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A Universal Investigation of
n-representations of n-quivers

Adnan H. Abdulwahid

Abstract. We have two goals in this paper. First, we investigate and con-
struct cofree coalgebras over n-representations of quivers, limits and colimits
of n-representations of quivers, and limits and colimits of coalgebras in the
monoidal categories of n-representations of quivers. Second, for any given
quivers @1,Qs2,..., @Qn, We construct a new quiver Q( 01,Q200 @) called an n-
quiver, and identify each category Repy(Q);) of representations of a quiver Q);
as a full subcategory of the category Repr (<2, ) of representations

o X (Q1,Q2,--, Qn)
of BZ(QLQQ ‘‘‘‘‘ on) for every j € {1,2,...,n}.

1 Introduction

The notions of quiver and their representation can be traced back to 1972
when they were introduced by Gabriel [16]. Since then, it has been studied
as a vibrant subject with a strong linkage with many other mathematics
areas. This comes from the modern approach that quiver representation
theory suggests. Due to its inherent combinatorial flavor, this theory has re-
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cently been largely studied as extremely important theory with connections
to many theories, such as associative algebra, combinatorics, algebraic topol-
ogy, algebraic geometry, quantum groups, Hopf algebras, tensor categories.
Further, it bridges the gap between combinatorics and category theory, and
this simply comes from the well-known fact that there is a forgetful functor,
which has a left adjoint, from the category of small categories to the category
of quivers. It turns out that it gives “new techniques, both of combinatorial,
geometrical and categorical nature” [11, p. ix].

To study a subject more extensively, one might need to generalize it
in a certain way. The notion of n-representations of quivers can be in-
troduced as a generalization of representations of quivers. We start with
2-representations of quivers and inductively define n-representations quiv-
ers. Then we mainly concentrate our study on 2-representations of quivers
because they roughly give a complete description of n-representations of
quivers which can be established analogously. We alternatively and prefer-
ably call 2-representations of quivers birepresentations of quivers. As the
reader might notice, birepresentations of quivers are fundamentally different
from representations of biquivers!' introduced by Sergeichuk in [27, p. 237].

This paper is mainly devoted to two parallel goals. The first one is to
investigate and construct cofree coalgebras, limits and colimits of coalgebras
in the categories of n-representations of quivers.

The other goal of this paper is to introduce a generalization for quiv-
ers and prove that this can be recast into n-representations of quivers.
Accordingly, for any given quivers @i, )2, ..., Qn, one might build a new
quiver Q( Q1 Qs @n) called n-quiver, by which we are able to view each cat-
egory Repk(Q]) of representations of a quiver @; as a full subcategory of
the category Repi(<Z, Q2y00n ,) of representations of G, , . for ev-
ery j € {1,2,...,n}. It is Worth mentioning that for deahng with finite
dimensional representations, one could consider the corresponding map be-
tween the quiver coalgebra of @1, (J2,..., @, and the quiver coalgebra of

Before formulating our problem, we recall some categorical definitions.
Let X be a category. A concrete category over X is a pair (2, 4), where 2

!A directed graph with usual and dashed arrows will be called a biquiver. Its rep-
resentation is given by assigning to each vertex a complex vector space, to each usual
arrow a linear mapping, and to each dashed arrow a semilinear mapping [27, p. 237].
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is a category and {4 : 20 — X is a faithful functor |2, p. 61]. Let (A, &) be
a concrete category over X. Following [2, pp. 140-143], a free object over
X-object X is an 2A-object A such that there exists a universal arrow (A, u)
over X; that is, u : X — UA such that for every arrow f : X — UB, there
exists a unique morphism f’: A — B in 2 such that {f'u = f. We also say
that (A, u) is the free object over X. A concrete category (2, 4l) over X is
said to have free objects provided that for each X-object X, there exists a
universal arrow over X. For example, the category Vectk of vector spaces
over a field K has free objects. So do the category Top of topological spaces
and the category of Grp of groups. However, some interesting categories do
not have free objects [2, p. 142]).

Dually, co-universal arrows, cofree objects and categories that have cofree
objects can be defined. For the basic concepts of concrete categories, free
objects, and cofree objects, we refer the reader to [17, pp. 138-155].

It turns out that a concrete (2, 4l) over X has (co)free objects if and only
if the functor that constructs (co)free object is a (right) left adjoint to the
faithful functor U : A — X. Our problem can be formulated as follows. Let
Uy, : C’oAlg(Rep( 010 Q”)) = Repg oy om be the forgetful functor from
the category of coalgebras in the category Rep( 01,09, n0n) O the category
Rep(Ql,Q2 ,,,,, on)" The question is: does %, have a right adjoint?

An expected strategy for the answer of this question is to use the dual
of Special Adjoint Functor Theorem (D-SAFT).

We prove that the category of representations of n-quivers is equivalent
to the category of usual quiver representations of a quiver (the n-quiver con-
struction we introduce with respect to the n quivers). This shows that this
category is abelian, has limits and colimits, is Grothendieck and even heredi-
tary. Our main focus is, however, to give explicit examples and constructions
of several categorical elements such as limits, kernels or cokernels.

The sections of this paper can be summarized as follows.

In Section 2, we give some detailed background on quiver representations
and few categorical notions that we need for the next sections.

In Section 3, we introduce the notion of n-representations of quivers,
and we explicitly give concrete examples of birepresentations of quivers. In
addition, we establish the categories of n-representations of quivers.

In Section 4, we show that limits of birepresentations (2-representations
of quivers) exist and inductively extend our results to limits of n-representations
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of quivers. We also construct them in terms of limits of representations
of quivers. In similar fashion, we investigate and construct colimits of n-
representations of quivers, and then we end the section by showing that the
categories of n-representations of quivers are abelian.

In Section 5, we introduce the notion of 2-quivers and inductively define
n-quivers. We explicitly give concrete examples of n-quivers and represen-
tations of n-quivers. By using the concept of n-quivers, we identify the
categories of n-representations of quivers and the categories of representa-
tions of n-quivers as equivalent categories. This helps us to have an explicit
description for the generators of the categories of n-representations of quiv-
ers and characterize some properties of n-representations of quivers.
Finally, we investigate cofree coalgebras in the monoidal categories of n-
representations of quivers. We also construct them in terms of colimits and
generators and show that cofree coalgebras in these monoidal categories can
be obtained from cofree coalgebras in the monoidal categories of quiver rep-
resentations.

2 Preliminaries

Throughout this paper k is an algebraically closed field, n > 2, and

Q7 Q/7 Qb Q27-"7 Qn

are quivers. We also denote k@ the path algebra of (). Unless otherwise
specified, we will consider only finite, connected, and acyclic quivers. Let
A be a (locally small) category and A, B objects in .A. We denote by
A(A, B) the set of all morphisms from A to B. Let A, B be categories.
Following |21, p. 74|, the product category A x B is the category whose
objects are all pairs of the form (A, B), where A is an object of A and
B an object of B. An arrow is a pair (f,g) : (A,B) — (A’,B’), where
f:A— A'is an arrow of A and g : B — B’ is an arrow of B. The identity
arrow for A x B is (id,,id,) and composition is defined component-wise, so
(f,9)(f",d) = (ff',gg"). There is a projective functor P, : A x B — A
defined by P;(A,B) = A and Pi(f,g) = f. Similarly, we have a projective
functor P, : A x B — B defined by P»(A, B) = B and Py(f,g) = g.

The following consequences are important for our investigation.
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Theorem 2.1. (D-SAFT) [15, p. 148] If A is cocomplete, co-wellpowered
and with a generating set, then every cocontinuous functor from A to a locally
small category has a right adjoint.

Proposition 2.2. Let (C,®,1I) be a monoidal category, CoMon(C) be the
category of comonoids of C and U : CoMon(C) — C be the forgetful functor.
(i) If C is cocomplete, then CoMon(C) is cocomplete and U preserves
colimits.
(ii) If furthermore C is co-wellpowered, then so is CoMon(C).

For the fundamental concepts of category theory, we refer to [18], [?],
[5], (241, [2], [9], [15], [23], or [22].
Following [25], a quiver @ = (Q,,Q,, s,t) consists of

o Q, a set of vertices,
e Q a set of arrows,

e 5:Q — Q amap from arrows to vertices, mapping an arrow to its
starting point,

o t:Q — Q amap from arrows to vertices, mapping an arrow to its
terminal point.

We will represent an element o € Q by drawing an arrow from its starting
point s(a) to its endpoint t(a) as: s(a) = t(a).

A representation M = (M;, cpa)ieQmate of a quiver @) is a collection of
k-vector spaces M; one for each vertex i € Q,, and a collection of k-linear
maps ©q : M) — My(q) one for each arrow o € Q,.

A representation M is called finite-dimensional if each vector space
M; is finite-dimensional.

Let @ be a quiver and let M = (M;, ¢,), M' = (M/,¥),) be two repre-
sentations of Q. A morphism of representations f : M — M’ is a collection
(fi)ieq, of k-linear maps f; : M; — M, such that for each arrow s(«) % t(a)
in Q, the diagram
o

M0 My (2.1)
fs(a)l lft(a)
! !
Moy =5 Mya)
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commutes.

A morphism of representations f = (f;) : M — M’ is an isomorphism if
each f; is bijective. The class of all representations that are isomorphic to a
given representation M is called the isoclass of M.

The above definition introduces a category Repy(Q) of k-linear repre-
sentations of . We denote by repi(Q) the full subcategory of Repi(Q)
consisting of the finite dimensional representations.

Given two representations M = (M;, ¢o) and M’ = (M, #!,) of Q, the

representation
Pa 0
) (2.2)
0 ¢5
is the direct sum of M and M’ in Repg(Q) [3, p. 71].
A nonzero representation of a quiver (Q is said to be indecomposable if it
is not isomorphic to a direct sum of two nonzero representations [14, p. 21].
Following |25, p. 114], the path algebra k(@ of a quiver @ is the algebra
with basis the set of all paths in the quiver ) and with multiplication defined
on two basis elements ¢, ¢’ by

, {cc', if s(c') =t(c)

c.c = )
0, otherwise.

MoM = (M;od M,

We will need the following propositions.

Proposition 2.3. [3, p. 70| Let Q be a finite quiver. Then Repr(Q) and
repr(Q) are k-linear abelian categories.

Proposition 2.4. 3, p. 74] Let Q be a finite, connected, and acyclic quiver.
There exists an equivalence of categories Mod k@ ~ Repi(Q) that restricts
to an equivalence ModkQ ~ repi(Q), where kQ is the path algebra of Q,
Modk(@ denotes the category of right kQ-modules, and Modk() denotes
the full subcategory of Mod k(@) consisting of the finitely generated right kQ-
modules.

This is a very brief review of the basic concepts involved with our work.
For the basic notions of quiver representations theory, we refer the reader
to 3], [25], [4], [7], [14], [8], [30].
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3 n-representations of quivers: Basic concepts

Let Q = (Q,Q,s,t), @ = (Q,Q,s,t') be quivers.
Definition 3.1. A 2-representation of (Q,Q’) (or a birepresentation of
(Q. Q") is a triple M = (M, ¢a), (Mj), ¢3), (V5))ieq, e aeq, 5eq » Where
(M;, ¢a), ( {/#%) are representations of @, @’ respectively, and (ng) is a
collection of k-linear maps Vg M) — MS’( ), one for each pair of arrows
(,8) € Q x Q. §
Unless confusion is possible, we denote a birepresentation simply by M =
(M, M’ ). Next, we inductively define n-representations for any integer
n > 2.
For any m € {1,...,n}, let @Q,, = Qﬂ(m m) .50 (M) be a quiver.
An n-representation of (Q1, Q2, ... ,Qy) is (2n — 1)-tuple

V=wWOv@ _vm o),

where for every m € {1,2,...,n}, V("™ is a representation of Q,,, and

(m)
(1/177(711 1)) is a collection of k-linear maps

(m) (m—1) (m—1)
~
@Z’ ey (M= R t(m=1) (y(m=1)) - V;(m)(fy(M))

one for each pair of arrows (M=, 4(M) € Q=D x Q™ and m € {2,...,n}.

Remark 3.2.

(i) When no confusion is possible, we simply write s and ¢ instead of s’
and t', respectively, and for every m € {1,2,...,n}, we write s and ¢ instead
of (™) and t(™) respectively.

(ii) It is clear that if (V1) V3 . V() 4 4y, ...,4 ) is an n-representation
of (Q1, Q2, ... ,Qy), then

(V(1)7V(2)7"'7V(n_1)7¢17w27"'7 n72)

is an (n — 1)-representation of (Q1, Q2, ... ,Qn—_1) for every integer n > 2.

(iii) Part (#¢) implies that for any integer m > 2, n-representations
roughly inherit all the properties and universal constructions that (n — 1)-
representations have. Thus, we mostly focus on studying birepresentations,
since they can be regarded as a mirror in which one can see a clear descrip-
tion of n-representations for any integer n > 2.
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Example 3.3. Let Q and Q' be the following quivers

1 (3.1)
Q: l1—>2 Q' >3%4

2

and consider the following:

L N
%

Then M and M’ are representations of @ and @’ respectively [25]. The
following are birepresentations of (Q, Q).

N

M k2 k ! k<t k

1
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g N
i

Definition 3.4. Let V = (V,V/ ), W = (W, W', ¢’) be birepresenta-
tions of (Q,Q"). Write V- = (V;,¢a), V' = (V] ug), W = (Wi, ¢.,), W' =
(W}, M'B) A morphism of birepresentations f : V — W is a pair f = (f, f'),
where | = (f) = (Visda) = (Wil ' = (f3) : (Vi ip) — (W i)
are morphisms in Repy(Q), Repr(Q') respectively such that the following
diagram commutes.

P
V(o) Vi(a) (3.5)
Tt(a)
fs(a) qu\
Wi(a) —% Wia)
Uiy
/ !
Vas) Ve
+(8)
fém\ \
w’ w!
s(8) ) t(9)

The composition of two maps (f, f’) and (g,¢’) can be depicted as the fol-
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lowing diagram.

Pa

e

!
s ¢8)
1
©) m

W)

\ \92(5\)
948

!/ /
Usia) ) Ut(

In general, if V = (V) v V(n)7¢17¢27 westh, ) and
W = (W(l),W(2), -'~,W(”)ﬂ/’1’a¢2/a ”.,%71)

are n-representations of (Q1, @2, ... ,®@y), then a morphism of n-representations
f:V = W is n-tuple f = (f(l),f@), ...,f(nfl)), where

) ) i(m) ;(m)
f(m = ( iznm) : (Vi(mh fy(r;ln)) — (Wi(m%:u;(?n))a

is a morphism in Repg(Q,) for any m € {2,...,n}, and for each pair of
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arrows (y(m=1) ~(m)) ¢ Ql(m_l) X Ql(m) the following diagram is commutative.
L (m)
(m—1) my(m—1 (m)
H(m—1) (5 (m—1)) Vgim) (y(m) (3.7)
(m—1) (m)
ft(m 1)(7('m 1)) s(m)(,y(m))
(m-1) (m)
tim=1) (y(m=1)) 1 (m) W gom )
m’Y(mil)
for every m € {2,...,n}.
A morphism of n-representations can be depicted as:
L / ,,,,,,
(3.8)

Remark 3.5.

(i) The above definition provides a category Rep( 0.0") of k-linear birep-
resentations of (Q,Q’). We denote by €D .o the full subcategory of
Rep( 2.0 consisting of the finite dimensional birepresentations. Similarly,
it also creates a category Rep@hQ2 ,,,, on)
T€DQ, @grm) the full subcategory of Rep@lg2 """ o
dimensional n-representations.

(ii) If @' is the empty quiver, then Rep< 2.0 is isomorphic to the category

of n-representations. We denote
consisting of the finite

Repi(Q). Thus, representations of a quiver can be seen as a particular case
of n-representations of quivers.

(iii) For any m € {1,...,n}, let Q,, = QO(m m) .50 (M) be a quiver
and fix j € {1,...,n}. Let T Repr(@,) Pe the Subcategory of Repy, o,
whose objects are (2n — 1)-tuples

= (07 07 ceey V(J)70) ceey 07¢17¢2a "')11Z)n—1)’
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. . (m) .
where V) is a representation of Qj, and ¢77(m71) = 0 for every pair of

arrows (7™~ M) € Q=Y x Q™) and m € {2,...,n}. Then Y Repr(Q;)
is clearly a full subcategory of Rep(Ql’% """" an) Notably, we have an equiv-
alence of categories Trep, (@) = Repy(Q;), and thus by by Proposition
(2.4), we have Rep(Qj) = Yrep,(q;) =~ ModkQ;. It turns out that the
category Repy(Q;) and ModkQ; can be identified as full subcategories of

ReP g, qy.n)’ .
The category T ey, (@,) has a full subcategory 1., () when we restrict the

objects on the finite dimensional representations. Therefore, we also have
repp(Q;) ~ Trep (@) = mod kQ;.

Remark 3.6. Let By be the class of all quivers.

(i) One might consider the class By and full subcategories of the cate-
gories of birepresentations of quivers to build a bicategory. Indeed, there is
a bicategory B consists of

e the objects or the O-cells of B are simply the elements of By,

e for each Q, Q" € By, we have B(Q, Q') = Repi(Q) X Repr(Q'), whose
objects are the 1-cells of B, and whose morphisms are the 2-cells of B,

e for each Q,Q’, Q" € By, a composition functor

F : Repi(Q') x Repp(Q") < Repr(Q) x Repp(Q') —
Repr(Q) x Repr(Q")

defined by:

F((N',N"), (M, M")) = (M, N"), - F((¢',9"), (f, ")) = (f,¢") on
1-cells (M, M"),(N', N") and 2-cells (f, '), (¢, g"),

e for any Q € By and for each (M, M') € B(Q, Q), we have
F((M,M"),(M,M)) = (M,M") and F((M', M"),(M,M")) = (M, M').

Also, for any 2-cell (f, f'), we have F((f', f'), (f, f")) = (f. f') and
FW(f ), (f 1)) = (f, f). Thus, the identity and the unit coherence
axioms hold.
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The rest of bicategories axioms are obviously satisfied. For each Q,Q’ €
By, let 3( 2.0" be the full subcategory of Rep( 0.0" whose objects are the triples
(X, X', ), where (X, X') € Repy(Q) x Repy(Q') and ¥§ = 0 for every pair
of arrows (o, 3) € Q x Q/, and whose morphisms are usual morphisms of
birepresentations between them. Clearly, :l(Q,Qq >~ Repr(Q) x Repr(Q')
for any Q, Q' € By. Thus, by considering the class By and these full subcat-
egories (described above) of the birepresentations categories of quivers, we
can always build a bicategory as above.

Obviously, the discussion above implies that for each Q,Q’ € By, the
product category Repi(Q) x Repi(Q’) can be viewed as a full subcate-
gory of Rep(QQ,). Further, it implies that the product category Repi(Q1) X
Repp(Q2) X...x Repr(Qy) can be viewed as a full subcategory of Repg,, o,
where Q1, Q2, ..., Qn € By and n > 2.

We also have the same analogue if we replace Rele Qor @) by T€DG, Omrrrnn)?

----------

and Repi(Q1), Repp(Q2), .., Repp(Qn) by repi(Q1),repp(Q2), -
rep(Qn), respectively.
For the basic notions of bicategories, we refer the reader to [19].

(ii) For any Q,Q',Q" € By, let H be the full subcategory of

(Q.Q,Q")
Rep(Q o X Rep o0 whose objects are pairs of triples of the type

(X, X7, 6), (X7, X7 4)), where (X, X',46) € Rep,, ) and (X', X" ¢') €

lljetp( o Q“)t ,h and whose morphisms are usual morphisms (in Rep( a.0n % Rep( o Q,,>)
etween them.
Let ®(Q7Q,’Q,,> : ]I-]I@’Q,’Q,,) — Rep(@,@//) be a map defined by:

O .o (M N 9), (N, L)) = (M, L, W),

Oy ey (1) (9,9)) = (£29) + (M, L, W) = (M', L', W)

for any objects (M, N, ), (N, L,4/)), (M', N', ), (N', I/, ¢/)) in H, o, o
and for any morphism

(f, f1) « (M, M) = (N, N".¢'), (g.9") - (N, N',¢') = (L, L, 9)")

where M = (M;, ¢a), M' = (M],¢,), N = (Nir,pug), N' = (Ny, pi}5), L
(Liin) I = (L), ¥ = @), ' = W), & = (@), & = (@1),
UG =Y, 08 pp v and U = Y0 9wl vl
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Note that © , ., .., : (. f'),(9,9") = (f,9) : (M,L,¥) — (M', L', ¥')
is a morphism in Rep( Q.0 To show this, consider the following diagram:

o wg aYe] 1/75 Vy

My(o) — My(a) Ny(a) Nyg) Lytyy —= Lyiyy (3.9
fs(a)l ft(a)l fé(mlg“ﬂ) ft'(ﬂ)lgﬂﬁ) lgém lgim

! ! 1 ! / /
Mtey =517 Micar =5z Nty = Nty 557 Bty =7 L

For any o € Q, € Q, v € Q’, we have:
oy U2 =Gliy S U g 0§ =" gl O s 0§
B B
=D 0 gupy s vE =Y U fis) ns U5
B B
=D U uh fug v =D Y up U fus)
B B

= U3 fup)
Therefore, ©, ,, ., is a functor for any Q,Q", Q" € By. Indeed, for any

Q,Q,Q" € By, ©0.0r.on has a left adjoint functor.

Example 3.7. Let Q, Q' be the quivers defined in Example 3.3 and consider
the following:

v k—=k W kY k (3.10)
1]

k

\\EO 1 .

1
V! k2 <k W’ k<t k
% A
k . k

(3.11)
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Then V and W (respectively, V' and W') are representations of ) (respec-
tively, Q') [25]. Tt is also straightforward to verify that Rep(Q)(V,W) = k
and Repy,(Q')(V',W') = k2. We refer the reader to [25] for more details.
Consider the following.

k\E)] H . (3.12)
1
V= (V,V', ) 2 k ! k< k
o
] 1
N
1 9] ’
/_\ 1
V= (V. V) <k [O O} 2 H k

(3.13)
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0
k (3.14)
\
W = (W, W', ) k<——Fk ! k<2 k
A
k
0
k
1
/1\
W= b k\i/k -
1 1
k

(3.15)
Then V and W are birepresentations of (Q,Q’), and V and W are birepre-
sentations of (Q', Q).

To compute Rep,, ., (V,W), consider the following diagram.
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<«
| M/

0

The commuting squares give the relations
a=0, b=0, c=a=0, d=b=0, e=c+d=0, l=e=0. (3.17)

Hence, we obtain Rep,, Q,)(\_/, W) ={(0,0,0,0,0,0,m) : m € k} = k.
We leave it to the reader to compute Rep, Q,)(W, V), Rep,, Q)(E, w)
and Repg, o, (. 7).

Definition 3.8. Le V= (V, V’,¢) W (W, W’,¢) be birepresentations

Of (QuQ/) Write ( ’Lv¢o¢) (V17¢IB) ((Wialua)7 W/ -
(Wi, 1) Then

Pa
0 pa

VeWw =((V;eW; ), (Vi @ W, % 0 ) v ), (3.18)
K2 (3] 9 7 i) O ,Uf/ 9 0 ¢/ﬁo¢ Y

a
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/
¢ 0 . , | %a :
0 ), (Vi & W), 0 ) are the direct sums of

(Vis @a), (Wi, i) and (Vii, &), (W}, i5) in Repi(Q), Repr(Q') respectively,
is a birepresentation of (Q, Q') called the direct sum of V, W (in Rep( 0.2" ).

Similarly, direct sums in Rep(Q1 Qo) AL be defined.

Example 3.9. Consider the birepresentations in Example 3.7. Then the
direct sum V & W is the birepresentation

where (V; & W,

1

@)

k}Q

O =
_= O O

(3.19)

Definition 3.10. A birepresentation V € Rep( 2.0) is called indecompos-

able if M # 0 and M cannot be written as a direct sum of two nonzero
birepresentations, that is, whenever M =2 L ® N with L, N € Rep(Q oy then

L=0or N =0.
Example 3.11. Consider the birepresentations in Example 3.7. The birep-

resentation V is indecomposable, but the birepresentation W is not.

The above example also shows that if W = (Wi, ¢a), (Wi, ¢5), (¥5))
is birepresentation of (@,Q’) such that the representations (W;,¢,) and
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(Wi, ¢3) are indecomposable in Repi(Q), Repy(Q') respectively, then w
need not be indecomposable. The proof of the following proposition is
straightforward.

Proposition 3.12. Let V = ((Vi, ¢a), (Vii, d), (¥5)) € Rep,, ., be an in-
decomposable birepresentation, then the representations (W;, ¢) and (W}, <b23)
are indecomposable in Repp(Q) and Repy(Q') respectively.

4 Completeness, cocompleteness and canonical decomposi-
tion of morphisms in the categories of n-representations

Recall that a category € is cocomplete when every functor § : ® — €, with
® a small category has a colimit [9]. For the basic notions of cocomplete
categories and examples, we refer to [2], [9], or [26]. A functor is cocontinuous
if it preserves all small colimits [15, p. 142].

Proposition 4.1. The category Rep(Q o) 1s complete and the forgetful func-
tor

U: Rep,, . — Repp(Q) x Repy(Q')

s continuous. In addition, the limit of objects in Rep<Q oy Can be obtained

by the corresponding construction for objects in Repr(Q) X Repr(Q").

Proof. Let & be a small category, and let % : ¥ — Rep< 0.0" be a functor,
and consider the composition of the following functors.

a P
975 Rep(Q,% Y. Repr(Q) x Repr(Q') N Repi(Q) (4.1)

¢ 4 P2
92— Rep,, ., —= Repr(Q) x Repp(Q') —— Repp(Q')  (4.2)

where U, U’ are the obvious forgetful functors, and Py, P are the projection
functors.

Forall D € 2, let D =V = (V,V' 4"). Since Repr(Q), Repp(Q') are
complete categories, the functors PiU.Z, Pold.F have limits. Let (L, (n°)

De@)’
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(L', (1P )pesy) be limits of P1UF, Pod.F respectively, where 7P, 0P are the
morphisms
L2 vp, L2y (4.3)
for every D e 9. Write L = (Li,¢,), L' = (Lj,ply), VP = (V?,0),
VP = (VP ol) VP = (VP i), VIP = (VP ).
Let h: D — D’ be a morphism in & and consider the following diagram
4.4.

~/D’!
s(8)

/D’ =/
D’ Ms(8) I - “s(B) E,

v, (Fhey Va(B) “(8) s(8)

4 4

\ ’ \ P // i, //

oD’ IFH)s(8) P @y
/ N VD
s(a) / o' 5(8) /ol , i
N D'

T—/[/ \ / M(8) / l

1/) Hg Ny /7\

— /D’ D’ \/

I =/
Vt(ﬁ) <t~ | A L) <57 Fwer Ly
\ 4 ' D/ ’ D
—~ / =/
(Th)us) e(s) / " (8)
~ /7
1D Z
Lya) TVae =7
~ ~ N w/a/ -
s P
_>< . ,
N B
/\/\/\ wD.,Q
,L;/ﬁa, — - -—--7
(4.4)

Clearly, (L;(ﬂ)’( ;D(ﬁ))m@) can be viewed as a limit of a functor p : Z —
Vect;,. Also, for any D, D’ € 2, we have
D', =
(gh,)s(ﬁ) 7/)5 “ t(a) = ¢,3 _(yh)t(a) 77,5( )
(since Fh=(Fh, FW) is a morphism in Rep,, )
= V5" M
(smce (L, (77 )pesy) is a limit of P1UF)
Thus, (Ly(a), (P> nﬁa))De_@) is a cone on p. Since Vecy is complete, there
exists a unique k-linear map zbg" P Lya) = L;(ﬁ) with ngﬁ) 1%? = w? @
for every D € 9 and for each pair of arrows (a, ) € Q x € Q'. Hence, 7"
is a morphism in Rep< 0.2" for any D € 9.
Let L = (L, L',¢), 7” = (nP,n’P). We claim that (L, (7P),_,) is
a limit of .#. Then obviously all we need is to show that for any cone
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—~

L, (P )bes ), there exists a unique morphism = = (Z,Z') in Rep,, o, With

P Z = P for every D € 9. Let (i, (7P)pesy) be a cone on Z and write
L = (L,L',4'). Since Repp(Q), Repy(Q') are complete categories, there
exist unique morphisms =, Z' in Repy(Q), Repi(Q’) respectively such that
nP = =qaP, P2 = #P for every D € 2. It remains to show that
= = (£,Z/) is a morphism in Rep(Q o For any D € &, we have
/D =/ ~/D
Tis) S VB ¢
(smce n' D'z =i'P)
D,« ~D
w nt(a
(smce n is a morphism in Rep< 0. Q,))
= g m<a ~t( )

(smce nP = =qP)
iy Vg Sice)
(since 77 is a morphism in Rep( 0. Q,>)
/

Notably, (f/t(a), (ﬁ;(DB) 1/31)%9) can be viewed as a limit of a functor p’ :
9 — Vecty. In addition, (Ly), (~;l()ﬁ wﬁ Jbes) 18 @ cone on p' since

/ ~1D’ /
(FH)s(a) Ty V5 = Fh (@), (/3) Zi) VE
(smce 77 = 77 =)
=1 1/)
(smce Jh 77 =qP)
~/D w
Since Vecy, is complete, it follows_from the universal property of the limit
that E’S(ﬂ) zp’ﬁa = 1/1/’5?“ E¢(a)- Thus, E is a morphism in Rep(Qm. Thus,
(L, (7P )pes,) is a limit of F, as desired. O

From Proposition 4.1 and Remark 3.2, we obtain.

Proposition 4.2. The category Rep((b21 o is complete and the forgetful

s @n)
functor
Un : Repg o, o, — Repe(Q1) x Rep(Q2) % ... x Repr(Qn)
is continuous. Further, the limit of objects in Rep,, 01,00, 0y COTY be obtained

by the corresponding construction for objects in Repk(Ql) X Repi(Q2) X ... X
Repk( Qn) .
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Since a category is complete if and only if it has products and equalizers
[2], the following is an immediate consequence of Proposition 4.2.

Corollary 4.3. The category Rep@bQ2 on) has kernels.

,,,,,

Proposition 4.4. The category Rep(Q o) is cocomplete and the forgetful
functor

U: Rep,, ,, = Repr(Q) x Repi(Q')

is cocontinuous. Moreover, the colimit of objects in Rep( 0.0 CON be obtained
by the corresponding construction for objects in Repi(Q) X Repr(Q’).

Proof. Let 2 be a small category, and let % :  — Rep(Q o be a functor,
and consider the composition of the following functors.

7 P
9 —7= Rep,, ) —= Repi(Q) x Repr(Q') ——= Repr(Q)  (4.5)

a / 7)2
9 —"> Rep,, ,,) ——= Repi(Q) x Repy(Q') ——= Repi(Q')  (4.6)

where U, U’ are the obvious forgetful functors, and Py, Py are the projection
functors.

For all D € @, let D =V = (V,V',4P"). Since Repi(Q), Repr(Q')
are cocomplete categories, the functors PiU.%, PoUUF have colimits. Let
(C,(P)pes), (C',(¢P)pes,) be colimits of PiUF , Pold.F respectively, where
(P, ('P are the morphisms

vD L v Lo (4.7)

for every D € 9. Wiite C = (Cindl), ' = (Cho i), VP = (V2. 6D)
VD (VD’ ¢D/) V/D’ (v/D/ ) V/D (V/D,,ug).
Let h: D — D' bea morphlsm in Z and consider the following diagram.
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Co(8)
P 1D b ! s N/
e Vi) s > Cao)
Csla) \ SA B // 4
[ on o s
I|(Fh)s(8) Pl sy
D D / S~ V! /
\"D’ () s(a) /ND s(B) / ,u/J // ﬁf@
o L - B |
D' D /
A % U ut' N AN B
D — 1D ! /A
Vit < - - Vi) oy | AT Chip) = Nuar> Clig)
t
(Zh t(a) \ s\ / // /-r
(FH) / \C/D , 1D’
w o, t(8), )
D’ >0 _//
t(a) )
X -~ _ SO 5 <
>3 — ~- - '
~ O i N -7 !
-~ ~_ - o
~ -~ «
T - Ja— —— - T ¥
—— e

(4.8)
It is clear that (Cy(ay, (¢ o )D <) can be viewed as a colimit of a functor
v: 9D — Vecty. Moreover we have for any D, D' € 9,
Inr D'« Ipt D«
Cotpy V5 (T )y = (i) (Fh)s(s) g
(since Fh = (Fh, #h') is a morphism in Rep,, Q,))
D« '
= Cils) Vs
(since (C7, (¢P)pey) s a colimit of Pold.F).

Therefore, (C;(ﬁ), (C;?B) YP),.,) is a cocone on v. Since Vecy, is cocom-
plete, there exists a unique k-linear map ¢ : Cy(o) — C S(8) with " CD
C;D (5) zpﬁ for every D € 2 and for each pair of arrows («, 5) € Q, x € Q

It turns out that ¢” is a morphism in Rep( 0.0" for any D € 2. Let

C = (C,C" ), (P = (¢P,¢'P). We claim that (C,((?),.,) is a colimit
ﬂ % . To substantiate this claim, we need to show that for any cocone

(C, (¢p )DE@) there exists a unique morphism A = (A, A’) in Rep , o, with

ACP = CD for every D € 2. Let (C (( Jpeo
write C' = (C, ' ). Since Repi(Q), Repi(Q') are cocomplete categories,
exists unique morphisms A, A" in Rep(Q), Repr(Q’), respectively, such
that A ¢P = (P, A ¢'P = ('P for every D € 9. It remains to show that
A = (A, A') is a morphism in Rep,, o, For any D € 7, we have

) be a cocone on % and
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UE M) Gty =B Gy
(since A (P =¢P)
D,a
S(B 1/}/3
(smce ¢P is a morphism in Rep,, Q,))
— N ¢D K]
s(B) S(ﬁ B8
(smce A CD CD)
_1/} Ct(a
(since ¢P is a morphism in Rep,, Q,))
Notably, (C’t (Ct )De@)
2 — Vecty,. Moreover, ( s(8) (5" Cﬁa))
D, D’~e 92, we have
U8 Gy (PR = V5 Aoy Gy (FR)uce)
(smce A CD CD)

can be viewed as a colimit of a functor v’ :

. / .
e ) 1S & cocone on v’ since for any

- ”% At Ct
(since (C, (CD)De@) is a colimit of P1UF)
=95 CQs

(since A CD = C:D)
Since Vecy, is cocomplete, it follows from the universal property of the
colimit that A’ 3 1//50‘ = 1/;/’30‘ Ay(q). Consequently, A is a morphism in
Rep( 0.0 which completes the proof. O

From Proposition 4.4 and Remark 3.2, we obtain.

Proposition 4.5. The category Rep(Q1 o
ful functor

un : Rep(Ql,QQ Qn) _> Repk(Ql) X Repk(QQ) X ... X Repk(Qn)

,,,,,

is cocomplete and the forget-

s cocontinuous. Furthermore, the colimit of objects in Rep(QL% 77777 oy Cam
be obtained by the corresponding construction for objects in Repp(Q1) X

Repy(Q2) % ... X Repy(Qn).

Since a category is cocomplete if and only if it has coproducts and co-
equalizers [2], we have the following immediate consequence.

Corollary 4.6. The category Rep@l’% Om) has cokernels.
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Next, we aim to show that the Categories of n-representations are abelian.
Following |13, p. 2|, an additive category is a category C satisfying the
following axioms:

(i) Every set C(X,Y) is equipped with a structure of an abelian group
(written additively) such that composition of morphisms is biadditive
with respect to this structure.

(ii) There exists a zero object 0 € C such that C(0,0) = 0.

(iii) (Existence of direct sums.) For any objects X, X’ € C, the direct sum
XopX'ec.

Let k be a field. An additive category C is said to be k-linear if for any
objects X,Y € C, C(X,Y) is equipped with a structure of a vector space
over k, such that composition of morphisms is k-linear.

An abelian category is an additive category C in which for every morphism
f X =Y there exists a sequence

K—t*t.x .7ty <. ¢ (4.9)

with the following properties:
(i) ji=f,
(i) (K, k) = Ker(f), (C,c)= Coker(f),
(iii) (I,1) = Coker(k), (I,j) = Ker(c).

A sequence (4.11) is called a canonical decomposition of f.

Let f = (f,f") : X — Y be a morphism in Rep(QyQ,). It follows that
f: X =Y, f/: X’ - Y’ are morphisms in Rep(Q), Repi(Q') respec-
tively. From Proposition 2.3, f: X — Y, f': X’ — Y’ have the canonical

decompositions

K-t.x .1 J.y <. ¢ (4.10)
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in Repp(Q), Repr(Q') respectively. From the above results, kernels and
cokernels exist in Rep( 0.0 It turns out that f has a canonical decomposition

Etf.x .7 7.y . ¢ (4.11)

in Rep< 2.0’ and this decomposition can explicitly be seen in the following
commutative diagram.

Ks(a) Ki(a)
R Q
s(ux
Xs(a) —% Xt(oz)
2 o
ey v @
Cs(a) Js(a)
Cs(a) D 10) B — IS ) 7¢’g—/> It(a)
/ e
A P ] o
(a)
£ et " )
Crlo) = Yi(a) Bypy — | Kl
, s) ,
Cupy = Yup) ,
\ ‘18
e \
! 74
Cop) 745(5)/% Li(s)
Jie
(4.12)

This implies that any morphism f : V' — W of n-representations has a

canonical decomposition in Rep( Q1. Qgri@n)"

Remark 4.7. Let f, g: V — W be morphisms in Rep(Q on Write f =

(_f? f/)v g= <g7g/)7 f = (fz)v 9= (gz)a f/ = (fz/’)a g/ = (ggf)’ V= (V7 Vluw)a
W = (WW'.4'). Define f+g = (f+gf +9) = (fi+a)(i+
gir)). Since Repy(Q) and Repi(Q') are abelian, the sets Repy(Q)(V, W),
Repi(Q)(V',W') are equipped with a structure of an abelian group such that
composition of morphisms is biadditive with respect to this structure [3, p.

70]. Since f, g are morphisms in Rep( 2.0 and since the category Vecy is
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abelian, we have the following commutative diagram:

o

Vi) Vi(a) (4.13)
Tt(a)+9t(a)
fs(a)-i-m 11}5\
Ws(a) —%a Wt(a)
Uy
/ /
Vas) Vg
\ %-ﬁ-gt(ﬁ)
<594
w’ w!
s(8) wly t(B)

Thus, the set Rep( o Q,)(V, W) is equipped with a structure of an abelian
group such that composition of morphisms is biadditive with respect to the
above structure.

We end this section with the following result.

Theorem 4.8. The category Rep(Q o 1s a k-linear abelian category. More
generally, the category Rep(Ql’Q 15 a k-linear abelian category for any
nteger n > 2.

DI Qn)

5 mn-quivers and n-representations

Let V = (V,V' ¢), W = (W,W’ 4') be birepresentations of (Q, Q’). For
simplicity, we suppress k from the tensor product ®j and use ® instead.
Define

VaW=VeaW,V QW ). (5.1)
Then V @ W is clearly a birepresentation of (Q, Q) Let f V > W
:M —- N be morphisms in Rep, o, and write V = (V, V' ¢), W =

(W W' "), M = (M,M',¥), N =(N,N',¥') . Define

feg:VeaM—WaeN. (5.2)
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Then it is clear that f®g is a morphism in Rep( 0.0 and hence the following
diagram is commutative.

/ /

¢a®§9a
— Vi(a) ® My
t(a) ®9t(a)

Wi(a) S ) © Ny VIO
®v
w/a®\11/oc ® M/ “ﬁ Vs V/ ® Mt,(a)
Th6)®94s)
! / /
W) ® Niey 7 Wite) ® Nia)
(5.3)

Thus, the category Rep( 0.0 is a monoidal category, and hence by Re-
mark 3.2, Rep(Ql’QQWWQn) is a monoidal category for any n > 2. For the
basic notions of monoidal categories, we refer the reader to [13], [28], [6],
and [10, Chapter 6].

Definition 5.1. Let Q = (Q,,Q,,s,t), @ = (Q,Q,s,t) be quivers, and

let {05: a€Q, B€ Ql’} be a collection of of arrows ¢(«) RLA '(3) one for
each pair of arrows (a, ) € Q x Q.

A 2-quiver 1nduced by (Q, Q') is a quiver QQ oy = (QO,QI,S”,t”),
where

e Q=Q uQ,
e Q=Q UQ U{ef: aeqQ, feq},

o s Ql — QO a map from arrows to vertices, mapping an arrow to its
starting point,

o t": Ql — QO a map from arrows to vertices, mapping an arrow to its
terminal point.

The notation LI above denotes the disjoint union.
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The above definition turns out that one can inductively define n-quivers
for any integer n > 2.

For any m € {1,...,n}, let @, = (Q)(m),Q(m),s(m),t(m)) be a quiver, and

let {QZ:?;’)”‘U 1 ™ e QM m e {2,...,n}} be a collection of of arrows

o (m)
sm=1) ™D ()
one for each pair of arrows ('y(m_l),’y(m)) € Q1(m_1) X Q(m). An n-quiver

induced by (@1, @o,..., Q) is a quiver 2@17@2 oy = (QO, Ql, 3,1), where

,,,,,

i Qo = l—'%:lQo(m)v

y(m) )
Am=1) F

° Q1 = Llfnlel(m) U {o 'y(m) € Qfm), m e {2,...,n}},

m

e 5:Q — Q amap from arrows to vertices, mapping an arrow to its
starting point,

o Ql — QO a map from arrows to vertices, mapping an arrow to its
terminal point.

Example 5.2.

Q" : >6<—7
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(5.6)
k ok kK
bk kK3 0 k K &°
We have k(Q) = [0 k],k(Q’)% [0 k],k(&@w’@,))g lO 0 k|
00 0 k
and
(k kK kY 0 0 0 0]
0 k Kk %k 000 0
0 0 K 0 0 0 0
0 0 E 000 0
MLaraa) = |13 13 19 127 & k0 0]
Bk K K2 0 k O O
Bk K K2 0 k kO
Bk K k2T 0 k0 Kk
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Consider the following:

Ve k—1 k |y p— k

v k2 <—

Then V, V', V" are clearly representations of @, Q’, Q" respectively.
Now, consider the following:

\/\/

Lo
R /\ [f TN

0 k‘2

AN
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Then V is a representations of Q( 0.0" and V is a representation of a@( 0".0.0")"

Remark 5.3. .
(i) In general, if ©,, = {9777(”‘1) : D e Q. 4 e QM) then
we have

kgz(Qsz ..... Qn—1) kS,

o
S
1

| 0 kQr ]

or

ko@(Ql,Qg ,,,,, Qn—1) 0

o
o
[

kS, k@

where k{2 is the subspace of k2 o) generated by the set Q,. To avoid

(Q , Q2,11 n
confusion, we identify ke@( 0y A kO;.

(ii) We note that V in the previous example can be identified as a birep-

resentations of (@, @'). Indeed, every representation of Q( 0.y Can be iden-

tified as a birepresentation of (@, Q’). Conversely, every birepresentation of

(@, Q") can be viewed as a representation of Q(Q,Q’)' Similarly, V can be

identified as a 3-representation of o@( 0".0.0")" This can be explicitly stated
as the following.

Proposition 5.4. There exists an equivalence of categories Rep( 0o =

Repk(Q(Q’Q,)) that restricts to an equivalence €D g0 repk(Q(Q’Q,)).

Proof. This follows from the construction of Q( 0.2" in Definition 5.1. In

fact, there is a combining functor F : Rep( 00y Repk(o@( o Q,)) that Views

any birepresentation of (@, Q') as one piece, a representation of o@( 0.0)"

inverse is the decomposing functor G : Repk(g@( o Q,)) — Rep, o) Wthh

breaks each representation of a@( 0.0" into three parts (two representations

of @, Q" and a collection of compatibility maps) to form a birepresentation

of (Q, Q). O
Using Induction and Remark 3.2, we have the following.

Proposition 5.5. For any n > 2, there exists an equivalence of cate-

gories Rep(Q 2. (@1s Qo @m )) that restricts to an equivalence

,,,,, an) = Tepk(g(czl,czz,.,.,czn)

AAAAA
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The following is an immediate consequence of Proposition 5.4 and Propo-
sition 2.4.

Proposition 5.6. There exists an equivalence of categories Mod k2,

(@.0) =
Rep(Q’Q,) that restricts to an equivalence mod ko@(Q’Q,) > TED ) oy

By Remark 3.2 and Propositions 5.5, 2.4, we have the following.

Proposition 5.7. For any n > 2, there exists an equivalence of cate-

gories Mod k2 an) = Rep(Ql’Q2 that restricts to an equivalence

(Q1,Q2,---,
mod k2, o, .an = TPy 0p.0m)”

We recall the definitions of a co-wellpowered category and a generating
set for a category. Let € be a class of all epimorphisms of a category 2.
Then 2 is called co-wellpowered provided that no 2-object has a proper
class of pairwise non-isomorphic quotients [2, p. 125]. In other words, for
every object the quotients form a set [26, p. 92, 95]. We refer the reader
to [2| basics on quotients and co-wellpowered categories.

Following [?, p. 127|, a set G of objects of the category % is said to
generate € when any parallel pair f,g: X — Y of arrows of €, f # ¢ implies
that there is an G € G and an arrow a : G — X in € with fa # ga (the term
“generates” is well established but poorly chosen; “separates” would have
been better). For the basic concepts of generating sets, we refer to [?], [2],
or [15].

The following proposition immediately follows from Remark 3.2, Propo-
sition 5.7 and the fact that the categories of modules are co-wellpowered
with generating sets.

Proposition 5.8. For any n > 2, the category Rep(QLQ2 .y 1s co-well
powered.

Proposition 5.9. For any n > 2, the category Rep(Q1 o
ating set.

,,,,,

Using Theorem (2.1), we have the following.

Proposition 5.10. For any n > 2, the obvious forgetful functor U, :
Repg, oy on) = Repi(@Q1) X Repr(Q2) X ... X Repr(Qy) has a right adjoint.
Equivalently, for any n > 2, the concrete category (Rep(QL% Uy,) has
cofree objects.

~~~~~ Qn)’
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Let C’oAlg(Rep ) be the category of coalgebras in Rep( 0.0h" By [1,
p. 30], the left k°@< 0.2" -module coalgebras which are finitely generated as
left kQ 0.2" -modules form a system of generators for CoAlg(M od kQ )

Thus, from Proposition 2.2 and Theorem 2.1, we have the following.

Proposition 5.11. The forgetful functor % : CoAlg(Rep(Q Q/)) — Rep,, .,
has a right adjoint. Equivalently, the concrete category (Rep(Q Q,),%) has
cofree objects.

Remark (3.2) implies the following consequence.

Proposition 5.12. For any n > 2, the forgetful functor

%TL : COAZg(R@p(Ql’QQ 250 Qn)

has a right adjoint. Equivalently, for any n > 2, the concrete category
(Rep(Q1 . Qn),%n) has cofree objects.

Remark 5.13. If the forgetful functor % : C’oAlg(Rep( 0.a" ) — Rep, o

has a right adjoint ¥ and M € Rep( 0.0 then the cofree coalgebra over M
can be given by

V(M) = lim G.

- _ - _
[]‘:G—>M]6Rep(Q’Q,> , GECoAlg(Rep(QyQ,)), GErep<Q’Q,)

Thus, the concrete category (CoAlg(Rep(Q Q,)), % ) has cofree objects given
in terms of colimits and generators.
It follows that, for any n > 2, if the forgetful functor

%TL : COAlg(Rep(Ql’QQ ,,,,, Qn)

has a right adjoint %, and M € Rep(Ql,QQ
over M can be given by

77777 on)» then the cofree coalgebra

V(M) = lim G.

fleRepy o, on ),GecoAzg(Rep(Q . Qn)),éere

The following proposition explicitly describes colimits and cofree objects
in the product categories.
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Proposition 5.14. For any m € {1,2,3,....,n}, let Uy, : 2y — Zm be a
forgetful functor with a right adjoint V,,. Then the product functor Vi X Vo X
e XV 21X Zo X X X = A X Gy X ... X Sy 1S a right adjoint of the
obvious forgetful functor Uy X Us X ... X Uy : @ X oy X ... X Gy — X1 X X5 X
o X Xy Furthermore, for any (X1, Xo, ..., Xpn) € 21 X Za X ... X 2, the
cofree object over (X1, Xo, ..., Xp) is exactly (V1(X1) x Va(X2) X ...x Vp(X5)).

Proof. The proof is straightforward. O

For any m € {1,2,...,n}, let Uy, : CoAlg(Repr(Qm)) — Repr(Qm) be
the obvious forgetful functor with a right adjoint V,,. Proposition 5.14 and
Remark 3.2 immediately imply the following consequence.

Corollary 5.15. The product functor Vi x Vo X ... X Vy, : Repg(Q1) X
Repg(Q2) x ... X Repr(Qn) — CoAlg(Repr(Q1)) x CoAlg(Repi(Qa)) X

.. X CoAlg(Repr(Qy)) is a right adjoint of the obvious product forgetful
functor Uy x U x ... X Uy, : CoAlg(Repr(Q1)) x CoAlg(Repr(Q2)) X ... X
CoAlg(Repi(Qn)) = Repr(Q1) X Repr(Q2) X ... X Repy(Qn).

Furthermore, for any (My, Ma, ..., M,) € Repi(Q1)x Repr(Q2)X...x Repk(Qr),
the cofree object over (My, Ma, ..., M,,) is exactly (Vi (My), Vo(Ma),...,.Vn(My)).

For any m € {1,2,...,n}, let Uy, : CoAlg(Repr(Qn)) — Repr(Qm)
be the obvious forgetful functor with a right adjoint V,,. By Proposi-
tion 5.9, for any n > 2, the category Rep(Ql,Qz ,,,,, on) has a generating set
¢. For any m € {1,2,...,n}, let G,, be a generating set of Repy(Qm).
The definition of m-representations of quivers implies that each element
of 4 takes the form (G1,Ga,...,Gn, X1, X2 -y Xn—1) Where Gy, € G, for
every m € {1,2,3,...,n}. Furthermore, Remark 5.13 and Proposition
4.4 imply the following proposition which gives an explicit description for
cofree coalgebras in the concrete category (Rep< 01,01 @n)? U ), where % :
CoAlg(Rep, 01,00 o) — Itep 01,0, is the obvious forgetful functor
with a right adjoint 7.

~~~~~ Qn)

Proposition 5.16. Let

M =MD M M 4y ) € Repg, o om)

Then the cofree object over M is exactly
V(M W), Vo(M ), V(M) gl ) ),
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for some unique k-linear maps 1,4y, ..., ¢ .

Proof. This can be proved by applying Remark 5.13 and Proposition 4.4.
Explicitly, if

G = (G(l)a G(2)7 "'7G(n)7X17X2a "'aanl)a f_: (f(l)vf@)v sy f(n))v

we have the following. for some unique k-linear maps ¢/, 4y, ...,9 . O

We end this paper by pointing out that the universal investigation above
can be adjusted to study cofree objects in the centralizer and the center
categories of Rep( 01, Crns@n) " Indeed, one can describe them in terms of cofree
objects in centralizer and center categories of Repy(Q;), j € {1,2,...,n}.
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