;} be the initial £L-gauge basis of G,
where dgis is the discrete £-metric on X Vp X. For x1,29 € X V), X with
r1 # x2, note that

dais(Vp(21), Vp(22)) = dais(@,x) = T,

d(m1Ap(z1), m1Ap(22)) = d(z,p),
d(maAp (1), T2 Ap(22)) = d(p, @).

Since x1 # X9, dg;s is the discrete L-metric on X Vp X and (X, G) is Ty
at p, by Lemma 2.19,

L = dys(wr,22)
= N\ {dais(Vp(21), Vp(22)), d(m1 Ay (1), m1 Ap(2)),
d(meAp (1), m2Ap(2))}
= N\ AT.d(x,p),d(p,x)}

= d(x,p) Nd(p, z).

Conversely, let H be the initial £-gauge basis on X V, X induced by A, :
XV, X 5 UX%G%)=X%2and V,: X V, X = U(X, Gais) = X where, by
Proposition 2.13, Gg;s = L-MET(X) discrete £-gauge on X and G2 be the
product structure on X? induced by m; : X2 — X the projection maps for
i=1,2.

Suppose that for all z € X with x # p, there exists d € G such that
d(z,p) ANd(p,z) = L. Let d € H and u,v € X V,, X.



160 M. Qasim and S. Ozkan

If w = v, then

d(u,0) = N\ {dais(Vp(w), Vp(w)), d(m1Ap(u), m1 Ap(u)),
d(maAp(u), maAp(u))}
= T.
If w# v and V,(u) # Vp(v), then dgis(Vp(u), Vp(v)) = L, since dg;s is
discrete. By Lemma 2.19,

E(u,v) = /\{ddzs Vp(v)) d
)

= AL WlAp(U),mAp(v)) d(m2Ap(u), maAp(v))}
= 1.

Suppose that v # v and Vp(u) = V,(v). If Vy(u) = 2 = Vp(v) for some
x € X with x # p, then u = 1 and v = x5 or u = x9 and v = x1, since
u # v. Let u =21 and v = x3. Then

dais(Vp(u), Vp(v)) = dais(Vp(21), Vp(z2))
= dgis(z,x)
= T’
d(mAp(u), mAp(v) = d(mAp(z1), mAp(z2))
= d(z,p),
and
d(meAp(u), m2Ap(v)) = d(meAp(x1), T2Ap(22))
= d(p,x).
It follows that
d(u,v) = d(x1,22)
= N\ {dais(Vp(21), Vp(2)), d(m1 Ap(a1), m1 Ap(2)),
d(maAp(21), T2 Ap(32))}
= /\{wap ),d(p, )}
= A {dp), )}
= d(:c,p)/\d(p,a:).
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By the assumption, d(x,p) A d(p,z) = L and we have d(u,v) = L.
Let u = 29 and v = x1. Similarly,

ddis(vp<u)7 Vp(v)) = ddiS(vp(x2)7 vp(xl))
ddis (l', I’)

d(mAp(u), mAp(v)) = d(miAp(z2), mAp(1))
= d(p,z),

and
dlmsAp(u), maAp(v) = d(mody(ws), mady(z1))
= d(z,p).
It follows that

d(u,v) = d(xe,11)
= N {dais(Vp(@2), Vp(21)), d(m1 Ap(2), m1 Ap (1)),
d(meAp(x2), m2Ap(21))}
= A AT.dp x),d(x,p)}
= A {d(z,p),d(p, x)}
= d(z,p) Nd(p, ).

By the assumption, we get d(u,v) = L. Therefore, for all u,v € X Vp X, we
have
— T =
d(u,v) = U
L, u#vw

and by Proposition 2.13, d is the discrete £-metric on X Vp X, that is,
= {d}, which means G4;; = L-MET(X). By Definition 3.4 (i), (X,G) is
To at p. ]

In a quantale (L,<,%), if a € L and a # T, then a is called a prime
element if and only if a A 8 < a implies a < a or f < a for all o, 8 € L.
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Corollary 3.7. Let (X,G) be an L-gauge space, where L has a prime bottom
element and p € X. Then (X,G) is Ty at p if and only if for all z € X with
x # p, there exists d € G such that d(x,p) = L ord(p,xz) = L.

Proof. Tt follows from Theorem 3.6 and the definition of the prime bottom
element. O

Theorem 3.8. Let L be a value quantale which has a prime bottom element,
and let (X,B) be an L-approach space, and p € X. Then, the following are
equivalent:

(i) (X,B) is Ty at p.

(il) V z € X with © # p, there exists d € G such that d(z,p) = L or
d(p,z) = L.

(i) V x € X with x # p, §(z,{p}) = L or i(p,{z}) = L.

(iv) YV « € X with © # p, there exists p € A(p) such that (x) = L or
there exists ¢ € A(zx) such that p(p) = L.

Proof. (i) < (ii) follows from Corollary 3.7.
(ii) = (iii) Suppose that for all x € X with x # p, there exists d € G
such that d(x,p) = L or d(p,z) = L. By Remark 2.20 (i), d(z, {p}) =
N\ d'(z,p) = L, and consequently, 6(z,{p}) = L. Similarly, d6(p,{z}) =
d'eg
N d'(p,z) = L implies 6(p, {z}) = L.
d'e

g(iii) = (iv) Suppose that for all z € X with = # p, d(x,{p}) = L or
5(p,{z}) = L. Let A = {p}, then, by Remark 2.20(ii), for all ¢/ € LX,
d(z,{p}) < ¢'(p). In particular, there exists ¢ € A(z) such that ¢(p) = L.
Similarly, if A = {2}, then, by Remark 2.20(ii), for all ¢” € LX, §(p, {z}) <
¢"(x) and, particularly, there exists ¢ € A(p) such that ¢(z) = L.

(iv) = (ii) Suppose that the condition holds. By Remark 2.20(iii),
d'(z,p) € A(z) for all z € X and, by Definition 2.18, for all x € X, a < T,
1 < w, there exists ¢ € B(z) such that ¢(p) x a < d'(x,p) V w. Since
op)=Land Lxa=1, L <d(x,p)Vw, and, in particular, there exists
d € G such that d(z,p) = L. In a similar way, there exists d € G such that
d(p,x) = L. O

Theorem 3.9. Let (X,G) be an L-gauge space and p € X. Then (X,G) is
T1 at p if and only if for all x € X with x # p, there exists d € G such that
d(z,p) = L = d(p,x).
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Proof. Suppose that (X,G) is 11 at p, ¢ € X and = # p. Let u = zq,
v=ux9 € X V, X. Note that

dais(Vp(u), Vp(v)) = dais(Vp(1), Vp(22)) = dais(z,2) = T,

d(mS,,(u), Wlsp(U» = d(mSp(xl), 7T15p(.%'2)) = d(x,p),
d(maSp(u), maSy(v)) = d(maSp(1), maSp(a2)) = d(ar,2) = T,

where dg;s is the discrete L-metric on X V, X and 7; : X? — X are the
projection maps for i = 1,2. Since u # v and (X, G) is T} at p, by Lemma
2.19,

L= A {dais(Vp(w), Vp(v)), d(m1Sp(u), m1Sp(0)), d(maSp(u), w25, (v)) }
= A {T.d@p)}
= d(z,p).
Let u = x9, v =21 € X V,, X. Similarly,

dais(Vp(u), Vp(v)) = dais(Vp(22), Vp(21)) = dais(z,2) = T

d(m1Sp(u), 11 Sp(0)) = d(mSp(w2), 11 Sp(1)) = d(p, @)
A(m2Sp(u), m2Sp(v)) = d(maSp(wa), maSp(w1)) = d(w,x) = T

It follows that

L= A {dais(Vp(u), Vp(v), d(m1Sp(u), m1.5,(v)), d(m2Sp(u), m25,(v)) }

= /\{T,d(p,x)}
= d(p,z).

Conversely, let H be the initial £-gauge basis on X V, X induced by S, :
XV, X = U(X?%G?% =X?and V, : XV, X = U(X,Gais) = X where,
by Proposition 2.13, Gy4;s = L-MET(X) is the discrete £-gauge on X and
G? is the product £-gauge structure on X? induced by 7; : X? — X, the
projection maps for i = 1, 2.
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Suppose that for all z € X with x # p, there exists d € G such that
d(x,p) = L =d(p,z). Let d € H and u,v € X V, X. If u = v, then

d(u,v) = /\ {dais(Vp(u), Vp(u)), d(m1Sp(u), m1.Sp(u)),
d(m2Sp(u), m25p(u))}
= T.

If u # v and Vp(u) # Vp(v), then dg;s(Vp(u), Vp(v)) = L, since dgjs is
discrete. By Lemma 2.19

d(’LL, U) = /\ {ddis(vp(u)vVp(”))»d(ﬂ-lsp(u)aﬂ-lsp(v))a
d(mSp(u), m2Sp(v))}
= N\ AL d(m1Sp(u), m15,(v)), d(m2Sy(u), 729, (v))}
1.

Suppose that v # v and Vp(u) = V,(v). If Vy(u) = 2 = Vp(v) for some
x € X with z # p, then u = z; and v = x5 or u = x93 and v = x1, since
u # v. If u =21 and v = x9, then, by Lemma 2.19,

d(u,v) = d(x1,z2)
= N\ {dais(Vp(21), Vp(@2)), d(m1Sp (1), w1 Sp(2)),
d(m25p(21), m2Sp(22)) }
= AA{T.d(z,p)}

= d(z,p)
4,

since x # p and d(z,p) = L. Similarly, if u = x9 and v = 1, then

d(u,v) = d(zg,21)
= A\ {dais(Vp(2), Vp(21)), d(m1Sp(2), m1.5p (1)),
d(m2Sp(w2), m2Sp(21))}
= A {T.dp )}

= d(p, )
= 1,
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since x # p and d(p,x) = L. Hence, for all u,v € X V), X, we get

- T, u=w
d(u,v):{J_ w kv

and it follows that d is the discrete L-metric on X V,, X, that is, H = {d},
which means Gy;s = L-MET(X). By Definition 3.4(ii), (X,G) is T} at
P. O

Theorem 3.10. Let L be a value quantale, and let (X,B) be an L-approach
space and p € X. Then, the following are equivalent:

(i) (X,B) is Ty at p.

(ii) for all x € X with x # p, there exists d € G such that d(x,p) = L =
d(p,x).

(iii) for all x € X with x # p, 6(x,{p}) = L =d(p,{z}).

(iv) for all x € X with x # p, there exists ¢ € A(p) such that p(x) = L
and there exists ¢ € A(x) such that o(p) = L.

Proof. Tt is analogous to the proof of Theorem 3.8. O

Remark 3.11. If £ = ([0,00],>,+4) (Lawvere’s quantale), then local Ty
(respectively, local T1) L-approach spaces are reduced to classical local Ty
(respectively, local T7) approach spaces defined in {12, 13].

Example 3.12. Let £ = ([0,1],<,-) be a triangular product norm. Let
X = {a,b,c}, A C X and § : X x 2% — ([0,1],<,-) be a map defined
by Vz € X, §(x,0) = 0, 6(z,A) = 1if x € A, §(b,{a}) = 0 = §(c, {a}),
d(a,{b}) =1/2 = d(a,{b,c}), 6(c,{b}) = 1/3 = 6(c,{a,b}), é(a,{c}) =1/4
and §(b,{c}) =1/5 = §(b,{a,c}). Clearly, 6(x, A) is an L-approach distance
space. By Theorem 3.8, (X,d) is Ty at p = a but neither Ty at p = b nor
p = c. Similarly, by Theorem 3.10, (X, d) is not T} at p, for all p € X.

4 Closedness and D-connectedness

Let X be a set and p be a point in X. The infinite wedge product \/;o X is
formed by taking countably many disjoint copies of X and identifying them
at the point p.

A point z in \/;O X is denoted as z; if it lies in the i-th component.
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Definition 4.1. [3] Let X*° = X x X x --- be the countable cartesian
product of X.

(i) The dnfinite principle axis map at p, A° : \/;O X — X° is defined
by Ay (xi) = (p,ps- - DT, s - - ).

(ii) The infinite fold map at p, Viy© : \/;°X — X* is defined by
Voi(xi) = for alli € I.

Note that the map A)° is the unique map arising from the multiple
pushout of p : 1 — X for which A3%; = (p,p,...,p,id,p,...) : X — X,
where the identity map, id, is in the j-th place [9].

Definition 4.2. Let U : £ — Set be topological, X € Ob(E) with U(X) =
B, and p € B.

(i) {p} is closed if and only if the initial lift of the U-source {A5° :
V,'B — B* and V;° : \/°B — UD(B%*) = B>} is discrete,
where D is the discrete functor [3].

(ii) X is D-connected if and only if any morphism from X to any discrete
object is constant [28].

Theorem 4.3. Let (X,G) be an L-gauge space and p € X. Then, {p} is
closed in X if and only if for all x € X, with x # p, there exists d € G such
that d(x,p) Nd(p,z) = L.

Proof. Let (X,G) be an L-gauge space, p € X, and {p} be closed in X. Let
G be the initial £-gauge on \/;° X induced by A5°:\/* X — U(X>,G*) =
X% and Vi© \/;o X — U(X,Gais) = X, where Gy is the discrete structure
on X, and G* be the product structure on X induced by m; : X*° — X
(¢ € I) projection maps. Suppose that Hgs = {dgis} is a basis for the
discrete L-gauge where dg;s is the discrete L-metric on X. Let H be an
L-gauge basis of G and d € H, and H = {dgs} be the initial L-gauge basis
of G, where dg;s is the discrete £-metric on \/;O X.

We will show that for all x € X with x # p, there exists d € G such that
d(z,p) Nd(p,xz) = L. Suppose that d(z,p) Ad(p,x) > L for all d € G and
x € X with x # p. For 4,4,k € I with ¢ # j and ¢ # k # j, note that

dais(Vy (@), Vi (x5)) = dais(z,2) =T

d(m; Ay (i), mi Ay (x5)) = d(z, p)
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d(mj Ay (i), m A (25)) = d(p, )
d(mp AR (2:), mp AR (25)) = d(p,p) = T.
Since x; # x; (i # j) and p is closed in X, by Lemma 2.19,
Edis(x%xj) = /\ {ddzs( o ( )avgo(xj))vd(ﬂiA;o(wi)ﬂriA;O(‘rj))»
iy A5 ). ) A5 () A 02, A ()}
= A A{T.d(z,p).d(p )}
= d(z,p) Nd(p, )
> 1,

Zg

which is a contradiction to the fact that dg, is the discrete £-metric on
V,~ X. Hence, d(z,p) Ad(p,z) = L.

Conversely, let H be the initial £-gauge basis on \/;Q X induced by Ap° :
VXX = U(X*®,6%) = X* and Vi : \/2° X — U(X,Gais) = X, where,
by Proposition 2.13, Gy4;s = L-MET(X) discrete £-gauge on X and G* be
the product structure on X induced by m; : X*° — X (i € I) projection
maps. Suppose that for all x € X with x # p, there exists d € G such that
d(z,p) Nd(p,x) = L. Let d € H and u,v € V, X If u=wv, then for i € I,

Auw) = N {das (V) V32 (), d(m A (), m A ()}

If u # v and Vi°(u) # Vi°(v), then dgis(Vy©(u), Vo (v)) = L since dgis
is a discrete structure. By Lemma 2.19 for ¢ € I,
d(u,0) = N\ {dais(V32 (u), Vi (v)), d(mi A (), mAY (v))}
= A A{LdmAr(w),mAY (@)}
= 1.
Suppose that u # v and Vp°(u) = Vi°(v). If Vi°(u) = x = V;°(v) for some

x € X with x # p, then v = 2; and v = z; for ¢,57 € I with ¢ # j, since
u#v. Let u=2x;, v=2oxjand 4,j,k € I with i # j and ¢ # k # j. Then

dais(Vp (0), V' (v)) = dais(Vy (z:), V7 (25))
= ddw(ZL‘,.T)
= T,
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d(mi AL (u), AL (v)) = d(m AL (z;), m AL (z)))
= d(z,p),

d(mj Ay (u), i A (v) = d(mi Ay (i), m Ay ()
= d(p, ),

and

d(ﬂ'kA;O (u), Ay (v)) = d(ﬂkAgo (x4), Ay (x4))

d(p, p)
- T

It follows that
dlu,v) = N {dais (V2 (), V2 (7)), d(mi Ay (1), mi A (),
d(mj Ap® (i), mi AP (x5)), d(m AR (@:), me A (25)) }
= A AT.d(x,p),d(p, )}
= A {d(x,p), d(p, )}
= d(z,p) Nd(p, ).

By the assumption, d(z, p)Ad(p, ) = L and we have d(u,v) = L. Therefore,
Vu,ve "X, we get

— T, u=wv
d(u,v):{J_ Wt v

and, by Proposition 2.13, d is the discrete £-metric on \/;O X, that is, H =
{d}, which means Gg;; = L-MET(X). By Definition 4.2 (i), {p} is closed
in X. O

Corollary 4.4. Let (X,G) be an L-gauge space where L has a prime bottom
element and p € X. Then {p} is closed in X if and only if for all x € X,
with x # p, there exists d € G such that d(x,p) = L or d(p,z) = L.

Proof. 1t follows from Theorem 4.3 and the definition of the prime bottom
element. O
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Theorem 4.5. Let (X,G) be an L-gauge space and p € X. Then, (X, G) is
To at p if and only if {p} is closed in X.

Proof. Tt follows from Theorems 3.6 and 4.3. O

Theorem 4.6. An L-gauge space (X,G) is D-connected if and only if for
each distinct points x and y in X, there exists d € G such that d(x,y) =
T =d(y,x).

Proof. Let (X,G) be an L-gauge space, (Y, Ggs) be a discrete L-gauge space
with CardY > 1 and f: (X,G) — (Y, Gais) be a contraction map. Suppose
that (X, @) is D-connected. Since f is a contraction map and by definition,
for all dgis € Gais, dais © (f X f) € G, that is, there exists d € G such
that d = dg;s(f, f). It follows that for each distinct points x and y in X,
d(x,y) = dais(f(x), f(y)). Since (X, G) is D-connected, f is a constant map.
Therefore, for z,y € X, f(x) = f(y) = a € Y, and consequently,

d(x,y) = dais(f (), F(y)) = dais(, ) = T,

and

d(yv .Z') = ddis(f(y)v f(.l?)) = ddis(aa Oé) =T.

Thus, if (X,G) is D-connected, then there exists d € G such that d(z,y) =
T =d(y,x).

Conversely, suppose that the condition holds, that is, for each distinct
points z and y in X, there exists d € G such that d(x,y) = T = d(y,z). We
show that (X, G) is D-connected. Let f: (X,G) — (Y, Gais) be a contraction
map and (Y, Gg;s) be a discrete L-gauge space. If CardY = 1, then (X, G)
is D-connected, since f is a constant map. Suppose that CardY > 1 and f
is not a constant map. Then, there exist distinct points z and y in X such
that f(z) # f(y) and consequently,

d(l‘,y) = ddzs(f(w)af(y» =1,
and
d(y, ) = dais(f(y), f(2)) = L,

which is a contradiction, since d(z,y) = T = d(y, z) for z,y € X with z # y.
Hence, f is a constant map. By Definition 4.2(ii), (X, G) is D-connected. [
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Theorem 4.7. Let L be a value quantale and let (X,B) be an L-approach
space. Then, the following are equivalent:

(i) (X,B) is D-connected.

(ii) for all x,y € X with x # y, there exists d € G such that d(z,y) =
T =d(y,x).

(iii) for all z,y € X with x # vy, 0(xz,{y}) =T = d(y, {z}).

(iv) for allz,y € X with x # y, there exists ¢ € A(x) such that p(y) =T
and there exists p € A(x) such that o(y) = T.

Proof. (i) < (ii) follows from Theorem 4.6. Using Remark 2.20, the proof
of the other implications are straightforward. O

Example 4.8. Suppose that £ = ([0, 1], <, x) is a Lukasiewicz t-norm. Let
X be a non-empty set, and let § : X x 2% — £ = (L, <, ) be a map defined
by for all x € X and A C X,

1, A#40
5(x,A):{0 Aiﬂ)

By Theorem 4.7, (X, 0) is D-connected.

Remark 4.9. (i) In Top as well as in CHY (the category of Cauchy spaces
and Cauchy continuous maps) T at p (that is, local 771) and the notion of
closedness are equivalent [5, 27], and T} at p implies Ty at p. However, in
L-AP, by Theorem 4.5, Ty at p and the notion of closedness are equivalent,
and by Example 3.12, T} at p implies Ty at p, but the converse is not true
in general.

(ii) In CP (the category of pairs and pair preserving maps) and in Prox
(the category of proximity spaces and proximity maps), Tp at p, T at p and
the notion of closedness are equivalent [3, 28|. Moreover, in copsMet (the
category of extended pseudo semi metric spaces and non-expansive maps)
(see [30]) To at p and T at p are the only discrete objects at p, that is, for
all z € X with x # p, d(z,p) = co [14].

(iii) By Theorems 3.4, 4.5 and 4.14 of [28], and by Examples 3.12 and
4.8, there is no relation between the notion of closedness and D-connected
objects, T7 at p and D-connected objects.



Closedness and D-connectedness in QV-approach spaces 171

Acknowledgement

We would like to thank the referee for his/her valuable and helpful sugges-
tions that improved the paper radically.

References
1] Adamek, J., Herrlich, H., and Strecker, G.E., “Abstract and Concrete Categories”
[ ] ’ ) ) ) ) ) g )
John Wiley and Sons, 1990.
[2] Baran, M., Separation properties, Indian J. Pure Appl. Math. 23 (1991), 333-341.
[3] Baran, M., The notion of closedness in topological categories, Comment. Math. Univ.
Carolin. 34(2) (1993), 383-395.
[4] Baran, M. and Altindis, H., T objects in topological categories, Acta Math. Hungar.
71(1-2) (1996), 41-48.
[5] Baran, M., Separation properties in topological categories, Math. Balkanica (N.S.)
10 (1996), 39-48.
[6] Baran, M., T3 and Tu-objects in topological categories, Indian J. Pure Appl. Math.
29 (1998), 59-70.
7] Baran, M., Completely regular objects and normal objects in topological categories
[ s M., pletely reg ] ] polog gories,
Acta Math. Hungar. 80(3) (1998), 211-224.
[8] Baran, M., Closure operators in convergence spaces, Acta Math. Hungar. 87(1-2)
(2000), 33-45.
[9] Baran, M., Compactness, perfectness, separation, minimality and closedness with
respect to closure operators, Appl. Categ. Structures 10(4) (2002), 403-415.
[10] Baran, M. and Al-Safar, J., Quotient-reflective and bireflective subcategories of the
category of preordered sets, Topology Appl. 158(15) (2011), 2076-2084.
[11] Baran, M., Kula, S., Baran, T.M., and Qasim, M., Closure operators in semiuniform
convergence spaces, Filomat 30(1) (2016), 131-140.
[12] Baran, M. and Qasim, M., Local Ty approach spaces, Math. Sci. Appl. E-Notes 5(1)
(2017), 46-56.
[13] Baran, M. and Qasim, M., T\ Approach spaces, Commun. Fac. Sci. Univ. Ank. Sér.
A1l Math. Stat. 68(1) (2019), 784-800.
aran, T.M., “Ty and T1 Pseudo-quasi-semi Metric Space”, Ph.D. Thesis, Erciyes
14] B T.M., “Ty and T Pseud i i Metric S ” Ph.D. Thesis, Erci

University, 2018.



172

M. Qasim and S. Ozkan

[15]

[16]

[17]

(18]

[19]

[20]

[21]

22]

23]

[24]

25]

[26]

[27]

28]

29]

(30]

[31]

Berckmoes, B., Lowen, R., and Van Casteren, J., Approach theory meets probability
theory, Topology Appl. 158(7) (2011), 836-852.

Brock, P. and Kent, D., On convergence approach spaces, Appl. Categ. Structures
6(1) (1998), 117-125.

Colebunders, E., De Wachter S., and Lowen R., Intrinsic approach spaces on do-
mains, Topology Appl. 158(17) (2011), 2343-2355.

Colebunders, E., De Wachter, S., and Lowen, R., Fized points of contractive maps
on dcpo’s, Math. Structures Comput. Sci. 24(1) (2014), 1-18.

Dikranjan, D. and Giuli, E., Closure operators I, Topology Appl. 27(2) (1987), 129-
143.

Flagg, R.C., Quantales and continuity spaces, Algebra Universalis 37 (1997), 257-
276.

Hohle, U., Commutative, residuated l-monoids, In: Non-classical logics and their
applications to fuzzy subsets, Springer 32 (1995), 53-106.

Jager, G., Probabilistic approach spaces, Math. Bohem. 142(3) (2017), 277-298.

Jager, G. and Yao, W., Quantale-valued gauge spaces, Iran. J. Fuzzy Syst. 15(1)
(2018), 103-122.

Jager, G., Quantale-valued generalization of approach spaces: L-approach systems,
Topology Proc. 51 (2018), 253-276.

Jager, G., Quantale-valued  gemeralizations of  approach  spaces and
quantale-valued  topological  spaces, Quaest. Math. (2018, online),
http://dx.doi.org/10.2989/16073606.2018.1516250.

Klement, E.P., Mesiar, R., and Pap, E., “Triangular Norms”, Springer, 2000.
Kula, M., A note on Cauchy spaces, Acta Math. Hungar. 133(1-2) (2011), 14-32.

Kula, M., Maragh, T., and Ozkan, S., A note on closedness and connectedness in
the category of prozimity spaces, Filomat 28(7) (2014), 1483-1492.

Lai, H. and Tholen, W., Quantale-valued approach spaces via closure and conver-
gence, https://arxiv.org/abs/1604.08813

Lowen, R., Approach spaces A common supercategory of TOP and MET, Math.
Nachr. 141(1) (1989), 183-226.

Lowen, R., “Approach Spaces: The Missing Link in the Topology-Uniformity-Metric
Triad”, Oxford University Press, 1997.



Closedness and D-connectedness in QV-approach spaces 173

[32] Preuss, G., “Theory of Topological Structures: An Approach to Categorical Topol-
ogy”, D. Reidel Publ. Co., 1988.

[33] Preuss, G., “Foundations of Topology: An Approach to Convenient Topology”,
Kluwer Academic Publishers, 2002.

[34] Schweizer, B. and Sklar, A., “Probabilistic Metric Spaces”, North Holland, 1983.

Muhammad Qasim Department of Mathematics, School of Natural Sciences (SNS), National
University of Sciences and Technology (NUST), H-12, Islamabad, Pakistan.

Email: muhammad.qasim@sns.nust.edu.pk

Samed Ozkan Department of Mathematics, Nevsehir Haci Bektas Veli University, 50300,
Nevsehir, Turkey.

Email: ozkans@nevsehir.edu.tr






