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Determinant and rank functions in
semisimple pivotal Ab-categories

Khalid Draoui*, Hanan Choulli, and Hakima Mouanis

Abstract. We investigate and generalize quantum determinants to semisim-

ple spherical and pivotal categories. It is well known that traces are preserved
by strong tensor functors; we show on one hand that in fact, weaker condi-
tions on a functor are sufficient to continue preserving traces. On the other
hand, we prove that these determinants are well-behaved under strong tensor
functors. Further, we introduce a notion of domination rank for objects of a
semisimple pivotal category and prove similar properties of the ordinary case.
Furthermore, we expand the determinantal and McCoy ranks to introduce a
morphism quantum rank function on a semisimple pivotal category.

1 Introduction

Given an m by n matrix M over a field, its (column) rank, defined as the
dimension of the subspace generated by its columns, coincides with the (row)
rank defined identically; which is exactly the size of the largest submatrix
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of M of non zero determinant (determinantal rank) or equivalently, equals
the smallest k for which M = BC with B is an m by k matrix and C
is a k by n matrix (Schein rank). These rank scalars do not all coincide
no longer in case of a commutative ring. Under reasons of searching rank
conditions for solvability of linear systems of equations, the McCoy rank
(as the best possible generalization for this purpose, of the classical above
recalled ranks) is introduced in [1], see also [8], and it is defined as

rk(M) = max{t, Anng(I;(M)) = (0)}
where, I;(M) is the ideal in R generated by all the (¢ x ¢) minors of M and
Anng(l;(M)) ={r € R, ra =0, Ya € I,(M)}.

In [3], the authors defined rank functions in the context of a trian-
gulated category. In this paper, we begin with the introduction of a domi-
nation rank concept for an object V of a semisimple (in the sense of [13])
pivotal category C', using the fact that for any two objects U and V of C,
Home (U, V) is a finitely generated and projective module [12, Lemma 4.2.1,
page 100] over the commutative ground ring Endc(I) of C. Inspired by the
work [2] on a categorification of the classical determinants to semisimple
ribbon categories, the first aim of this work is to extend the above notions
of determinantal and McCoy ranks into the context of a semisimple piv-
otal category C, profiting from the fact that to each endomorphism f of an
object V of C, there is associated a square matrix over the commutative
ground ring Endc(I) of C, with entries expressed by means of the quantum
trace and dimension defined in this context.

The second interest of this paper is the determinant concept, as an
essential element in linear algebra and one of most meaningful invariants
related to square matrices, investigated by Cramer in order to solve systems
of linear equations. The authors in [2] gave a positive answer to the following
question:

Can we define a notion of determinant (giving a formula) of an endo-
morphism of an object of a semisimple ribbon Ab—-category [12], in such a
way that

(a) We meet the classical determinant when we consider the category vect
of finite dimensional vector spaces over a field K.
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(b) We keep similar properties as the classical case.

Hence, a categorical generalization of the classical determinants. For
this end, they exploited the fact that traces are being categorified and widely
studied in general contexts; namely, quantum traces of endomorphisms of
dualizable objects in different monoidal categories [5-7, 11] thanks to the
tensor products therein, these traces yield the notion of the quantum dimen-
sion of an object, as an element of Endc(I), as the trace of the identity map,
which find their interesting applications for example in quantum topology,
by constructing quantum invariants [12]. They also profited from the fact
that these two ingredients (traces and determinants) are intimately related.
Pivotal categories allow the definition of left and right traces. Hence, we
generalize the above categorification to the context of a semisimple piv-
otal/spherical category. We define the left quantum determinant of an en-
domorphism f : V. — V as the left trace of the endomorphism f"IA7,
namely:

ldety(f) == Tri(f"IAV);
where [AZ is the endomorphism of V(= V®") given by:

AL = Y e(o)(Tr (idw,) "Dy @ @ Y (o) (Trym (idw,,)) " Dy

O'Eenl UEGnm

where (W;)1<j<m are representative objects of their classes of isomorphic
objects in the considered dominating family (Vj(,); &,; ptr)1<r<n of V, of sim-
ple objects, and DJ is the endomorphism of V™ (= V&) defined by (the
details are presented in section 4):

D} = fso(s)) © - © Hs, Eo(s, )

where [; = [s/, s, |, such that [1,n] = U I;, with n; = |I;].
’ 1<j<m
Note here that these are not to confuse with the “quantum determi-
nants” introduced in the case of g—matrices [9, page 79].

It is well known that strong tensor functors preserve traces [14, page
49]. We provide a sufficient condition for a Frobenius tensor (monoidal)
functor [4] to continue preserving traces. Furthermore, we show that strong
tensor functors preserve also quantum determinants.
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2 Preliminaries

We refer to [9, 10, 13, 14] for more details of the following reminder of some
notions from the theory of monoidal categories.

A monoidal category (C;®;I;a;l;7) is given by a category C, a bi-
functor ® : C x C — C, a unit object I and natural isomorphisms
a:(UV)eW —U(VeW),l:IeU — Uandr:U®I — U, for
all U, V,WW € Ob(C), called associativity constraint, left and right unitality
constraints respectively, such that the pentagon and triangle axioms hold.
If moreover, a, [ and r are identities, then C is called strict.

A tensor (monoidal) functor (F'; Fy; F3) between strict monoidal cat-
egories (C;®;1) and (D;®';I") is a functor F' : C — D together with
maps Fy : I' — F(I) and Fopyy : F(U)®@ F(V) — F(U ® V), for all
U,V € Ob(C), such that the associativity, left and right unitality diagrams
commute [14, page 15].

(F'; Fo; F») is called strong if Fy and Fby are isomorphisms for all
U,V € Ob(0).

A category C is an Ab—category (or preadditive), provided that the
hom sets Hom¢ (U, V') are additive abelian groups, and the composition and
tensor product of morphisms are bilinear.

A left (resp. right) duality for a strict monoidal category C, consists
of a left (resp. right) duality for every object V' of C; namely an object V*
of C and morphisms dy : V* ®@ V. — I; (resp. dy, : V@ V* — I) and
by : [ — V@V* (vesp. by, : I — V* @ V) such that
(idv ® dv)(bv ® idv> =1idy and (dv ® idv*)(idv* ® by) = idy~;
respectively

(dy @ idy)(idy @ by) =idy and (idy- ® dy)(by @ idy-) = idy-.

For any morphism f : U — V between left dualizable objects, its left dual
morphism f*: V* — U* is defined by

[ = (dv ® idy~)(idv+ @ f @ idy~)(idy+ ® by).
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Similarly one defines its right dual morphism using this time the right du-
ality structures (V*;dy; by,), V € Ob(O).

A pivotal category is a monoidal category C', endowed with left duality
(V*;dy; by) and right duality (V*; d/V; b/V) structures, for every object V' of
C, such that the induced left and right dual functors coincide as monoidal
functors, and the induced isomorphisms

A
VieU* 25 (U V)

are the same (see [14, 1.7.1, page 26], also [11]).

Left and right traces of an endomorphism f : V — V in a pivotal
category C are defined as

Tri(f) = dy(1® f)by 5 Tro(f) = dy(f @ Dby

Furthermore, left and right partial traces of an endomorphism f € Endo(U®
V') in a pivotal category C are defined as

pTr.(f) = (idy © dy)(f @ idy+)(idy © by) € Endo(U);

pTr(f) = (dy @ idy)(idy- ® f)(by @ idy) € Endc(V).
The left and right dimensions of an object V of a pivotal category C are
defined by
dzml(V) = TTl(idv) N dzmT(V) = TTT(idv>.
Consequently, we have dim;(V*) = dim,.(V); dim,(V*) = dim;(V') and any
two isomorphic objects have equal left (resp. right) dimensions.

A spherical category is a pivotal category where left and right traces
coincide (denoted simply Tr(f), for all f € Endc(V)).

The following definitions follow [12] (without restriction to ribbon
Ab—categories).

Let C be a pivotal Ab—category. An object V of C is called simple,
if the map Endc(I) — Endc(V), k — k ® idy is a bijection, and V is
said to be dominated by simple objects if there exist a finite set of simple
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objects {V;}; of C' (the same simple object may be repeated) and morphisms
g2V —=Vi; pi: Vi =V, for all i, such that > ue; = idy.
i

C' is called dominated by a family {V;};cs of simple objects, where .J
is an index set, if every object V of C'is dominated by a finite sub-family of
{Vi}ties. This family will be denoted by (Vi(yy; €r; ftr)1<r<n and referred to as
a dominating family of V', where i(r) € Jand &, : V' = Vi) 5 pr : Vi) = V
as above, for all 1 <r < n. Seen as a function, ¢ : N — .J is one to one.

A monoidal category C' is called pure [14, page 14] if for all k €
Endc(I), and for all f € Mor(C), one has k.f = f.k, where k.f :=k® f.

In the sequel; without loss of generality, C' will always mean a strict
monoidal category (C; ®; I) (by Mac-Lane’s coherence Theorem [10], assert-
ing that every monoidal category is equivalent to a strict one). Ko denotes
the commutative ground ring Endc(I) of C and K denotes a base field with
unit.

3 Domination rank in semisimple pivotal categories

A semisimple category is usually defined in the literature to be an abelian
category, where each of its objects splits as a direct sum of simple ones.
Here we follow a different terminology, Turaev [12], that does not involve
direct sums . Let’s start with a slightly different (more general) definition of
a semisimple category than the one given in [12], where the author restricts
the study to ribbon categories, but here we shall let the category C be
pivotal or particularly spherical and keep the same definition, as long as the
definition of semisimplicity on C' is independant and does not require the
ribbon structure on it as introduced by the same author in [13, page 416].

Definition 3.1. [12, page 99] A semisimple category is a couple (C, {V; }ies),
consisting of a pivotal Ab—category C and a family {V;};c of simple objects
of C, such that the following hold.

(a) There exists 0 € J, such that Vp = I (Normalization axiom).
(b) For all i € J, there exists i* € J, such that V= ~ V.* (Duality axiom).
(c¢) C is dominated by the family {V;}ics (Domination axiom).
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(d) For any non isomorphic simple objects V; and Vj; 4,5 € J, we have
Homc(V;, V;) = {0} (Schur’s axiom).

Sometimes we will simply write C for (C,{V;}ics).

Remark 3.2. In a semisimple category, every object is dominated by a
finite family of simple objects, but the cardinal of such family is not unique
in the sense that one object can be dominated by families of different cardi-
nals. To see this, consider the following situation: Let V' be a simple object
of a semisimple category C, then V is obviousely dominated by the family
(V;idy;idy). Let now W be another simple object of C, isomorphic to V,
say via @ : W — V. Consider the family (W;e;; pi)i<i<s, where p; = «
for i = 1,2, uy3 = —a, and g; = o~ ! for i = 1,2,3. Thus defined, it is
not difficult to see that this is a dominating family of V', consisting of one
simple object W.

The following remark will serve for making clear a definition and some
results of a domination rank.

Remark 3.3. (a) rank(Homc(V;,V})) = 0;; (the Kronecker symbol), for
all i,7 € J. In fact Homc(V;,V)) is a free Kgc—module, of rank 1 if
Vi ~ Vj, and 0 otherwise by Shur’s axiom.

(b) Homc(V;,Vj) ~ Home(V;, Vi), for all i, j € J, and hence we also have
that Homc (V;", V') = Home(V}', V;") by the duality axiom.

(c) rank(Homc(V;, V;)) = 1, if and only if, rank(Homc(V;", V}")) = 1.

Definition 3.4. Let (C;{V;}ics) be a semisimple category and U an ob-
ject of C'; dominated by a family of simple objects of cardinal n. We call
domination rank of U and denote by ranky(U), the positive integer defined
by

1<ro<n

rankg(U) := max (Zmnk(Homc(Vi(ro),Vi(r)))> (3.1)
=1

where, (Vi(r);ar; fr)i<r<n runs over all families of simple objects and of
cardinal n, that are dominating U. In other words, ranky(U) is nothing but
the maximum number of isomorphic dominating simple objects among all
possible dominating families of U, of cardinal n.
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Remark 3.5. The above defined quantity rankq(U) is well defined as 1 <
rang(U) < n for any family of cardinal n, and it depends on the chosen
dominating family, hence whenever unmentioned for the rest of the paper,
the domination rank of an object (in a semisimple category) is defined on
the picked dominating family. In case the dominating family was unique,
up to isomorphisms between the simple objects (in the sense that if there
exists another dominating family of U, of simple objects (VZ/( s))lé s<n, there
is some permutation m € Gy, such that Vi) ~ Vé(i(r)) forall 1 < r < n,
where G,, is the set of all permutations of the elements of the set {1,...,n}),
the domination rank in this case is the maximal number of isomorphic simple
objects therein.

Theorem 3.6. Let (C;{Vi}ics) be a semisimple category and U and V' be
isomorphic objects of C. Then

(a) rankq(V;) =1, for alli e J.
(b) ranky(V) = rankq(U).
(c) rankq(U*) = rankq(U).

Proof. (a): For all i € J, V; is dominated by itself and Homc(V;,V;) is a
free module of rank 1.

(b): U is dominated by n simple objects (V;);, if and only if, V is
dominated by the same simple objects (V;); (even though with different
domination structure maps).

(c): U is dominated by n simple objects (V;);, if and only if, U* is
dominated by (V;*);. O

Proposition 3.7. Let (C;{V;}ics) be a semisimple category and U an object
of C dominated by a family of simple objects (Vi))1<r<n, unique up to
isomorphisms between the simple objects in the dominating families. Then
Vi) =2 Vis), for all 1 < 7,5 <, if and only if, rankqe(U) = n.

Proof. Immediate. O

Example 3.8. Let V' be an object of the category vecty of finite dimensional
vector spaces over a filed K . Then, ranky(V) as defined above, coincides
with its dimension.
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Example 3.9. Let V' be an object of the category Modpg of finitely gener-
ated projective modules over a local ring R (R is the unique simple object
of Modg). Then, rankq(V') = rank(V).

In fact, V being projective and R local, V is free by the Kaplansky’s
Theorem. But V is finitely generated, then it has a finite free basis, hence
a finite rank n. Consequently, rankq (V) = n.

Example 3.10. Let R be a commutative ring with unit, G a multiplica-
tive abelian group with neutral element e, and ¢ : G ® G — R* a bilinear
map, where R* is the set of invertible elements of R. Consider the cat-
egory V whose objects are elements of G and morphisms are defined as:
Homy(g,9) = R and Homy(g,h) = {0} if g # h, for all g,h € G. The
identity morphism is given by the unit of R, the tensor product of objects
is given by the product in G and the composition and tensor product of
morphisms is given by the product in R. V can be equipped with a braiding
gh — gh by means of ¢ as ¢(g,h) € R, and a twist: ¢ — g as ¢(g,9) € R
for all g,h € G; making V into a ribbon category with e as unit object,
see [12, Sect. 1.1.7.2]. In particular, V is semisimple with {V;};c; consists
of all objects of V as they are all simple. Thus, every object V of V is dom-
inated by itself and so ranky(V') = 1. This construction can be generalized
by fixing a group homomorphism « : G — R* satisfying a(g?) = 1, for all
g € G; with the same structures as above, except the twist which is defined
now to be g — g as a(g)c(g,9) € R, for all g € G.

4 Quantum determinants in semisimple pivotal categories

Definition 4.1. Let (C; {V;}ics) be a semisimple category, V an object of C
and let J = (V)i €r5 pr)1<r<n and F7 = (V)1 €4; 1) 1<s<m be dominating
families of V', of simple objects.

(1) We say that F and F’ are equivalent and we write F ~ F' if

(a) m=n.
(b) There exists some permutation 7 € &, such that Vj) ~ Vé(i(r))
forall 1 <r <n.
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(2) F is called standard if

(a) erfis = Or s idvi(r), foralll <r7,s <n.
(b) F is minimal in the sense that if 7’ is another dominating family
satisfying (a), then the cardinal of F is less than that of F.

Denote by Dom(V') the set of all dominating families of simple objects
of V, and by Dom™ (V') the sub-set consisting of those families of same
cardinal n € N* of the form:

Dom™(V) = { (Vitrys €rs tr)1<r<n € Dom(V'), such that
Erfls = Or s idvim, forall 1<r,s<n }
Proposition 4.2. The relation 7 ~ 7 defined in Definition 4.1 between

dominating families on V, is an equivalence relation. Moreover, let
(Vigrys €r5 i) 1<r<n be a fixed dominating family in Dom™(V). Then, all
elements of Dom™(V'), equivalent to this family, are of the form:

(Vﬂl_(z(,r)), OZTEThil; h,u,ra;l)

1<r<n

for some automorphism h € Autc(V'), and a family of isomorphisms o,y :
Vi) = Vé(i(m, forall 1 <r <mn.

Proof. “ ~7 is clearly an equivalence relation. For any h € Autc(V), and
any isomorphism «,. : Vi) — V! (i) for all 1 < r < n, the element
(V’ (i(r))? arerh ™Y o 1) - is obviously a dominating family of V' and

™
r<n

belongs to Dom" (V). o

Conversely, let (Vi’(s);eg;u’s)lgsgn be a family in Dom™(V), equiva-
lent to the fixed one. The fact that they are equivalent implies that there
exists a permutation 7 € &, and a family of isomorphisms {a, : Vi) —
V;(i(r))}lﬁrén' In this way, the family (Vi’(s); els uh)1<s<n can be written as
(V/ /

w(z’(r))552r(r)?“;r(r))1§7“§n' Define h : V. — V by h := ;uﬂ(r)arsr, then

/
m(s)’

h € Autc(V) and it is invertible with inverse given by h=! := Y pysa;te
S
In fact:

hTH =Y W @reritse g = D M) Err) = idv-
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Similarly, h™'h = idy. Furthermore, for all 1 < r < n, we clearly
have
E;T(T) - aTeTh_l and M;r(r) = hﬂra;l-

O]

Remark 4.3. Let F be a standard dominating family of V. Then, for any
F' ~ F, F'is standard as well.

Proposition 4.4. Let K be a field and (C;{V;}ics) a semisimple category,
where {V;}icy consists of all the simple objects of C. Assume that C is
enriched over finite dimensional K—vector spaces, such that Ko ~ K. Then,
every object of C' admits a standard dominating family, and if the simple
objects of C' are all isomorphic, then all standard dominating families on
any object are equivalent.

Proof. Let V be an object of C'and {V; : j € J} a set of simple objects of C,
then for all j € J, Homc(V, V) is a finite dimensional Kc—vector space and
its dual is Homc (V}, V). Picking a basis (p1;(,))1<r<n of Home(V,V;) and
its dual basis (¢;(;))1<r<n- Then V' is dominated by (Vj;&;(); ij(r))1<r<n;
and €(,)fj(s) = Or,s idy;, for all 1 <r, s <n. The minimal of such resulting
families is standard, and they are equivalent if C' owns only one class of
isomorphic simple objects. O

Assume for this section and the forthcoming ones that all standard
families on the objects of the considered semisimple category C' are equiva-
lent.

Let C be a semisimple category and V an object of C' dominated by
a family (Vjq); er; fr)1<r<n of simple objects. Note that all simple objects
of C have invertible left and right dimensions in Ko ([12, Lemma 4.2.4,
page 103]). Let [1,n] = I; U Iy U ... U I,,, where m < n, be a partition of
[1,n] := [1,n] NN into classes of isomorphic simple objects. Without loss
of generality, we can assume, in the sequel, that all the simple objects in
the class I;, for all 1 < j < m, are equal to a simple object W} which will
represent its class. This is by constructing a new dominating family. This
resulting family, with simple objects the W;’s, is equivalent to the initial
one. To make it clear, we shall illustrate the situation via an example. If
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I contains Vi, ..., Vi), choose any candidate, e.g: Vyq) = Wi, and let
€ = a;lek, and g, = pipag, for all 1 <k <5, where oy, : Wi — Vj(y) is an
isomorphism, as the objects in the same class are isomorphic. Now replace
Vi) €k, t by Wi, ), pj, respectively, and repeat the same procedure for
the rest of classes.

Denote by IA%, the endomorphism of V(= V®") defined by

NG = > (o) (Tr] (idw,)) "Dy @ ..®@ Y e(o)(Tr]™ (idw,,)) " Dy
c€6n, 0€6n,,
(4.1)
where, for every 1 < j < m and every permutation o € an, Wj is a
representative object of its class I; as in the above discussion, and Dg is the
endomorphism of V" (= V®") defined by:

Dg' = Msi€o(s) K. 0 ;U's’njga(sgl]); (42)
where I; = [s),s, [, with s/, ..., s, are elements of the set {1,...,n}, distinct
two by two, and n; = |I}| (1ts cardinal); such that [1,n] = |J I; adisjoint

1<j<m
union.

Similarly, denote by rAY,, the endomorphism of V" defined by:

rAY = > e(o)(Tr(idw,)) Dy ®..® Y € o (idyy, ) "D

O'EGnl U€6nm

(4.3)

Definition 4.5. Let (C;{V;}ics) be a semisimple category; V an object of
C dominated by a standard family of cardinal n and f € Endc (V). We call
left quantum determinant of f, and denote it by Idet{,(f), the element of
the ring K¢ defined by

ety (f) = Tro( fUIAY).

Similarly, we call right quantum determinant of f, and denote it by
rdet{,(f), the element of Ko defined by

rdety (f) = Trr(f"rAY).
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Remark 4.6. Note that for all 1 < r,s < n, if Vi) is not isomorphic to
Vi(s)» then e, fus = 0 by Schur’s axiom, and in this case, Tri(e,fus) =
Trr(e;fus) = 0. On the other hand, if Vi) =~ Vi), then Tri(e,fus)
and T'r.(e,fups) appearing in the explicit expressions of Tr(f"IAy,) and
Trp(f"rA};) are well defined by the above discussion. Hence, ldet{,(f) and
rdety,(f) are well defined and do not depend on the choice of the repartition
of the simple objects in the dominating family. In fact, in Lemma 4.11, we
prove that these two elements coincide with the usual determinant of some
corresponding matrices, and the change of the order of two isomorphic sim-
ple objects in the partition yields a change of the corresponding lines (resp.
columns) in the associated matrix, followed by a change of the correspond-
ing columns (resp. lines), hence resulting equal determinants. Similarly, the
change now of the order of two classes I; and I; yields a change of lines and
columns by an even number, hence the determinant is still invariant. We
prove in Proposition 4.13 that Idet{,(f) and rdet{;(f) are invariant under
the choice of the standard dominating family until they are assumed to be
equivalent (Definition 4.1).

Theorem 4.7. Let (C;{V;}ics) be a semisimple pure category; V an object
of C dominated by a standard family (Vi(r);er;m«)r of cardinal n and f €
Endc (V). Then

(a) ldety, (idy) = rdet(,(idy) = idy.

(b) ldetl.(q ® f) = ¢"ldet};(f) and rdet, (¢ @ f) = ¢"rdetl,(f); for all
q €KS (K denotes the set of invertible morphisms of Kc).

(c) ldety,(f*) =rdet(;(f) and rdeti,(f*) = ldet(,(f).

Proof. C being pure, the left and right traces are ®—multiplicative, i.e,
Tri(f®g) =Tr(f)®Tr(g), for any endomorphisms f and g of C. Similarly
for the right trace. Then we have

(a): ldety, (idy) = Tri(IAY)
= X <o) dw) Tr(DY)
% e(o)(Try™ (idw,,)) " Tr/(D)

= > elo)(Tr" (idWl))_lTrl(aa(si)us%) Trl(fa(s;”))/is;l)

0'66711
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> (o) (T (idw,, ) Tri(E(sm) sy ) - Tri(eo(se yisr )

c€Gn,,
= (Tr}" (idw, )~ Ty (idwy) .. (Try™ (idw,,)) ™ T (idw,,)
= idj.

(b): C being pure, the tensor product is bilinear, then (¢ ® f)" =
q".f", hence ldet(, (¢® f) = Tri((q® f)MAY,) = ¢"Tri(fMIAY) = ¢"ldet(, (f);
and similarly for the second claim.

(c): V* is dominated by (V;'(‘T) wried)y, and for all 1 < j < m and all
1 <k <mnj, we have

(Trl (de*)) = (Tr,” (de )~ 1 (4.4)

and
Trl(f E /~Lg )) = TTT(MJ(S;)Es;f) = Trr(flulo(si)es-;)' (45)

Hence, we obtain that

ldet(,(f*) = Tri((f")*IAV)

= % (o) (Tr* (idw; ) Tri(f*es, (s ) - Trl(f*gz;l“:;(s; )) -
0€6n, 1

Y elo)(Trm(idw: ) lTrl(f*szm,uZ(sm)) T (fres, /QL:(SX:“))

O'eenm ’’’’’

)"
= Z E(U)(Tﬁ«“ (Zdwl)) ITTT(fMo(s Es! ) TT’r(Mo(sgq)Es;l)
)"

0'66711
> elo)(Trim (idw,,)) " Tre(f tio(sr)Esy) - Try(ftto(se Esr)

c€Gn,,

=Tr.(f"rA}) (replacing the permutation o by o~ !)

= rdet{ (f).

Similarly, rdet{,(f*) = ldet{;(f). O

Remark 4.8. We immediately deduce from the previous Theorem 4.7, (c),
that
ety ((F)") = ldetiy(f) and rdetip((f7)") = rdet}y(f).

The following Proposition relates the quantum determinant of the
partial trace of an endomorphism, with this last’s trace.

Proposition 4.9. Let (C;{V;}ics) be a semisimple category, U and V ob-
jects of C and f € Endc(U ®@ V). Then
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(a) If V € {Vities, then dimy(V) ldetl,(pTri(f)) = Tri(f).
(b) IfU € {Vi}ies, then dim.(U) rdetl;(pTr.(f)) = Trr(f).

Proof. (a): we have:

ldety (pTri(f)) = Tri(pTri (FIAy) = dimg ' (V)T (f).

(b): Similar to (a). O

Proposition 4.10. Let (C;{V;}ics) be a semisimple category such that C
is spherical; V' an object of C' dominated by a standard family of cardinal n

and f € Endc(V). Then

Ldet}y(f) = rdet(f)

which we simply denote by dety,(f).
Proof. Straightforward. O

The following Lemmas serve in the coming Theorem for proving mul-
tiplicativity of quantum determinants and later on for rank introduction.

Lemma 4.11. Let (C;{V;}ics) be a spherical semisimple category; V an
object of C' dominated by a family (VZ-(T);sr;,ur)r of cardinal n and f €
Endc (V). Then

dett,(f) = det(M7) (4.6)

where M1 = (af,8)1§m§n = <Tr(€,~fus)dim*1(W,«,s)) , where we

1<r,s<n
denote by W, s the chosen representative simple object of the class that con-

tains r and s.

Proof. Note that the entries af:s are well defined as if V(,) and V(,) are not

isomorphic, we have that a{is = 0 by Schur’s axiom. Now, M7 is a block
diagonal matrix: M/ = diag(le, s MJL) where, forall 1 <j<m:

f_ ' )
M = (Tr(slfuk)dlm(wj) )Siglkgsiﬁ.
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Recall that W; is a representative object of its class I;. Then, we have
det(M7) = det(M]) ... det(ML)
= > 5(0)(dim"1(Wl))_lTr(ss}f,ug(sn)...T?"(Esi1 f,ug(st]))...

0€6n,

rrrrr

Ueenm

= > elo)(Tr™ (idw,)) ' Tr(f" D;) ...

0€6n,

> elo)(Trmm(idw,,))  Tr(f* D)

Ueenm

= Tr(fm( X e(@)(Tr™ (idw,)) " Dy) ...

c€6n,

Tr(fr( 3 e(o)(Tr ™ (idw,,)) " Dy'))

Ueenm

=Tr(f"( Y elo)(Tr™(idw,)) ‘D ..

c€6n,

® > e(o)(Tr(idw,,)) ' Dy"))

Ueenm

= det{,(f). O

Lemma 4.12. Let C be a semisimple spherical category and V an object of
C dominated by a family (Viy;&r; pir)r of cardinal n and f,g € Endc(V).
Then M79 = M/JM9.

Proof. If Vy(,y is not isomorphic to Vj(,), then a{s =als=0= a{*‘é.

If Vi) = Vis), let Wy s be as in the previous Lemma 4.11. Then we have

al9 = Tr(e, fg ps)dim™ (W)
= Tr(e, f(idv)g ps)dim™ (W)

= Tr(srf(z Mz&)gﬂs)dim_l (Wrs)
=1

Tr(erfiu 5l9ﬂs)dim_1 (WT,S)

I
M=

N
Il
—

I
NE

Tr( (kg ®idw, ) 6lgus)dim_1(WT7s)

N
Il
—
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Tr(kr,l & Elg:us)dimil (Wr,s)

I
NE

T
I

Tr(ky)Tr(e1gps)dim™ (W)

I
NE

N
Il
—

I
NE

Tr(kyy @ idw,, )alin"f1 (WT,Z)Tr(algus)dimfl (Whs)

T
I

a

I
NE

f .9
r,lal,s

N
Il
—

for some unique k,.; in K¢, as €, fyy is an endomorphism of a simple object
W,.;. Finally, M79 = M/ M?9. O

Proposition 4.13. Let C be a semisimple spherical category and V an ob-
ject of C dominated by a standard family of cardinal n and let f € Endc(V).
Then, deti;(f) is invariant under the choice of the standard dominating fam-

ily.

Proof. Let F = (Vi) €73 pir)r and F/ = (Vi’(s); els ul)s be two standard fam-
ilies on V. Then F ~ F’, by assumption. There exists then a permutation
m € &, such that F' = (Vé(i(r)); a;m; 'u’;r(r))"" By Proposition 4.2, we have

ML, = (TT(€;(k)fM;(z))dimfl(W;r(k),w(n))M

— (Tr(akekhflfhmal_l)dimfl (Wkl)) ol

= (Tr(al_lakakhflfhul)dimfl (Wkl)) il

= (Tr(akhflfh,ul)dimil(Wk,l))

_ bR
=My

k.l

where W}, ; and VVT’r (k),m(1) A€ the chosen representatives of their classes and
ap =op: Wi — W;(k) (1) is an isomorphism between them. Using now
Lemma 4.12, we obtain that

det (M7 = detr(M" ')
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where h = Z,u,;(r)er and its inverse h™! = Eusa;(s), which justifies the
T S

last passage. In fact, Mh = (M™~! by the fact that e,.ps = 6 idv,,,
for all 1 < r,s < n. Hence, as required. O
Theorem 4.14. Let (C;{V;}ics) be a spherical semisimple category; V an
object of C dominated by a standard family of cardinal n and f € Endc(V).
Then, dety,(f) verifies the following

(a) dety (idy) = idy.

(b) det,(q® f) = ¢"det(,(f); for all ¢ € K.

(c) detl,(f*) = deti(f).

() det}(f9) = et (F)det}(g), for all g € Ende(V).

Proof. C is spherical (not assumed to be pure), then trace is @ —multiplicative
[14, page 50]. Hence:

(a), (¢): Immediate from Theorem 4.7.

(b): Using the fact that Tr(q.f) = ¢Tr(f) and note that (g.f)" :=
(¢ ® f)™ need not be equal to ¢".f™ (which holds if C' is pure).
(

d): This holds by Lemma 4.12. O

The quantum determinant is not additive for arbitrary objects, but
for simple objects, this holds. Moreover we have

Corollary 4.15. Let V' be a simple object of a spherical semisimple category
C. Then, the map

det : Endc(V) — Ko, f > det(f) := deti,(f)

is an isomorphism of Ko—algebras.

Proof. Let k € Ko and f,g € Endc(V). We have det(k.f) = k.det(f) by
Theorem 4.14, (b). On the other hand, we have det(f + g) = det{,(f +
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g) =Tr((f+g)dim™1(V).idy) = dim~Y(V)Tr(f +g) = dim~ Y (V)(Tr(f) +
Tr(g)) = det(f) + det(g). This proves linearity.

Let f € Endc(V), such that det(f) = 0. Then dim=Y(V)Tr(f) =0,
but f is an endomorphism of a simple object, hence there exists a unique
k € K¢, such that f = k ® idy, then £ = 0 and so f = 0. This proves
injectivity.

Let k € K¢, and put f = k.idy. Then we have det(f) = k, hence
surjectivity holds.

Finally, by Theorem 4.14, (a), (d), det is an isomorphism of Ko—algebras.
O

Definition 4.16. Let F' : C — D be a tensor (F;r;rg) and cotensor
(F;i540) functor between monoidal categories. We say that F' is conatural
if for any morphisms f: U — V and g: X — Y in C, where U, V, XY €
0b(C), the following diagrams commute:

F(U)®F(X)<—iF(U®X) FU)@FX)——FU®X)

F(f)®F(g)l JF(f®g) F(f)®F(g)l JF(fé@g)
FV)@FY)-—FV®Y) FV)@ F(Y)+——F(V®Y)

Example 4.17. Any strong tensor functor is conatural.

Proof. Immediate from naturality of both F, and F{l. O

We know (e.g, [14, page 49]) that traces are preserved under pivotal
functors (see [14, page 29|, for definition of the latter). Here we present
weaker conditions on a functor to continue preserving traces.

Proposition 4.18. Any conatural Frobenius tensor functor ([4]), between
pivotal categories, preserves left and right traces.

Proof. Let FF : C — D be a conatural Frobenius tensor functor be-
tween pivotal categories with tensor structure (F';7;rp) and cotensor struc-
ture (F%i;i9), V an object of C' with left duality structures denoted by
(V*,dy;by) and f € Endc(V). We have Tri(F(f)) = ioF(Tri(f))ro. In
fact, being a Frobenius tensor functor, F preserves duals and then
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(F(V*);i0F (d)r; iF (b)) are left duality structures on F'(V)). On another
hand, we have

Tri(F(f)) = ioF(d)r(id @ F(f))iF (b)ro
= igF(d)F(id ® f)F(b)ro
= ioF(TTl(f))To.

The first and third equalities hold by definition, whereas the second is

due to the conaturality assumption. The same thing holds for right traces.
O

Lemma 4.19. Let (C;{V;}ics) be a semisimple category and
F=(F;Fy;F5):C— D

an additive strong tensor equivalence from C to a pivotal Ab—category D.
Let V' be an object of C, dominated by a family (Vyy; er; pir)r of cardinal n.
Then, F(V') is dominated by the family (F'(Viy); F(er); F(pir))r-

Proof. We have to show that for all 1 < r < n, the map ¥, : Kp —
Endp(F Vi), k—k ®idp(y,,,) is a bijection. Let f. € Endp(F(Viq)))-
F being a tensor equivalence, it is in particular fully faithful, hence there
exists a unique g, € Endc (Vi) such that F'(g.) = f.. But Vi, is simple,
thus, there exists a unique h, € K¢ such that g, = h, ® idy, - Finally, for
any 1 <r <n, we have

fr=F(gr)
= F(h, ®idy,,,)
= FBFy ' F(hy @ idy,,, ) FaFy '
= F3(F(hy) ® F(idy,,,)) F>
= Fy(FoFy "F(hy) FoFy @ idpy,, ) Fs
= o (Fo @ idp(y,, ) (Fy " F(he) Fo @ idpy,,,) (Fy - ©idpe,,,)F
= F(;IF(hT)FO ® idF(‘/;(r'))'
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Where, the fourth equality holds by naturality of F5, whereas the last one
holds by the unitality constraint of Fo and F;l.
h, being unique, F 1F(hT)F0 is unique in Kp and we have

Y(F F(he) ) = fr.

Hence, (F'(Vi)))r is a family of simple objects. Moreover, we have
> F(u)F(er) = F(O_ prer) = Fidy) = idpy).
O

The following Theorem shows that the quantum determinants are
well-behaved under strong tensor functors.

Theorem 4.20. Let (C;{V;}ics) be a semisimple pure category; D a pivotal
pure Ab—category; F = (F; Fy; Fy) : C — D an additive strong tensor
equivalence and let V' be an object of C dominated by a family (Vi(,y; €r; pir)r
of cardinal n. Then

ldet (F(f)) = Fy *F(ldet (f)) Fo;

and
rdet,(F(f)) = Fy ' F(rdet,(f))Fo.

Proof. We have that left and right traces verify
Tr(F(f)) = Fy 'F(Tru(f))Fo,

for all f € Endc(V). Consider the same partition of [1,n] for the family
(F(Vi(ry))r as taken for (Viy)r, and F'(W1), ..., F(Wy,) as representatives
of their classes. On the other hand, using Lemma 4.19, we have

ldety, (F(f)) = Tri(F"(f) INE )

=Tr( > 5(0)(Trl"1(idF(W1>))’1F"1(f)Dé ® ...

oc€6n,

® Y elo)Tr}m (idraw,,))  F" (f)D7)

oc€Cn,,
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= 6263 e(o)Fy "F((Tr (idwy )™ ) EoTri(F™ (f)Dg) @ ...
®@ > elo)Fy H(Tr)™ (idw,, )" ) FoTri(F"™ (f)Dy")

o€Gy,,

= X e(o)Ey "F((Tr) (idw,)) ™) FoTri(E(f)F(psigo(s1) @@ F (F)F (ks €o(s2 )

aeGnl

Z 5(‘7)1:1071F((Trlnm (idW¢rL))71)F0Trl(F(f)F(NS’{"fa(S’l")) ®..0 F(f)F(,us:’m Sa(sxin))

0€Gn,,

=F! 06%3 () F((Try (idw, ) ) FoTri(F(frsieo(sn))--Tri(F(fuss, oot )))
Fgl(ﬂ; g(a)F((Trl"m(idwm))—1)F0Tm(F(fusiuaa(slm)))...Tm(F(fMS,,Lmgg(sw)

= F(f1 aeé:j e(o)F((Tr" (idWl))71)F0Trl(F(f,usisa(si)))...Tm(F(f,usunlz—:[,(stl)))

Fy! Py ;(G)F((Tn" " (idw,,, )T )T (F(frsp€o(sp)) - Tri(F (f sy oo )

=B )P ) T o) P F PR 2o, )Fo
it Ueg EI(U)F((TTznm (idw,,.)) " ) F(Tri(f sy Ea(s;")))FO"-Fo_lF(TTl(flﬁsrmso(s::’;n)))FO
=F! U:;j (@) F((Tr}" (idw, ) ) F(Tri(fusieo(sn))-F(Tri(fuss eoes: ) Fo -

Fpt Ueg El(U)F((Tﬁ% (idw,, )" F(Tri(fispeoisy)))F(Tri(fruse €o(sny))Fo

= Fy P F(ldet’s (£)) Fo.

The second claim for right quantum determinant holds with a similar pro-
cedure. O

5 Quantum rank of endomorphisms in semisimple category

We discuss some facts which will be of our interest, about dominating fam-
ilies of simple objects.

Proposition 5.1. Let C' be a semisimple category, V and W isomorphic
objects of C" and F = (Vyy; er; pir)r a standard dominating family of V', of
cardinal n. Then

(a) Let F' = (Vi’(s); el ul)s be another dominating family of V', such that
F' ~ F. Then, the following are equivalent

(i) ey = Oy idV{(k)’ forall1 < k,l <n.
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(ii) F' is standard.
(b) F*:= (Vi?”; weiel)y is a standard dominating family of V*.

(c) F = (Vi(r);erffl;f,ur)r is a standard dominating family of W €
0b(C), for any isomorphism f:V — W in C.

(d) F** is a standard dominating family of V', and we have F** ~ F,
where F** = (F*)*.

(e) Let F' be a dominating family of V.. Then F ~ F' & F* ~ F*.
Proof. (a): In fact, F' ~ F ensures that F’ is minimal. The second condi-
tion: e} p; = Oy idVi’(k)’ for all 1 < k,l < n is present in both assertions.

(b): (Vi*(‘r))r is a family of simple objects, and we have ;5:% =
(> prer)* =idy+. On the other hand, we have pje;f = (ejux)* = 91 idvi*(k),

T
forall 1 < k,l <n.

(c): Straightforward.

(d): This holds from Proposition 5.1, (b) and the fact that Vi =
VZ-(T), foralll <r <n.

(e): In fact, duals of two isomorphic objects are also isomorphic. [

Proposition 5.2. Let C be a semisimple spherical category and V' an object
of C dominated by a family (Vi,y; er; pir)r of cardinal n. Then, the map

¢ : Endc(V) — My(Ke), f = M7
is a morphism of Kc—algebras. If moreover, erpis = 0y idVi(,«)z for all

1< r,s <n. Then, ¢ is an isomorphism of Ko—algebras.

Proof. Let f, g € Endc(V) and k € K¢. Then
o(f +k.g) = MITR9 = M/ + kM9 = o(f) + kp(g). So, ¢ is a morphism of
Ko—modules. Further, we have

o(fg) =M= MIMI = o(f)e(g),

where the second equality is justified by Lemma 4.12. Hence, ¢ is a mor-
phism of Ko —algebras.
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Now, assume that e,.p, = o5 idvl.(r), for all 1 < r,s < n and let
M = (ars)i<rs<n € Mp(Ke). Put f=>"ays.pires. Then
r,s

= (TrE oo mdim” W) e

Zars Tr(eipirespur)dim™ (VVl,k:))

)

( 1<l,k<n

(TT ’LdWl & aj dim™ (Wl,k))
1<l,k<n

= (@) 1<t k<n

=M.

Thus, ¢ is surjective. For the injectivity, let f,g € Endc(V) such
that ©(f) = ¢(g). Then

o(f) = ¢(g) = Tr(e, fus) = Tr(ergns), for alll <15 <n
=Tr(e.(f —9)us) =0, foralll<r,s<n
= kysdim(W,s) =0, foralll <i,j<n
(for some unique k, s € Ko, such that e, (f — g)ps = krs ® idyy, )
= krs =0, foralll<r,s<n
=& (f—gus =0, foralll<r,s<n
=f=9
where, the last step is obtained by composing by u, on the left, then sum-
ming over r and composing by &5 on the right, then summing over s. O

Let C be a semisimple category and V' an object of C' dominated by
a family (Vj);&r; pir)r of simple objects, of cardinal n. Let [1,n] = I; U
I,U...U I, be a partition of [1,n] into classes of isomorphic simple objects.
For any f € Endc(V), we associate two matrices le = (laﬁs)lgmgn and
Mrf = (ra{}s)lgmgn, where

la{f,S = Trl(sTfus)diml_l(V;(r));

and
T‘anf’s = Trr(erf,us)dim;l(‘/i(r)).
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Note that it is not to confuse the notations r, s that mean “left” and
“right”, with the indices meaning.

Definition 5.3. Let C' be a semisimple category such that its commutative
ground ring Ko is a field, and let V be an object of C' dominated by a
standard family, and f € Endc (V). The left quantum rank of f, denote by
rany(f), is defined as

ran(f) = ran(le).

Similarly, the right quantum rank of f, denote by ran,(f), is defined
as
ran,(f) = ran(M),

where, M, lf , M/ are the square matrices of M, (K¢ ) associated to f as defined
above and ran(M lf ), ran(M;j) are the ordinary (determinantal) ranks.

Remark 5.4. Note that some authors as in [13], impose K¢ in definition of
a semisimple category to be a field, by the axiom that a morphism between
simple objects is either zero or an isomorphism.

Remark 5.5. ran;(f) and ran,(f) are well defined and do not depend
on the choice of the repartition of the simple objects in the dominating
family by similar discussion as in Remark 4.6. We show in Proposition 5.7
that ran;(f) and ran,(f) are invariant under the choice of the standard
dominating family, until they are assumed to be equivalent (Definition 4.1).

Remark 5.6. For the rest of the paper, all the results for left quantum
rank hold in the same way for right quantum rank, it suffices to replace the
word “left” by “right” except when there is an interaction between the two
notions and this manifests mainly in presence of duality (for objects and
morphisms of C'). For this reason, in such case, the involved rank is made
precise (Lemma 5.9, Theorem 5.12, (a) and Proposition 5.23). Otherwise,
we simply write “ran(—)” to designate “ran;(—)”, “ran,(—)" and M/ to
designate M s , M,f . The two notions of rank coincide if C' is spherical, and
the associated matrices to f are equal.

Proposition 5.7. Let C be a semisimple category and V an object of C
dominated by a standard family and let f € Endc(V). Then, ran(f) is
invariant under the choice of the equivalent dominating families.
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Proof. Let F = (Vi();&r; ptr)r be a standard dominating family of V' and
F = (Vi’(s); els ul)s, such that 7' ~ F. By Proposition 4.13, we have
ML, =M
and with the same arguments therein, we obtain that
rang (f) : = rang (M7)
= r(m;(Mh_lfh)
= ran;(Mh_leMh)
= ranz(M/)
c=rang(f).

The fourth passage holds by the fact that the rank of a matrix mul-
tiplied by invertible matrices does not change. O

Proposition 5.8. Let V' be an object of C', dominated by a standard family
n
(Vierys ers i) 1<r<n. For all 1 < k < n, let fr = preg and g = Y e
=1
Then, ran(fx) =1 and ran(gg) = k.

Proof. Straightforward. O

The following Lemmas will serve for proof of some properties of the
very defined rank, similar to those of a square matrix rank, in the ordinary
case.

Lemma 5.9. Let C be a semisimple category; V an object of C' dominated
by a family (Vi) €r; pir)r of cardinal n and f € Endc(V). Then

M = (M) and M = (MfH)T
where, the right hand sides are the transpose matrices.

Proof. Vi) = Vi) & Vi’(‘r) ~ V;’(‘s), and using Proposition 5.1, (2), we have:

If V{ET) ~ V;ES), then

laf, = Tr(uif*es)dim; (Vi)
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= Try((eaf ) )dimy (Vi)
= Trp(esfpr)dim; " (Vi)

— ot
=Ty ,.

Otherwise, laff; =0= méc,r (by Schur’s axiom). The second claim is
proved similarly. O

Remark 5.10. (1) The following are equivalent
(a) laf;r =0 (resp. raf;r =0).
(b) m,f; = 0 (resp. al,f; =0).

(2) le , Vel , le " and M{" are block diagonal matrices.

(3) The domination rank of V' is just the size of the largest sub-matrix in
the diagonal blocks.

Lemma 5.11. Let C be a semisimple category and V an object of C dom-
inated by a standard family. Then, M/ is invertible and (M7)™! = M/
for every f € Autc(V).

Proof. Immediate from Proposition 5.2. 0

Theorem 5.12. Let C be a semisimple category;, V an object of C domi-
nated by a standard family (Vi,y; er; pir)r and f € Endc(V). Then

(a) rany(f*) = ran,(f) and ran,(f*) = ran(f).
(b) ran(idy) = n.

(c) ran(f~Y) =ran(f), when f is an isomorphism.

Proof. (a): Proposition 5.1, (b), (d) and (e), ensures that all standard dom-
inating families on V* are equivalent whenever those on V' are assumed to
be; i.e, whitout taking the assumption on V*. Hence, ran;(f*) and ran,(f*)
are well defined, and using Lemma 5.9, we have

rang(f*) = rcml(le*) = rcmr((M,f)T) = ranr(MTf) = ran,(f).
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Similar proof holds for the second claim.
(b): By Proposition 5.2, ran(idy) := ran(Mv) = n.
(c): This holds by Lemma 3.3. O

Remark 5.13. By Proposition 5.1, (d) and (e), we immediately see that

ran(f*) = rani(f) and ran,(f**) = ran,(f).

Theorem 5.14. Under the same hypotheses of Theorem 5.12, for all f, g €
Endc(V), we have

(a) ran(f + g) < ran(f) 4 ran(g).
(b) ran(fg) <ran(f) and ran(fg) < ran(g).
(c) ran(fg) = ran(gf) = ran(f), for every g € Autc (V).

Proof. (a): ran(f + g) := ran(M7+9) = ran(M? + M9) < ran(M7) +
ran(M9) (:= ran(f) + ran(g)).

(b): ran(fg) := ran(MF9) = ran(M7TM9) < ran(f).
Similarly, ran(fg) < ran(g).

(c): Let g € Autc(V), by Proposition 5.2, MY is invertible (with
inverse M7 where f is the inverse of g). Thus

ran(gf) = mn(Mng) =ran(f);

ran(fg) == ran(M’'M9) = ran(f).

Remark 5.15. (a) ran(fg) # ran(gf) in general.
(b) For all f € Autc(V), ran(f~t) = ran(f) = ran(idy) = n by Theorem
5.12, (b), (¢) and Theorem 5.14, (b).

Corollary 5.16. Under the same hypotheses of Theorem 5.12, f is an
isomorphism, if and only if, ran(f)=n.



Quantum rank and determinant in pivotal categories 75

Proof. By Theorem 5.14, ran(f) = ran(fidy) = ran(idy) = n.

Conversely, if f is an endomorphism of V' such that ran(f) = n, then
MY is invertible. Hence, f is an isomorphism by Proposition 5.2. O

Corollary 5.17. The set Ky := {f € Endc(V), ran(f) = 0} is an ideal
of the ring (Endc(V'),+,0).

Proof. Let f € Ky, g € Endc(V). Then, ran(fg) < ran(f) = 0, by
Theorem 5.14, (b). O

Lemma 5.18. ran(k.f) = ran(f), for all k € K5, and f € Endc(V).

Proof. ran(k.f) := ran(M*f) = ran(kM') = ran(f). O
Corollary 5.19. Let f,g € Endc(V), such that ran(g) = 0. Then

ran(f +g) = ran(f).

Proof. By Theorem 5.14, (a), we have ran(f + g) < ran(f). On the other
hand, by Lemma 5.18, we have ran(f) = ran(f + g —g) < ran(f +g) +
ran(g). O

Remark 5.20. Let mf := f+ ...+ f. Then, by Theorem 5.14, (a), we
A‘,—/
m—times
have
ran(mf) < m ran(f).

Remark 5.21. Let V be an object of C', dominated by a standard fam-
ily (Vi(r); &r; pir)r of cardinal n, of non isomorphic simple objects. Then,
ran(f) = |r|, for which Tr(e, fu,) # 0. In fact, by Schur’s axiom, Tr (e, f uis)
= 0 for any r # s.

Now, without assuming Ko to be a field, we define a rank of f €
Endc (V) using the McCoy rank of a matrix over a commutative ring [1] as
follows.
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Definition 5.22. Let C' be a semisimple category, V an object of C' domi-
nated by a standard family, and f € Endc (V). The rank of f, denoted by
rk(f), is the integer

rk(f) = rk(MY)

where, 7k(M7) is the McCoy rank of the associated matrix M.

Theorem 5.23. Let C be a spherical semisimple category; V an object of
C dominated by a standard family of cardinal n and f € Endc(V). Then,

rk(f) verifies

(a) rk(f*) =rk(f).

(b) rk(fg) < min{rk(f),rk(g)}.

(c) rk(f) =rk(fg) = rk(hf), for all g,h € Autc(V).
)

(d) If Ko is an integral domain, then rk(f) = ran(f),
(the latter is computed over the quotient field of K¢).

(e) rk(f) < n if and only if dety,(f) is a zero divisor.
(f) If deti,(f) is invertible, then rk(f) = n.

Proof. This holds from [1, pages 31-32] and with similar arguments as in
Theorems 5.12 and 5.14. O

6 Quantum rank of morphisms in semisimple category

For this section, C' is a spherical semisimple category, and K¢ is assumed to
be a field.

Let U and V' be two objects of C', dominated by standard families F =
(Vi(s); €3 Ms)s and F' = (VZ’(T); el; ul)r, of cardinals m and n respectively. We
want to define a quantum rank for a morphism f : U — V in the same
way as we did in the previous section (3) for endomorphisms. Let then
ran(f) = ran(M7), where M/ = (ays)1<r<n, 1<s<m With

Qp s = TT(gg"st)dlm_l(V;(s))
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/!

By Proposition 4.2, if F = (V;(,);&s;s)s and F = (Vi(r);ﬁ’;m’)r
are other equivalent dominating families of U and V respectively, then there
exist h € Autc(U), t € Auto(V), suth that &5 = e,h~! and 1z, = ty,, hence

ars = Tr(& fis)dim™ (V) = Tr(eph™" fus)dim™ (Vi)

where, the @, ’s are the entries of M f, relatively to F and F. Then

mnf?(f) = M)

~—

—1
=rang r MMt
1

(
(
= rcm]:]:/(Mh MfMt)
= rang z(M7)
(

=rang 7 (f).

The fourth passage is justified by the fact that M ™ and M? are
invertible matrices. Hence, ran(f) is well defined.

Remark 6.1. (a) If V) is not isomorphic to any V( ) forall 1 <s<m
and 1 <r <n. Then ran(f) =0, for all f € Homc(U, V).

(b) For all f € Hom¢ (U, V), ran(f) does not exceed the minimum of n and
m.

Proposition 6.2. Let C be a semisimple spherical category and U and V
be objects of C' dominated by standard families of one same simple object,
and let f: U — V be a split monomorphism (resp. a split epimorphism).
Then

ran(f) =mn, (resp. ran(f) = m).

Proof. f : U — V is a split monomorphism implies that there exists
g :V — U such that, gf = idy, hence, n = ran(idy) = ran(gf) < ran(f)
by Theorem 5.14, (b). Similarly for the second claim. O]

Remark 6.3. One can immediately see that for any isomorphism f : V —
W in C, we have

ran(f) = ran(f™1).
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Remark 6.4. The above defines a morphism rank function on C' as:
r:f € Homc(U,V)— r(f) :=ran(f),

for all U,V € Ob(C), satistying:

(a) r(k) =1, for every non zero endomorphism k of a simple object X of

f+9) <r(f)+r(g), forall f,g € Endc(V).
fg) <min{r(f); r(g)}, forall f,g € Endc(V).

Remark 6.5. For every object V of C, let rv = r|gpq.(v) and define

ker(rv) :={f € Endc(V), rv(f) = 0}.
Then, ker(ry) is just the ideal Ky of Corollary 5.17.

Example 6.6. The category vectg of finite dimensional vector spaces over a
field K is a semisimple category and the quantum rank of an endomorphism
f of a vector space is nothing but the rank of a representative matrix of f.

Example 6.7. Let C be a semisimple category such that all the simple
objects of C' are isomorphic to the unit object I. Assume that K¢ is a
local ring and that there exists an object V' of C' dominated by a family
of cardinal n, where n = dim(Homc(V,I)). Then, V admits a standard
dominating family of cardinal n and rankgy(V) = n. In fact, Ko being
local and Homc(V,I) a projective module over K¢, then, Homc(V,I) is
free. Hence, rank(Homc(V,I)) is well defined. Picking a basis (1i)1<i<n
of Homc(V,I) and its dual basis (¢;)1<i<n, we obtain that V' is dominated
by (155 pi)i, and g;uj = 6; 5 idy, for all 1 <4,5 < n.
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