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On G PW-flat acts

H. Rashidi, A. Golchin, and H. Mohammadzadeh Saany

Abstract. In this article, we present GPW-flatness property of acts over
monoids, which is a generalization of principal weak flatness. We say that a
right S-act As is GPW-flat if for every s € S, there exists a natural number
n = N(s,aq) € N such that the functor As ® s— preserves the embedding
of the principal left ideal s(Ss™) into sS. We show that a right S-act Ag
is GPW-flat if and only if for every s € S there exists a natural number
n = N(s,45) € N such that the corresponding ¢ is surjective for the pullback
diagram P(Ss™,Ss"™,t,t,S), where ¢ : g(Ss") — 55 is a monomorphism of
left S-acts. Also we give some general properties and a characterization of
monoids for which this condition of their acts implies some other properties
and vice versa.

1 Introduction

In 1970, Kilp [7] initiated a study of flatness of acts. In 1983, further in-
vestigation of (principal) weak version of flatness was done by Kilp [8]. In
2001, Laan [10] gave equivalents of different flatness properties according to
surjectivity of ¢ corresponding to some pullback diagram.

In this article, in Section 2, we introduce a generalization of principal
weak flatness, called GPW-flatness and will give some general properties.
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In Section 3, we give conditions for a (Rees factor) cyclic act to be GPW-
flat. In Section 4, we give a characterization of monoids over which all right
S-acts are GPW-flat and also a characterization of monoids S for which this
condition of their right S-acts implies some other properties and vice versa.

In this paper S will stand for a monoid and N the set of natural numbers.
A nonempty set A is called a right S-act, denoted Ag, if there exists a
mapping A x S — A, (a,s) — as, such that (as)t = a(st) and al = a, for
all a € A and all s,t € S. An act Ag is called weakly flat if the functor
Ag ® g— preserves all embeddings of left ideals into S. An act Ag is called
principally weakly flat if the functor Ag ® g— preserves all embeddings of
principal left ideals into S. A right S-act Ag is called torsion free if ac = d'c
for any a,a’ € Ag and right cancellable element ¢ € S implies a = a’. A right
S-act Ag satisfies Condition (P) if for every a,a’ € Ag, s,t € S, as = d't
implies that a = a”u, a’ = v and us = vt for some a” € Ag, u,v € S. A
right S-act Ag satisfies Condition (E) if for every a € Ag, s,t € S, as = at
implies that a = a’u and us = ut for some a’ € Ag,u € S. A right S-act Ag
satisfies Condition (PW P) if for every a,a’ € Ag, s € S, as = da’s implies
that a = a"u,a’ = a”v and us = vs for some a” € Ag, u,v € S. A right
S-act Ag satisfies Condition (P') if for every a,a’ € Ag, s,t,z € S, as = d't
and sz = tz imply that a = a"u, ' = a"v and us = vt for some a” € Ag,
u,v € S.

Let K be a proper right ideal of S. If x,y, and z denote elements not
belonging to S, define A(K) = ({z,y} x (S\ K)) U({z} x K), and define a
right S-action on A(K) by

(z,v)s = { (z,vs) wvs¢ K

(z,vs) wseK

(y,v)s = { (y,vs) wvsé¢ K

(z,vs) wseK

(z,v)s = (z,vs).

Then clearly A(K) is a right S-act.
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2 General properties

In this section, we introduce GPW -flatness property of acts and will give
some general properties.

Definition 2.1. A right S-act Ag is called GPW -fiat if for every s € S,
there exists n = n(, 44) € N, such that the functor Ag ® g— preserves the
embedding of the principal left ideal g(Ss™) into gS.

Clearly every principally weakly flat right S-act is GPW-flat, but, by
the following example, we see that the converse is not true.

Example 2.2. Suppose S = {1,z,0} with 22 = 0, and let Kg = {x,0}.
Clearly the right Rees factor S-act S/ K is GPW-flat, but it is not principally
weakly flat.

Proposition 2.3. For any right S-act Ag, the following statements are
equivalent:

(1) Ag is GPW -flat.

(2) For every s € S there exists n € N such that for any a,a’ € Ag,
a®s"=d ®s" in Ag ® gS implies a® s =a' @ s" in Ag ® g(Ss™).

(3) For every s € S there exists n € N such that for any a,a’ € Ag,
as™ = a's" implies a @ s" =a' @ s" in Ag ® g(Ss™).

(4) For every s € S there exists n € N such that for any a,a’ € Ag,
as™ = a’'s"™ implies that

a = as]
a1t1 = a289 Slsn = tlsn
ath = asSs3 SQSn = tgsn
/ n n
apty = a Sps =1tgs,
for some k € N and elements aq,...,ar € Ag, 81,t1,...,Sk,tr € 5.

Proof. (1) = (2) = (3) = (1) are obvious by Definition 2.1.
(2) < (4) This is obvious by [9, II, Lemma 5.5]. O
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Corollary 2.4. Suppose that S is an idempotent or right cancellative monoid.
Then for a right S-act Ag the following statements are equivalent:

(i) Ag is principally weakly flat.

(i) Ag is GPW -flat.

Proof. This is obvious by Proposition 2.3. O

Proposition 2.5. Every GPW -flat right S-act is torsion free.

Proof. This is obvious by Proposition 2.3. ]

Example 2.6. Let S = NU G, where N is the set of natural numbers and
G is a nontrivial group with unit element e and define the multiplication on
S as gn = ng = n for every g € GG and n € N. Clearly all right S-acts are
torsion free by [9, IV, Theorem 6.1], but not all right S-acts are GPW-flat,
see Theorem 4.5.

The following strict implications exist for different flatness properties of
acts:

Weakly flat = Principally weakly flat = GPW-flat = Torsion free.

In 2001, Laan [10] gave equivalents of different flatness properties
according to surjectivity of ¢ corresponding to some pullback diagram
P(M,N, f,g,Q) where f : sM — g@Q and g : sN — g@ are homomor-
phisms of left S-acts.

Similar to [10, Proposition 2|, we have the following proposition.

Proposition 2.7. A right S-act Ag is GPW -flat if and only if for every
s € S there exists n = n(s a5) € N such that the corresponding ¢ is surjective
for the pullback diagram P(Ss™,Ss™, i,.,S), where v : g(Ss") — ¢S is a
monomorphism of left S-acts.

Proposition 2.8. The following statements hold:
(1) Any retract of a GPW -flat right S-act is GPW -flat.
(2) If A = [1;e; Ai is GPW-flat, then A; is GPW -flat for every i € 1.
(3) Sg is GPW -flat.
(4) ©s is GPW -flat.
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Proof. (3) and (4) are obvious.

(1) Suppose that Bg is a GPW-flat right S-act and Ag is a retract of
Bg. Then there exist homomorphisms f : Bg — Ag and f’ : Ag — Bg, such
that ff' =idag,. Let s € S. Since Bg is GPW-flat, there exists n € N such
that the equality b ® s" =V ® s in Bg ® ¢S implies that b ® s" = b’ @ s"
in Bg ® g(Ss™), for any b,b’ € Bg by (2) of Proposition 2.3. Let as™ = a's"
for a,a’ € Ag. Then f'(as™) = f'(a's™) and so f'(a)s™ = f'(a’)s™. Since
f'(a), f'(d') € Bg, Bg is GPW-flat and f'(a) ® s" = f'(¢/) @ s™ in Bs® g5,

we have

f(a) =bis1
bltl = b282 818” = tls”
boto = b3ss 898™ = tos™
bt = f'(d) Sp8"™ = ts",

where by, ...,b; € Bg, s1,t1,..., Sk, tx €S, by (4) of Proposition 2.3. Thus

f(f'(a)) = f(bis1) and so a = f(b1)s1. Similarly, f(bi—1)ti-1 = f(bi)si,
2<i<k,and a = f(by)tr. Hence

a®s" = f(b1)s1 ®s" = f(b1) @ 518" = f(b1) @ t15" = f(b1)t1 ® 5"
= f(ba)sa ®s" = f(ba) @s2s" = ... = f(R)tr @ 8" =a' @ "

in Ag ® S(Ssn).

(2) Suppose that A = [],.; A; is GPW-flat right S-act and let s € S.
Let j € I. By assumption, there exists n € N such that as" = a's" for
a,a’ € Ag implies a ® s" = a’ @ s" in Ag ® g(Ss"). Let as" = a’s™ for
a,a’ € A;. Thus a ® s" = d’ ® s" in Ag ® g(Ss™), by assumption. Hence
a®s"=d ®s"in A; ® g(Ss™), by [2, Corollary 2.3]. O

A monoid S is called left almost regular if for every s € S

§1C1 = ST"1

§2C2 = 5172

SmCm = Sm—1Tm

S = Sm,TSs,
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for some r,71,...,7m, S1, S2, ..., S;m € S and right cancellable elements
€1,¢o,...,cm € 5. Clearly every regular and right cancellative monoid is
left almost regular.

As, by [9, IV, Theorem 6.5], over a left almost regular monoid every
torsion free right S-act is principally weakly flat, the following proposition
is easily checked.

Proposition 2.9. Let S be a left almost reqular monoid, and Ag be a right
S-act. Then the following statements are equivalent:

(1) Ag is principally weakly flat.

(2) Ag is GPW -flat.

(3) Ag is torsion free.

Theorem 2.10. For a proper right ideal K of monoid S the following state-
ments are equivalent:

(1) (vse S, IneN) (W e S\K)(is" € K = (I € K,1s" = hs") ).
(2) A(K) is GPW -flat.

Proof. (1) = (2) Let s € S. Then, by assumption, there exists n € N such
that (1) is established. Let as™ = d's" for a,a’ € A(K). Since (z,1)S =
Ss = (y,1)S (every free right S-act is GPW-flat), without loss of generality,
we can take a = (z,71),ad’ = (y,r2), where r1,79 € S\ K. Since (z,71)s" =
(y,r2)s™, we have r1s" = rqos™ € K, and so there exists k € K such that
r18" = ks"™ = rq9s™. Hence

(r,r1) © 8" = (z,1) @r1s" = (2,1) @ ks" = (y,1) @ ks" = (y,72) @ 8"

in A(K) ® g(Ss™).

(2) = (1) Let A(K) be GPW-flat and suppose s € S. Then there exists
n € N such that A(K) ® g— preserves the embedding ¢ : g(Ss™) — gS.
Now let [ € S\ K such that [s” € K. Then clearly (x,1)s™ = (y,[)s". By
Proposition 2.3, we have

(z,1) = (w1, u1)s1

(w1,u1)t1 = (wz,uz)sz 518" = t1s"

(wm—laum—l)tm—l = (wma um)sm Sm—18" = tym—18"
(wma um)tm = (y7 l) Sms" = tm,s",
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for some m € N, uy,...,upm €5, s1,t1,.--,8m,tm € 5, and wy,...,wy, €
{z,y,z}. By definition of A(K), there exists ¢ € {1,...,m — 1} such that
w; # wi+1, and so there exists k € K such that u;t; = u;+18,41 = k. Hence
we have

18" = u1818" = u1t18"™ = ugses”™ = ... = u;t; 8" = ks”,
as required. ]

Recall from [9, III, Definition 10.14] that an element s of a monoid
S is called right e-cancellable for an idempotent e € S if s = es and
ker ps < kerp.. A monoid S is called left PP if every element s € S is
right e-cancellable for some idempotent e € S. It is obvious that every reg-
ular and every right cancellative monoid is left PP. An element s € S is
right semi-cancellable if the equality xs = ys for any x,y € S implies that
there exists r € S such that rs = s and xr = yr. A monoid S is called left
PSF if every element s € S is right semi-cancellable. Clearly every left PP
monoid is left PSF.

Proposition 2.11. Suppose that S is a left PP monoid. An act Ag is
GPW -flat if and only if for every s € S there exists n € N such that for any
a,a’ € Ag, as™ = a's™ implies es™ = s™ and ae = d'e for some > =e € S.

Proof. This is obvious by |9, III, Theorem 10.16]. O

For a left PSF monoid, similar to argument used in [11, Proposition
2.5], we can show the following proposition.

Proposition 2.12. Suppose that S is a left PSF monoid. An act Ag is
GPW -flat if and only if for every s € S there exists n € N such that for any
a,a’ € Ag, as™ = a's"™ implies rs" = s and ar = a'r for somer € S.

Corollary 2.13. For a left PSF monoid S, the following statements are
equivalent:

(1) TIE, 4; is GPW -flat.

(2) For every s € S there exists n € N such that for any o, af €
A1 < i <k, if (o, a,...,04)s" = (o], ah,...,0a))s", then us" = s"
and (v, az, ..., op)u = (o), 0, ..., a)u for someu € S.

Proof. This is obvious by Proposition 2.12. O
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Proposition 2.14. For any family {A;}ier of right S-acts, if [[;c; Ai is
GPW -flat, then A; is GPW -flat, for every i € I.

Proof. Let [[,c; A; be GPW-flat and let s € S and 7 € I. By assumption
there exists n € N such that the functor [];,.; A; ® s— preserves the em-
bedding ¢ : 5(Ss"™) — gS. Let a;s™ = a}s" for any a;,a; € A; and suppose
aj € (Aj)g for j #i. If

ap =

a; Jfk#l
d = a, ifk=i
k= a; lfk#l

Then (ay)rs™ = (a),)rs"™ and so (ax) 1®s™ = (a),)@s™ in[[,c; Ai®s(Ss™), by
Proposition 2.3. Now we have a;®s™ = a,®s" in A;®g(Ss™), by [14, Remrak
3.1], and so A; is GPW-flat. O

Golchin in [3] showed that if S = GUI where G is a group and I is an
ideal of S and A is a right S-act that is ((principally) weakly) flat, torsion
free, satisfies Condition (P) or (Pg) as a right I' -act, then it has these
properties as a right S-act. Similarly, we can show the following theorem
for GPW -flatness.

Theorem 2.15. Let S = GUI and let A be a right S -act. If A is GPW -flat
as a right I' -act, then it is GPW -flat as a right S -act.

Proof. This is obvious by Proposition 2.3. 0

3 GPW-flatness of (Rees factor) cyclic acts

In this section, we give conditions for a (Rees factor) cyclic act to be GPW-
flat.

Proposition 3.1. Suppose that p is a right congruence on a monoid S.
Then the following statements are equivalent:

(i) S/p is GPW -flat.

(i) (Vs € S)(3In € N) (Vu,v € 5) ((us")p(vs”) = u(p V ker psn)U>.



On GPW -flat acts 33

Proof. (i) = (ii) Let s € S. Since the right S-act S/p is GPW-flat, there
exists n € N such that the functor (S/p)s ® g— preserves the embedding
t: 5(Ss™) = gS. Now suppose that (us™)p(vs™) for u,v € S. Thus [v], ®
5" = [v], @ 5" in (§/p)s® 5 and so [o], @™ = [v], & 5" in (5/p)s® (™).
Hence u(p V ker pgn)v, by [9, III, Lemma 10.6].

(i) = (i) Let s € S. By assumption, there exists n € N such that
(us™)p(vs™), for every u,v € S, implies that u(p V ker pgn)v. Suppose [v], ®
s" = [v], ® s" in (S/p)s ® S5, thus (us™)p(vs™). Now, by assumption,
u(p V ker psn)v and so, by [9, III, Lemma 10.6], [v], ® s" = [v], ® s" in
(S/p)s @ s(Ss™). Hence S/p is GPW-flat, by Proposition 2.3. O

Corollary 3.2. The principal right ideal 2S is GPW -flat if and only if for
every s € S, there exists n € N such that for any x,y € S, zas" = zys"
implies that x(ker A, V ker pgn)y.

Proof. Since zS = S/ker \,, by Proposition 3.1, it suffices to take p =
ker A,. ]

Theorem 3.3. Suppose that K is a right ideal of S. Then S/K is GPW -
flat if and only if for every s € S there exists a natural number n € N such
that Is™ € K, forl € S\ K implies that Is"™ = ks", for some k € K.

Proof. If K = S, then S/K = Og is GPW-flat by (3) of Proposition 2.8.
Thus suppose that K is a proper right ideal of S.

Necessity. Suppose that S/K is GPW-flat for the proper right ideal
K of S and let s € S. Then there exists n € N such that the functor
Ag ® g— preserves the embedding ¢ : g(Ss™) — 5S. Now suppose Is" € K
forl € S\ K. Then [[|® s" = [j]®s" in S/K ® ¢S, for any j € K and so,
by Proposition 2.3, there exist m € N, p1,...,Pm, S1,t1,- -+, Sm, tm € 5 such
that

[p1]t1 = [p2]s2 s18" =1t1s"
[p2]t2 = [p3]s3 598" = tos"
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Since j € K, we have ppt,, € K. Let q be the least number such that
qge{l,...,m} and pyty € K. Let k = pyty, then py_1ts—1 = pysq, and so

Is" = p1518" = p1t18" = pasas” = ... =
Pg—1tg—18" = DgSqs" = pytes”™ = ks".

Sufficiency. Let K be a right ideal of S and let s € S. Thus there exists
n € N such that [s" € K, for | € S\ K implies that Is" = ks™ for some
k € K, by assumption. Let for any u,v € S, [u]®s" = [v]®s" in S/K®gS.
Thus there are four cases as follows:

Case 1. u,v € K. Then it is clear that [u] = [v] in S/K and so [u]®s™ =
[v] ® s™ in S/K ® g(Ss™).

Case 2. u € K,v € S\ K. Then there exists k € K such that vs" = ks",
by assumption. Then

U @s"=[kl®s"=[1®ks" =[1] @vs" =[v] @ s"

in S/K ® g(Ss").

Case3. uwe S\ K,v e K. It is similar to the Case 2.

Case 4. u,v € S\ K. Then from [u] ® s" = [v] ® s" in S/K ® gS, we
have either us” = vs™ or us",vs" € K. If us™ = vs", the result follows.
Otherwise, us"™ = ks™ and vs"™ = [s" for some k,l € K, by assumption. So

W] @s" =[1]@us" =[1] @ ks" = [k] @ s" =
[@s"=[1]xls"=[1]®uvs" =[v]xs"

in S/K ® g(Ss™). O

4 Characterization of monoids by G PW-flatness of acts

Now we classify monoids over which all right S-acts are GPW-flat and also
monoids over which some other properties imply GPW -flatness and vice
versa.

A monoid S is called regular if for every s € S there exists x € S such
that s = sws.

Definition 4.1. An element s € S is called eventually regular if s™ is regular
for some n € N. That is, s™ = s"xs™ for some n € N and x € S. A monoid
S is called eventually reqular if every s € S is eventually regular.
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Obviously every regular monoid is eventually regular.

Definition 4.2. An element s € S is called eventually left almost reqular if

n

S§1C1 =S T
§2C2 = 8172
SmCm = Sm—1Tm
s" = sy,rs",
for some n € N, elements si,s9,...,8m,771,...,"m € S and right can-
cellable elements c1, ca, ..., ¢ € 5. In other words s € S is called eventually

left almost reqular if s™ is left almost regular for some n € N.

If every element of a monoid S is eventually left almost regular, then S
is called eventually left almost reqular.

It is clear that every left almost regular monoid is eventually left almost
regular, and also every eventually regular monoid is eventually left almost
regular.

Example 4.3. Let S = {1,0, e, f,a} be the monoid with the following table

0 e f a
111 0 e f a
0j]0 0O O 0 O
ele 0 e a a
frfr 00 f 0
ala 0 0 a O

Clearly S is eventually regular and so it is eventually left almost regular.
But S is not regular, because a € S is not regular. Also S is not left almost
regular, since a € S is not left almost regular.

Theorem 4.4. The following statements are equivalent:
(1) S is an eventually left almost regular monoid.
(2) All torsion free right Rees factor acts over S are GPW -flat.
(3) All torsion free cyclic right S-acts are GPW -flat.
(4) All torsion free finitely generated right S-acts are GPW -flat.
(5) All torsion free right S-acts are GPW -flat.
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Proof. (5) = (4) = (3) = (2) are clear.

(2) = (1) Suppose that all torsion free right Rees factor S-acts are
GPW-flat and let s € S. Let K(s) be the subset of S consisting of all
elements ¢ € S such that

s1c1 = s"r;

§2C2 = 85172

Sm—1Cm—1 = Sm—2Tm—1

tCm = Sm—1Tm,

for some n € N, the elements s1,S2,...,8m,7,71,...,"m € 5 and the right
cancellable elements c1,ca,...,¢, € S. We see that s” € K(s) for some
n € N, and so K (s) is non-empty, because, if m = 1 and ¢; = r; = 1, then
t = s" has the required property mentioned. Now let J = J,¢ K(s) tS. Let
s'ce J, for ' € S and ¢ right cancellable. Then s'c € S for some ¢t € K(s),
and so we have

s1c1 = s"ry

8§2C2 = 51712

Sm—1Cm—1 = Sm—2Tm—1
tCm = Sim—1"m

s'e =trpmyn,

for some n € N, the elements s1,59,...,8m, 771, -+, m,"Tm+1 € 5 and the
right cancellable elements c1,¢a,...,¢y, € S. Thus s € J, and so S/J
is torsion free by [9, III, Proposition 8.10|. Hence S/J is GPW-flat by
assumption and so by Theorem 3.3, for s € J, there exists tr € J such that
s" =trs", where t € K(s), and r € S. Now s" = trs" and t € K(s) implies
that s is eventually left almost regular.

(1) = (5) Let S be an eventually left almost regular monoid and suppose
Ag is a torsion free right S-act and let s € S. Since s is eventually left almost
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regular, we have

s1c1 = s"ry

82C2 = 8172
SmCm = Sm—1Tm
" = sy, rs",
for some n € N, the elements s1,S2,...,8m,7,71,...,"m € 5 and the right
cancellable elements ¢y, ca,...,cy, € 5. Let as™ = a/s" for a,a’ € Ag. Using

torsion freeness, it can easily be seen that as,,r = da’s,,r. Hence we have
a®s"=a® sy,rs" =aspr ®s" =d's,r@s" =d @ sp,rs" =d @ s"
in Ag ® g(Ss™) and so Ag is GPW-flat, as required. O

A right S-act Ag is a generator if for any distinct homomorphisms «, 5 :
Xgs — Yg, there exists a homomorphism f : Ag — Xg such that af # Sf.
Equivalently, a right S-act Ag is a generator if and only if there exists an
epimorphism 7 : Ag — Ss (|9, II, Theorem 3.16]).

As we know, S X Ag is a generator for each right S-act Ag.

Theorem 4.5. The following statements are equivalent:
(1) S is an eventually regular monoid.
(2) A right S-act Ag is GPW -flat if Hom(Ag, Ss) # 0.
(3) S x Ag is GPW -flat for every generator right S-act Ag.
(4) S x Ag is GPW -flat for every right S-act Ag.
(5) All generator right S-acts are GPW -flat.
(6) All right Rees factor S-acts are GPW -flat.
(7) All cyclic right S-acts are GPW -flat.
(8) All right S-acts are GPW -flat.

Proof. (8) = (7) = (6), (8) = (5), (8) = (4) = (3), (2) = (4), (5) = (4)
and (8) = (2) are obvious.

(4) = (8) This is valid by Proposition 2.14.

(6) = (1) If all right Rees factor acts over S are GPW-flat, then all right
Rees factor acts over S are torsion free. So every right cancellable element

=
=
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of S is right invertible, by [9, IV, Theorem 6.1|, but by Theorem 4.4, S is
eventually left almost regular. Now let s € S. Then

s1c1 = s"ry

§2C2 = 5172

SmCm = Sm—1Tm
n

s" = sy, rs",
Multiplying both sides of the equalities in the above scheme by ci—1 for
i€ {1,...,m}, respectively, we get

s1=s"ric; !

So = slrgci_l

-1
Sm = Sm—1TmCpy -

Thus

§" = 5, 78" = Spy_1TmCrs" = sm_grm_lc;nllrmcfnlrs” =...

1 1 1,..n

=5"r1¢] " . Tm—1C TGy TS

and so s is eventually regular, as required.

(1) = (8) Suppose that Ag is a right S-act and let s € S. By Proposition
2.3, we have to show that there exists m € N such that for any a,a’ € Ag, if
a®s™ =ad ®s™in Ag® g5, then a® s™ = a’ ® ™ in Ag ® g(Ss™). Since
s is eventually regular, there exist n € N and t € .S, such that s" = s"¢s".
Ifm=n Leta®s" =da ®s"in Ag ® ¢S for any a,a’ € Ag, then

GRS "=a®s"ts" =as"Rts" =d's" Rts" =d @ s"ts" =d @ s"

in Ag ® g(Ss™) and so Ag is GPW-flat.

(3) = (4) Suppose that Ag is a right act over S. As we show in the proof
of (5) = (4), S x Ag is a generator and so, by assumption, S x (S x Ag) is
G PW -flat, which means that S x Ag is GPW-flat, by Proposition 2.14. [
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It is obvious that Condition (P) implies GPW-flatness, but the following
example shows that this is not the case for Condition (E).

Example 4.6. Let S = (N,.) be the monoid of natural numbers with mul-
tiplication and let Ay = N][*N. Then Ay satisfies Condition (E), but it
is not GPW-flat.

Now, the question is that: What is the structure of monoids over which
Condition (F) of their acts implies GPW -flatness?

Theorem 4.7. For a right cancellative monoid S the following statements
are equivalent:

(1) TLic; Ai is principally weakly flat, for any family {A;}icr of right
S-acts.

(2) [;cr Ai is GPW -flat, for any family {A;}icr of right S-acts.

(3) L;cr Ai is torsion free, for any family {A;}ier of right S-acts.

(4) S is a group.

Proof. (1) = (2) = (3) and (4) = (1) are obvious.
(3) = (4) This is obvious, by [14, Remark 3.1] and [9, IV. Theorem
6.1]. 0

An element a € Ag is called divisible by s € S if there exists b € Ag,
such that bs = a. An act Ag is said to be divisible if Ac = A, for any left
cancellable element ¢ € S. It is clear that Ag is divisible if and only if every
element of Ag is divisible by any left cancellable element of S.

Theorem 4.8. The following statements are equivalent:
(1) All right S-acts are divisible.
(2) All GPW -flat right S-acts are divisible.
(3) All GPW -flat finitely generated right S-acts are divisible.
(4) All GPW -flat cyclic right S-acts are divisible.
(5) All GPW -flat monocyclic right S-acts are divisible.
(6) All left cancellable elements of S are left invertible.

Proof. (1) = (2) = (3) = (4) = (b) are obvious.

(5) = (6) For every s € S we have S/p(s,s) = Ss/As = Sg, by (3) of
Proposition 2.8, Sg is GPW-flat, and so it is divisible by assumption. Thus
Sc = S, for any left cancellable element ¢ € S. Thus, there exists s € S
such that sc = 1, and so c is left invertible, as required.

(6) = (1) It is clear from |9, III, Proposition 2.2]. O
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Recall, from [15], that a right S-act Ag is called strongly torsion free if
the equality as = a’s, for a,a’ € Ag and s € S implies a = a’. It is clear that
every strongly torsion free right S-act is GPW-flat, but not the converse.

Theorem 4.9. The following statements are equivalent:
(1) All GPW -flat right S-acts are strongly torsion free.
(2) All GPW -flat finitely generated right S-acts are strongly torsion free.
(3) All GPW -flat cyclic right S-acts are strongly torsion free.
(4) S is right cancellative monoid.

Proof. This follows from [15, Theorem 3.1]. O

Recall from [6] that a right S-act Ag is E-torsion free if for any a,a’ € Ag
and e € E(S), ae = d’e implies a = a'.

Theorem 4.10. The following statements are equivalent:
(1) All GPW -flat right S-acts are E-torsion free.
(2) All GPW -flat finitely generated right S-acts are E-torsion free.
(3) All GPW -flat cyclic right S-acts are E-torsion free.
)

(4) E(S) = {1}.
Proof. This is obvious by [6, Theorem 3.1]. O

Recall from [1, Definition 1| that a right S-act Ag is called principally
weakly kernel flat (PWKF) if the corresponding ¢ is bijective for the pullback
diagram P(Ss,Ss, f, f,S) (s € S), and Ag is translation kernel flat (TKF)
if the corresponding ¢ is bijective for the pullback diagram P(S, S, f, f, 5).

Theorem 4.11. The following statements on a monoid S are equivalent:
(1) All GPW -flat right S-acts are PWKF and S is left PSF.
(2) All GPW -flat right S-acts are TKF and S is left PSF.
(3) All GPW -flat right S-acts satisfy Condition (PW P) and S is left
PSF.
(4) All GPW -flat right S-acts satisfy Condition (P') and S is left PSF'.
(5) S is right cancellative.

Proof. (1) = (2) = (3) and (4) = (3) are clear.

(5) = (1) By [13, Theorem 2.12| and Corollary 2.4, it is clear.

(3) = (5) This is obvious, by [12, Theorem 2.§].

(5) = (4) Since S is right cancellative, S is left PSF. By [4, Theorem
2.8] and Corollary 2.4, it is clear. O
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Theorem 4.12. The following statements on a monoid S are equivalent:

(1) All GPW -flat right S-acts are PW KF' and there exists a reqular left
S-act.

(2) All GPW -flat right S-acts are TKF and there exists a reqular left
S-act.

(3) All GPW -flat right S-acts satisfy Condition (PW P) and there exists
a reqular left S-act.

(4) All GPW -flat right S-acts satisfy Condition (P') and there exists a
reqular left S-act.

(5) |E(S)| =1 and there exists a regular left S-act.

(6) S is right cancellative.

Proof. (1) = (2) = (3) and (4) = (3) are clear.

(6) = (4) This is clear by [4, Theorem 2.9] and Corollary 2.4.

(5) < (6) This is clear by [12, Theorem 2.9].

(3) = (6) This is clear by [12, Theorem 2.9|.

(6) = (1) This is clear by [13, Theorem 2.18] and Corollary 2.4. O
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