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Internal Neighbourhood Structures II:
Closure and closed morphisms

Partha Pratim Ghosh

Abstract. Internal preneighbourhood spaces inside any finitely complete
category with finite coproducts and proper factorisation structure were first
introduced in [49]. This paper proposes a closure operation on internal
preneighbourhood spaces and investigates closed morphisms and its close
allies. Consequently it introduces analogues of several well-known classes of
topological spaces for preneighbourhood spaces. Some preliminary properties
of these spaces are established in this paper. The results of this paper exhibit
that preneighbourhood systems are more general than closure operators and
conveniently allows identifying properties of classes of morphisms indepen-
dent of continuity of morphisms with respect to induced closure operators.

1 Introduction

The notion of an internal preneighbourhood space was first considered in
[49]. The present paper introduces a closure operator on an internal preneigh-
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bourhood space (see Definition 3.1). The closure operator entails in dis-
cussing closed morphisms (see Definition 4.1). The rest of the paper dis-
cusses notions closely aligned with closed morphisms — dense morphisms
(see Definition 5.1), proper morphisms (see Definition 6.1), separated mor-
phisms (see Definition 7.1) and perfect morphisms (see Definition 8.2).
Alongside morphisms special classes of internal preneighbourhood spaces
are introduced: compact spaces (see Definition 6.5), Hausdorff spaces (see
Definition 7.5), compact Hausdorff spaces (see Definition 8.4(a)), Tychonoff
spaces (see Definition 8.4(b)) and absolutely closed spaces (see Definition
8.4(c)). Detailed investigation on the special classes of internal preneigh-
bourhood spaces shall be done in later papers. A quick perusal of Table
1 provides a glimpse of results achieved in this paper as well as helps to
compare similar results in literature, e.g., in [32]. The table clearly exhibits
the extent to which continuity of morphisms with respect to induced closure
operations are essential in achieving these properties.
The paper is organised as follows:

(a) In §2 notions necessary for the paper are briefly introduced; in the
process some seemingly new observations have been listed. In this paper
a monotonic, extensional and grounded endomap on a poset is called a
closure operator (see §2.1 for terminology). Given a complete lattice L,
EGM(L) denotes the complete lattice of closure operators on L, CBSMSL(L)
denotes the complete lattice of complete bounded sub-A-semilattices of L.
Proposition 2.1 shows CBSMSL(L)P is reflectively embedded in EGM(L) as
the idempotent closure operations.

(b) §3 introduce closure operation on preneighbourhood spaces.

(i) Each preneighbourhood system f on an object X, for each p € Subm(X),
partitions the subobjects of X into four subsets. The first partition consists
of subobjects which are far away from p (see equation (3.1)); such subob-
jects are incompatible with p. The second partition consists of subobjects
which are incompatible with p and not far away from p; the third partition
consists of subobjects z > p and the fourth of subobjects © < p. The first
partition is a down-set of Suby(X)! (see Lemma 3.1 for details); in the

LA subset P C L of a lattice L is a down-set if it is non-empty and x < y € P = z € P.
A down-set of the form | p = {m €eL:z< p} is a principal down-set and is the smallest
down-set containing p.
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special instance when Suby (X)) is a frame and p is a neighbourhood system
(see Definition 2.7) the first partition is a principal down-set.

The set of subobjects in the fourth and second partitions should be the
ones of concern in defining the closure cl,p of p, see Definition 3.1; the fixed
subobjects of cl, are pu-closed subobjects. The assignment p +— cl,p so de-
fined is a closure operation, its initial properties discussed in Theorem 3.5.
The closure cl,, is not additive in general (unless when Suby(X) is atom gen-
erated and distributive, Theorem 3.5(d)), nor idempotent (unless Subp(X)
is atom generated and p, in particular, a neighbourhood system, see Theo-
rem 3.5(e) for details). In case when Suby (X)) is pseudocomplemented then
for a neighbourhood system g on X, there is a Galois connection between
the semilattices of closed subobjects and the open subobjects yielding a
dual equivalence between regular closed and regular open subobjects (see
Proposition 3.8 and Remark 3.10).

(ii) Continuing from §2.1 and specialising to the complete lattice Subm (X),
in §3.2 it is shown that the complete lattice of preneighbourhood systems on
X dually contains a coreflective copy of closure operations on Subp (X) (see
Theorem 3.11). This exhibits the generality of the approach via preneigh-
bourhood systems in comparison with closure operations.

(iii) In the absence of idempotence for cl,, there exists its idempotent hull

C/1; > cl,, (see Proposition 2.1 and Remark 2.2) having the same set of €,
of closed subobjects. The notion of continuity with respect to cl, as well
C/l; is discussed in §3.3. Proposition 3.15 shows continuity with respect to
cl, implies continuity with respect to C/l;; continuity with respect to c/l;
(respectively, cl,) is called p-¢ continuity (respectively, p-¢ continuity with
respect to closures) or continuity (respectively, continuity with respect to
closures) in short. Theorem 3.18 shows every admissible monomorphism is
continuous with respect to closures; equation (3.20) provides correspondence
between closed subobjects of a closed subobject and closed subobjects of
whole space (also Remark 3.21).

Note: for a morphism X i> Y of the base category, its property of
being continuous with respect to preneighbourhood system p on X and ¢
on Y is precisely the definition of it being a preneighbourhood morphism
(X, n) EN (Y, ¢) (see Definition 2.7(c)). On the other hand, each preneigh-
bourhood system p on X induces closure operations cl,,, cl,, and continuity
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with respect to these closure operations is separate and is not affected by the
presence or absence of continuity with respect to preneighbourhood systems
in general.

(iv) A major obstruction to effecting continuity with respect to closures
of a morphism is the inclusion of subobjects in the fourth partition in (i)
while computing the join. An antidote to this occurs when Subp (X)) is atom
generated: firstly, the closure has a simpler description (Remark 3.4), con-
sequently, continuity with respect to closures for a large class of morphisms
is obtained (Corollary 3.26(b)). However in general, continuity of every
preneighbourhood morphism is ensured once every dense preneighbourhood
morphism is continuous (Proposition 3.23 and Corollary 3.24).

(v) §3.5illustrates notions in some specific contexts. Notable amidst them
are closures with respect to functorial neighbourhood systems (see Theo-
rem 3.38 and Definition 4.3, [49]) on locales, groups and commutative rings
without identity. On locales it is known from [49] that the T-neighbourhood
systems (see equation (2.19), [45, 46]) are functorial; it is shown here that
the closure with respect to the T-neighbourhood system is precisely the
usual closure of a sublocale (see §II1.8, [58]); furthermore every localic map

X i> Y is continuous with respect to any preneighbourhood system g on X,
¢ on Y if y is larger than the T-neighbourhood system on X and ¢ is smaller
than the T-neighbourhood system on Y (see §3.5). Example 2.21 shows the
normal closure induces a functorial neighbourhood system vx on each group
X. §3.5 shows cl,y A = {z € X : normal closure of z meets A}; further-

more every group homomorphism X i> Y is continuous with respect to any
preneighbourhood system p > vx on X and ¢ < vy. Similarly, Example
2.22 shows the ideal closure of a subring induces a functorial neighbourhood
system vx on a ring X. §3.5 shows cl,, A={z € X : (Ir e X)(rz € A)};

furthermore every ring homomorphism X i) Y is continuous with respect
to any preneighbourhood system p > tx on X and ¢ < vy.

(c) §4.1 discusses closed morphism, i.e., given the preneighbourhood spaces

(X, ), (Y,¢), morphisms X Iy ¥ which preserve closed subobjects (see
equation (4.1)). Theorem 4.2 provide properties of closed morphisms, while
Theorem 4.4 provide sufficient examples of closed preneighbourhood mor-
phisms.
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(d) §5.1 introduces dense morphisms and their properties are discussed in
Theorem 5.3. It is shown in Theorem 5.3(f) that if every preneighbourhood
morphism is continuous then every preneighbourhood morphism factors as
a dense preneighbourhood morphism followed by a closed embedding. This
factorisation system is a proper factorisation system for the full subcategory
of internal Hausdorff spaces (see Remark 5.5).

(e) §6.1 discusses stably closed morphisms, called proper morphisms. Theo-
rem 6.2 discusses properties of proper morphisms. In §6.3 compact preneigh-
bourhood spaces are introduced as preneighbourhood spaces (X, 1) for which

the unique morphism (X, p) t—X> (1,V41) is proper. The full subcategory
K[pNbd[A]] of compact preneighbourhood spaces is shown to be finitely pro-
ductive, closed hereditary if every preneighbourhood morphism is continu-
ous (Theorem 6.7(c)).

(f) §7.1 discusses separated morphisms (Definition 7.1), Theorem 7.4 dis-
cusses properties of separated morphisms. Internal Hausdorff spaces are
introduced in Definition 7.5 as those preneighbourhood spaces (X, ) for

which (X, p) tx, (1,V4) is a separated morphism, alternate characterisa-
tions are provided in Theorem 7.6, the full subcategory of internal Hausdorff
spaces Haus[pNbd[A]] is shown to be finitely complete, closed under subob-
jects and images of preneighbourhood morphisms stably continuous and
stably in E (Corollary 7.7).

(¢) Finally in §8.1 perfect morphisms are discussed — they are preneigh-
bourhood morphisms which are both proper and separated (Definition 8.2).
The properties of perfect morphisms are discussed in Theorem 8.3. The
paper concludes by introducing compact Hausdorff spaces, Tychonoff spaces
and absolutely closed spaces, Definition 8.4.

The effort of internalising the notion of space has been pursued in differ-
ent ways, at least in the references below as well as citations within them:

i. using closure operators as in [7-15, 19-26, 29-31, 33, 35-37, 39, 40, 42-44],

ii. using interior operators and neighbourhood operators (see [49], page 2,
for definition) as in [16-18, 27, 28, 6063, 67],

iii. using convergence structures as in [38, 47, 50, 56, 64, 68-76]
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iv. using a set of axioms for closed morphisms as in [32]

v. using a set of axioms for proper morphisms as in [54].

In all of them the aspect of continuity of morphisms is built inside the
axioms, or is an easy consequence of the axioms — for instance see §11.1,
(F6) and its consequences in [32]. The approach in the present work is
transversal: firstly a category with nice properties is shown to have a struc-
ture of categorical neighbourhood system. An object endowed with a neigh-
bourhood system allows the formulation of a closure operation. In several
convenient cases the closure operator possesses good familiar properties.
The continuity of morphisms with respect to induced closure operation in
general is not immediate and has to be checked. However, in the presence
of continuity with respect to closure operations nicer properties are ensured
as summarised by Table 1; however, several other properties do not need
the presence of continuity with respect to the induced closure operation.
Thus apart from the generalisation that the method allows it also reveals
the extent to which the condition of continuity (with respect to closure op-
erations) is required in obtaining familiar properties of well known classes of
morphisms. It is essential to emphasise the generalisation obtained herein
is conservative.

The notation and terminology adopted in this paper are largely in line
with the usage in [57] or [3]. Finally, for any set I, the symbol 2! (respec-
tively, 21<N0) denotes the set of all subsets (respectively, finite subsets) of I
and a set A is small if it is a member of some set.

2 Preliminaries

This section recalls facts relevant for this paper. In the process some obser-
vations are seemingly new.

2.1 This section establishes notations and terms with regards to posets as
used in this paper.

Given a poset P with a smallest element 0 and a largest element 1, an

order preserving endomap P I, P s called estensional if = < f(z) (x € P),
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grounded if f(0) = 0. A grounded and extensional order preserving endomap
on P is called a closure operation on P and EGM(P) is the set of all closure
operations on P. Evidently EGM(P) is ordered pointwise, i.e., ¢ < d if
c(x) < d(z), for each x € P, where ¢,d € EGM(P). The poset EGM(P) has
smallest closure operation 1p and largest closure operation P 2 P, where
Azx) = 0, ifw= O . A closure operation ¢ € EGM(P) is idempotent if
1, otherwise

coc = c. For each ¢ € EGM(P), Fix[c] = {z € P : ¢(z) = z} is the set of
fized points of c.

Given a complete lattice L, for each ¢ € EGM(L), 0,1 € Fix[c| and
Fix[c] is closed under arbitrary meets, i.e., Fix|c|] is a complete bounded
sub-A-semilattice of L. Define:

ély) = /\{w € Fix[d] : y < a0}, for y € L. (2.1)

Let CBSMSL(L) be the set of all complete bounded sub-A-semilattices of
the complete lattice L. Since an intersection of complete bounded sub-
A-semilattices is a complete bounded sub-A-semilattice, the set CBSMSL(L)
is a complete lattice with {0,1} as the smallest complete bounded sub-A-
semilattice of L, L the largest complete bounded sub-A-semilattice of L and
intersection of complete bounded sub-A-semilattices as meet. Finally, for
each P € CBSMSL(L) define:

vp(y) = /\{x €P:y<a}, for € L. (2.2)

Proposition 2.1. For every complete lattice L there is an adjunction

Fix
EGM(L) _ L CBSMSL(L)®®

v

of partially ordered sets and order preserving maps with Fixov = 1CBSMSL(L)°p‘

Furthermore, for any ¢ € EGM(L), ¢ = Vrix] and for any ordinal o if:

g

1L7 Zf a=0
c® = ¢ cocP, if « = 8+ 1 is a non-limit ordinal , (2.3)

Vis<a A, ifa >0 is a limit ordinal

then ¢® € EGM(L), ¢ < ¢* < ¢, éoc® = ¢ = ¢%¥¢ and & = ¢, for all a> 1.
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Proof. 1f ¢,d € EGM(L), P,Q € CBSMSL(L) then:

i. for any y € L, since P is a complete sub-A-semilattice of L, vp(y) € P,
proving vp € EGM(L) is idempotent (i.e., vpovp = vp) and Fix[vp] =
P.

ii. ¢ <dand z € Fix[d] imply ¢(z) < d(z) = x, proving the map
EGM(L) =% CBSMSL(L)°P
is order preserving;

iii. if P C Q then for each z € L, then vg(z) = A{t € Q : 2 <t} <
AN{t € P:z <t} = vp(x), proving CBSMSL(L)°P 2 EGM(L) is order
preserving;

iv. c<vp & <t EP= (z<t=c(z) < t)> < P C Fix|c|, proving
Fix - v;

proving the first part of the statement. For the second part, since ¢ = 1;, <

¢! = ¢ < ¢ = coc, transfinite induction implies the first two conditions;

hence for any ¢ < d < ¢, Fix[c] = Fix[d] = Fix[¢], d = ¢ and ¢éod = ¢ = do¢,
completing the proof. O

Remark 2.2. The idempotent closure operation ¢ = v 1. is the smallest

idempotent closure operation larger than c; it is called the idempotent hull
of ¢ (see §4.6, for more properties of ¢, [41]).

Remark 2.3. In the context of (2.3), if there exists an ordinal « such that
c® = ¢t then c¢® is idempotent and hence ¢® = ¢é (see §4.6, [41]). Thus, if
the underlying set of the lattice L is a small set then for each ¢ € EGM(L),
¢ = ¢ for some ordinal a.

Remark 2.4. The adjunction provides a formula for join in CBSMSL(L):
\/ P =Fix[Apep vrl, for all P C CBSMSL(L). (2.4)

Remark 2.5. The complete lattice CBSMSL(L) of all complete bounded
sub-A-semilattices of L is dually reflectively embedded inside the complete
lattice EGM(L) of grounded closure operations on L as the idempotent closure
operations.
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In a lattice L for any a € L the following two formulae are equivalent:

a#0and (V€ L)(z<a=z=0o0rz=a),
a#0and (Vz € L)(a <z orahz=0),

and the element a defined by such is an atom of L; the set of atoms of L is
denoted by atom(L). A lattice L is atomic if for each x € L, there exists a €
atom(L) with a < z, and atom generated if x = \/{a € atom(L) : a < }*.
Evidently, every atom generated lattice is atomic, but the converse need not
be true — e.g., consider the lattice of divisors of a positive natural number.
In case of the lattice Subm(X) (see §2.2), the symbol atom(X) abbreviate
atom(Subpm (X)).

Recall from [52]: in a complete lattice L, a pseudocomplement of a € L is
the element a* € L such that x < a* < x Aa =0, ie., a* = max{a: €
L:aNx = 0}; a complete lattice is pseudocomplemented if every element
has a pseudocomplement. Evidently, 0* =1, 1* =0, p < ¢ = ¢" < p*, the
assignment z — x** is an idempotent closure operation on L, (p A ¢)** =
P Ag™ and (\/ S)" = Ayegs™ (S € L). Clearly, p || p* < p,p* # 0, where
x || y means x and y are incompatible.

An element p € L is said to be implicative if the order preserving en-

(p= )

domap L PA7 L has a right adjoint L, — = L. Evidently, p € L
is implicative if and only if p A — preserve arbitrary joins. Note: p* =
(p=0).

For a lattice L, a down-set is a subset D C Lsuchthatz <y € D = x € D,
and a principal down-set is a set of the form | p = {33 eL:x< p} for
some p € L. Evidently, a principal down-set | p is the smallest down-set
containing p, and for every down-set D, D = Upe p({ p). The set of down-
sets of L is Dn(L) is a complete lattice with intersections being the meet and

2Usages differ, e.g., in Chapter IV of [2], the terms atomic and atom generated are not
distinguished, as in this paper, and the term atomic is used to mean atom generated.
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unions as join, the smallest down-set being | 0 = {0} and | 1 = L being
the largest down-set.

An up-set of L is a down-set of L°P, and a filter in L is an up-set closed
under finite meets.

2.2 Internal preneighbourhood spaces were considered in [49].

Let A be a finitely complete category with finite coproducts.

A morphism f of A is said to be orthogonal to a morphism g, written
f L g if there exists a unique morphism w such that v = gow and u = wo f
whenever vof = gou. For H C A; let *H = {f cA:heH= fJ_h},

1
H: = {f ceh:heH=hl f}, then 281 Z <2A1>Op , a pair (A, B)
1L

of subsets of A is called a prefactorisation system if B = A+ and A = 1B;
a prefactorisation system (A, B) is a factorisation system if every morphism
factors as a A-morphism followed by a B-morphism and a factorisation
system (A, B) is proper if A C Epi(A), B C Mono(A). The (possibly large)
set of prefactorisation systems on A is a complete poset with (A,B) <
(A B)if AD A < B C B (for details see §2, [5]). Given a factorisation
system (A, B), A C Epi(A) if and only if for each object X the diagonal

ax=(1x,1
dx € B, where X 2N I0 (see Proposition 14.11, [1]).

Hence a factorisation system (A, B) is proper if and only if for every object
X, dx € B and the codiagonal cx € A, where X + X <% X is the unique
morphism such that cxor; = 1x = cxous, t1, L2 are the coproduct injections,
and equivalently ExtEpi(A) C A C Epi(A) and ExtMon(A) C B C Mono(A).

Given a proper (E, M)-factorisation system, a M-subobject of an object
X, also called an admissible subobject of X, is a m € M with codomain X,
any two equivalent admissible subobjects of X considered equal. The set
of admissible subobjects of X is denoted by Subpm(X). In this paper the
morphisms of E are depicted with arrows like ——== while the morphisms

of M are depicted with arrows like >—— . If X 5 v be a morphism,

E M
then X ! Iy ! Y is the (E, M) factorisation of f; more
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generally, if m € Subpm(X) (respectively, n € Suby(Y')) then the image
of m (respectively, preimage of n) under f is 3,m (respectively, f~1in),
where fom = (Elfm)O(f’m) (respectively, fo(f~1n) = nof,) is the (E,M)-
factorisation of fom (respectively, pullback of n along f), (f‘m) is the re-
striction of f on m (respectively, f, is the corestriction of f on n); obviously
fE = (f|1x) and fM = 3,1x. In presence of finite limits and finite coprod-
ucts, Suby(X) is a lattice, the largest subobject is 1x and the smallest

1
object is ox, where (Z)&(» Ox—> X is the (E,M)-factorisation of the
unique morphism ix from the initial object to X. The image and preimage
3
. . . — . f
induce adjunction Subp(X) _ L~ Subm(Y) for each morphism X = Y of

f—l
A. A filter F on X is a filter in Subp(X); the (possibly large) set of filters
on X is Fil[X], which is a complete algebraic lattice, distributive if and
only if Subp(X) is distributive (see Theorem 1.2 [55] or Proposition 2.7,
Corollary 2.8 [49]), with compact elements 1 p = {z € Subuy(X) : z > p}

(p € Subm(X)). For each morphism X L, ¥ the adjunction 3, 4 f~* induce

.

adjunctions Fil [X] _T ~ Fil[Y], where:
%
f

TA={yesuy(y): flye A}, for A € Fil[X], (2.5)
and

TB={veswmX): (BeB)(f <)), forBeFilly] (26)

A connection between the smallest subobjects of objects need to be high-
lighted.

Proposition 2.6. For cvery Z 5 Y, there exists a UNIque @Zg@y

such that gooz = oyowyy is the (E, M)-factorisation of geoy.
In particular: g € M = wzy € Iso(A), if A(Y,Z) # 0 then wyy =
wzyfl, and hence wyy = 1@y‘



166 Partha Pratim Ghosh

Proof. Given a morphism Z % Y, consider the diagram:

iz . 0—" iy (2.7)
i i
RN

lwg

@Z >@Y

le oy

Z Y

g

Since gOUZOi(DZ =goiy =iy = ayoi(by, there exists the unique morphism
wy such that wQOimz = i@y and gooy = oyow,; evidently, w, € E. If

Z g—,> Y is any other morphism, then wyroip, = i@y = wQOi®Z implies
wy = wy, ie., wy is independent of the choice of g; furthermore, it is
evident that wy = (gLiZ) and the square represents the (E, M)-factorisation
of gooz. Taking wy,z = w, completes the proof. O

Thus: (1 is an E-image of each (y and if i1 is an admissible monomor-
phism then each @y ~ 0 (see Theorem 2.11(f), Remark 2.12).

Preneighbourhood systems can now be defined.

Definition 2.7. (a) A context is A = (A, E,M), where A is a finitely com-
plete category with finite coproducts and a proper factorisation system
(E, M) such that for each object X, Subp(X) is a complete lattice.

(b) An order preserving map Suby(X)® £ Fil [X] is a preneighbourhood
system if p(ox) = Subpm(X) and p € p(m) = m < p; if further, p € u(m) =
(3g € u(m))(p € u(q)) then p is a weak neighbourhood system; moreover if
p(VS) = Nses 1(s) (S € Subm(X)) then p is a neighbourhood system. A
pair (X, u), where X is an object of A and p is a preneighbourhood system
on X is called an internal preneighbourhood space. Likewise for internal
weak neighbourhood space and internal neighbourhood space.

(¢) If (X,u) and (Y, @) are internal preneighbourhood spaces then a mor-
phism X Syviis a preneighbourhood morphism if p € ¢(u) = f~lp €
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w(f~Yu); if (X,p) and (Y, @) are internal neighbourhood spaces and f~!
preserve joins then it is a neighbourhood morphism. The category of inter-
nal preneighbourhood spaces and preneighbourhood morphisms is pNbd[A];
wNbd[A] is the full subcategory of internal weak neighbourhood spaces and
Nbd[A] is the subcategory of internal neighbourhood spaces and neighbour-
hood morphisms.

(d) Given preneighbourhood system p on X, a subobject p € Suby(X) is
p-open if p € pu(p); the (possibly large) set of all y-open sets is O,,.

(e) A neighbourhood system g on X is a topology on X if O, is a frame
in the partial order of Subp(X). If p is a topology on X then (X,u) is
an internal topological space, Top[A] is the full subcategory of Nbd[A] of all
internal topological spaces.

(f) A morphism X Jvis formally surjective (or, also referred to in lit-
erature as semistable, e.g., in [66]) if for each y € Subpm(Y') there exists a
x € Subpm(X) such that y = 3,2, or equivalently for every y € Suby(Y) the
corestriction f, is in E.

(g) A morphism X 1y Y is a Frobenius morphism if for each x € Subp(X)
and y € Subm(Y), 3, (z A fly) =y A 3,a.

(h) A morphism X Iy Y is said to reflect zero if floy = ox.

Remark 2.8. The condition (c) is often called a continuity condition with
respect to preneighbourhood systems.

Remark 2.9. The set of preneighbourhood systems on X is pnbd[X]; like-
wise wnbd[X], nbd[X], top[X] denote the set of weak neighbourhood sys-
tems, neighbourhood systems and topologies on X respectively. Each of
pnbd[X], wnbd[X], nbd[X] are complete lattices (see Theorem 3.17 & Theo-
rem 3.32, [49]), while top[X] is a complete sublattice of nbd[X] if and only
if there exists a largest topology on X (see Theorem 3.36, [49]).

Remark 2.10. Given the preneighbourhood systems g on X, ¢ on Y, a

morphism X i) Y of A is a preneighbourhood morphism if and only if for
any = € Suby(X), y € Subm(Y') any one of the following three conditions is
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true: T o(y) € u(f 1), 6(y) € Fu(f~*y), T 6(3,2) C p(x), see Theorem

3.40 [49]3. The symbol (X, p) EN (Y, ¢) is used to denote f is a preneigh-
bourhood morphism.

Contexts abound — if A is finitely complete, finitely cocomplete and
has all intersections then there is a (Epi(A), ExtMon(A))-factorisation sys-
tem on A; in particular, every small complete, small cocomplete category
A, if well powered have a context & = (A,Epi(A),ExtMon(A)), and if
co-well powered have a context M = (A,ExtEpi(A),Mono(A)). As spe-
cial cases are the contexts: (FinSet,Surjections, Injections) Example 3.7
[49], (Set, Surjections, Injections) Example 3.8 [49], (Grp, RegEpi, Mon) Ex-
ample 3.9 & Proposition 3.10 [49], (A1lg[(€2, Z)], RegEpi, Mon) Example 3.11
& Proposition 3.12 [49],
(Top, Epi, ExtMono) Example 3.13 [49], (Loc, Epi, RegMono) Example 3.14
[49], every topos with its usual factorisation structure (page 5, (iii), [49]),
every lextensive category [6] with a proper factorisation structure (see page,
(v), [49]) (and this includes Cat, CRing®?, Sch, A°® where A is a Zariski
category, see Definition 1.2 [34]). Also given any context A = (A, E, M) and
any object X of A, (A] X)=((A] X),(El X),(M] X)) is the context
where

(El X)={(X,2) > (Y,y) :e € E}

" (2.8)
(M| X)={(X,z) = (Y,y): m € M},
(see page 5 (iv), [49] and §2.10 [32] for details).
Given a preneighbourhood system p on X, z € Suby(X):
int,x = \/{p €9,:p< x} (2.9)

is the p-interior of x. Evidently, ox,1x € Oy, O, is closed under arbitrary
joins if and only if each int,z € O, (Theorem 3.20, [49]). Further, if each

—
3The assignment = fo(3,x), x € Subm(X) (respectively, y 7M(f_1y), y €
.F
Subm(Y)) is a preneighbourhood system [49], and is denoted by f$3, (respectively,
Fuf ).
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p-interior is p-open then for each x € Subpm (X)) the following two conditions
are equivalent:

p(x) :U{Tp:xgpei)#} (2.10)
p € p(x) <z < int,p. (2.11)

A preneighbourhood system . is said to have open interiors if int,x €
9O, for each = € Suby(X) and is open generated if it has open interiors and
satisfies (2.11). If p have open interiors then:

int,(z A y) = int,x A int,y, (2.12)

and Subp (X)) ﬂ Subpm (X)) is a meet preserving intensional (i.e., int,x <
x for each x € Subm(X)) idempotent endomap with O, as its fixed set
(Corollary 3.26 [49]). Finally, every neighbourhood system p is open gener-
ated (Theorem 3.27, [49]).

The condition of a morphism reflecting zero shall be used in the paper. This
section state some necessary facts about them.

Theorem 2.11. Given the morphisms X I SN of A, the following
statements hold.

(a) The following are equivalent:

(i) f reflects zero, i.e., f oy = ox.
(ii) For any x € Subm(X):

Hf.’L':O'y=>a}:0)(. (2.13)
(i1i) For all x € Subm(X), y € Subm(Y):
y/\EIfx:UY:>x/\f*1y:UX.

(b) If f_IOElf = 1SubM(X) then f reflects zero. In particular, every ad-

missible morphism reflect zero.
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(¢) The set of morphisms reflecting zero is closed under compositions.

(d) If gof reflects zero then f reflects zero.

(e) For any morphism X Iy reflecting zero and n € Suby(Y), the core-
striction f, on N reflects zero.

(f) Let A be a category with pullbacks and initial object (. If every mor-
phism of A reflect zero then () is strict. Further if the unique morphism

i1=t
0 —®> 1 4s an admissible monomorphism and () is strict then every

morphism reflects zero.

Proof. Towards the proof of the equivalence in (a): the equivalence of (i)
and (ii) follows from the adjunction 3, f~1: since 3, (A fty) < yA3,,
(ii) implies (iii), while taking y = oy and = 1y, (iii) implies (i). The
statements in (b)-(d) follow from (a). Towards a proof of (e), in the pullback
of m € Suby(Y) along f, if f reflect zero then

(F7 m)e(fm tom) = f L (moon) = floy = ox

implies f, toy = T =1y since f~'m € M, proving (e). Finally, the

proof of (f) follows from Proposition 2.6. O

Remark 2.12. A finitely complete category with an initial object is quasi-

pointed (see §1 [4], [51]) if the unique morphism () L 1isa monomorphism.
In  many  contexts, e.g., in  (FinSet, Surjections, Injections),
(Set, Surjections, Injections), (Top, Epi, ExtMono) or (Loc, Epi, RegMon) the
unique morphism iq is a regular monomorphism, and hence an admissible
monomorphism. A context A is called admissibly quasi-pointed if its under-
lying category A has the unique morphism i4 an admissible monomorphism.
Thus in an admissibly quasi-pointed context, the initial object is strict if
and only if every morphism reflects zero.

Remark 2.13. Using Proposition 2.6 given the coterminating morphisms
f and g consider the diagram in (A) where the front vertical square is
the pullback of f along g, the top horizontal square is the pullback of oz
along f4; if both f and g reflect zero then the vertical right hand and base
horizontal squares are pullback squares, enabling the existence of the unique
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morphism w to make the whole diagram commute; further all the squares
are pullback squares; in particular, fg_laz = gf_lax. Hence f, reflects
zero if and only if gy reflects zero.

_ (fo)o

L fq L0, ez 0z ) (a)

i -
o7
X xy Z fy 2~ way
Tw
v
gf Dx WX, Y — | ———> [y
UX/ a’y/
X/ ; Y/

Definition 2.14. A context A = (A, E, M) called a reflecting zero context
if all morphisms reflect zero.

This section exhibits a connection between formally surjective morphisms
and Frobenius morphisms.

Proposition 2.15. Every Frobenius E-morphism is formally surjective; if

X i) Y is formally surjective and 3, is a homomorphism of meet semilat-
tices then f is Frobenius.

Proof. If f is a Frobenius morphism then for each y € Subp(Y'):
3y =3,Ax A fly) =yAT1x;

since 3,1x = 1y & f € E, every Frobenius E-morphism is formally surjec-
tive. The second part is trivial. O

Remark 2.16. If FS[A] (respectively, FR[A]) denote the (possibly large)
set of formally surjective (respectively, Frobenius) morphisms of A then the
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following connections:

E is pullback stable |=———|EC FS[A] |==——=—=>| A1 CFR[A] |,

~_ |

E C FR[A]
(2.14)

are well known (Theorem 5.13 [49] or Proposition 1.3 [30]).

The forgetful functor pNbd[A] Y Aisa topological functor (Theorem 4.8(a)
[49]). Consequently, each limit (respectively, colimit) object, unless men-
tioned to the contrary, is considered as an internal preneighbourhood space
with the smallest (respectively, largest) preneighbourhood system which
make each of the components of the limiting (respectively, colimiting) cone
preneighbourhood morphisms. Thus, for instance:

i. The terminal object 1 being the empty product is always equipped with

the smallest preneighbourhood system Vi (see (2.18)). Note: the lattice
Subp (1) is not always trivial. For instance, in the context (CRing®®, Epi, RegMono)
the terminal object is the commutative ring Z of integers, SubregMono(Z) =

{nZ in > 0}, hence Vo <17.

ii. Given an admissible monomorphism M>"> X and a preneighbour-
hood system p on X, M is equipped with (,u}m), where for any a € Suby(M):

(M‘m)(a) = {u € Suby(M) : (Fv € p(mea))(m v < u)}

(2.15)
= {u € Subm(X) : (v € p(mea))(v Am < mou)}.

iii. The binary product X X xY 25V in A of the preneighbour-
hood spaces (X, u), (Y, ¢) is equipped with p x ¢, where for any (z,y) €
Subpm(X x Y):

(b % d)(x,y) = Pru(a™) vV Do (yM). (2.16)
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f g

(Y, ) and X x5 Y —2~V s the pullback

o lg

X A

iv. If (X, p) (Z,4)

of f along g in A then X Xz Y is equipped with p Xy ¢, where for any
(z,y) € Suby(X xzY):

(1 % 0)(,y) = (M) V Fyo(™). (2.17)

In any context A = (A, E, M) the (possibly large) set pnbd[X| of all preneigh-
bourhood systems on X is a complete lattice (Theorem 3.17 [49]). The

smallest is the indiscrete neighbourhood system Subpy(X)°P VX pil [X]

and the largest is the discrete neighbourhood system Suby (X)°? — X, Fi1 [X],
where

- SubM(X), ifz=0x
V()= {{1X}, if o # ox
and tx (z) = {p € Subm(X) : 2 <p} (2.18)

for any = € Subm(X).

Example 2.17. In the context (FinSet, Surjections, Injections) the internal
preneighbourhood systems are precisely extensional order preserving en-
domaps on the lattice 2% of all subsets of X, the internal weak neighbour-
hood systems are the order preserving extensional idempotent endomaps on
2X and the internal neighbourhood systems are the Kuratowski closure op-
erations on 2% (Example 3.7 [49]). Every neighbourhood system on a finite
set precisely yield topologies (Corollary 2.13 & Figure 1 [49] for details).

Example 2.18. In the context (Set, Surjections, Injections) the internal neigh-
bourhood systems on X are precisely the topologies on X (Corollary 2.13,
Example 3.8 & Figure 1 [49] for details).

Example 2.19. In the context (Top, Epi, ExtMono), a preneighbourhood
system is specified by a preneighbourhood system on the underlying set of
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the topological space; preneighbourhood morphisms are continuous func-
tions which are preneighbourhood morphisms with respect to the involved
preneighbourhood systems. In particular, neighbourhood systems on a
topological space X is a second topology on the underlying set of the space
X producing bitopological spaces (Example 3.13 [49]) and preneighbour-
hood morphisms are continuous functions which are also continuous with
respect to the second topologies are neighbourhood morphisms.

Example 2.20. In the context (Loc, Epi, RegMono) (Example 3.14 [49]) a
special neighbourhood system shall be considered in this paper, namely
the T-neighbourhood system. More precisely, given a locale X, the T'-
neighbourhood system on it is SubregMono (X)F Xy Fil [(X]:

7x(S) = {T € SubregMono(X) : (Ja € X)(S Co(a) CT)}, (2.19)

where o(a) = { (a=> ) : © € L} is the open sublocale for a € X (see
§6.1.1 [58]), is an example of a functorial neighbourhood system on X
(Theorem 3.38 & Definition 4.3 [49]). T-neighbourhood systems have been

used extensively in [45, 46]. Since for a localic map X ER Y, the preim-
age f~! does not preserve arbitrary joins, with X and Y empowered with
T-neighbourhood systems, f is merely a preneighbourhood morphism and
not a neighbourhood morphism. Furthermore, since Subregmono(X) is a co-
frame, and not a frame, neighbourhood systems on a locale is not an internal
topology, internal topologies on a locale is not a reflective subcategory of
neighbourhood spaces, (Theorem 4.8 [49]).

Example 2.21. In the context (Grp, RegEpi,Mon), for a group X and a
subgroup A C X, let nclx(A) denote the normal subgroup of X generated
by A. The order preserving map Subpon(X)%? =% Fil [X] defined by:

l/)((A) = {U € SubMon(X) : ncIX(A) - U}
= {U € Subyon(X) : BN < X)(AC N CU)} (2.20)

is a preneighbourhood system on X. Since normal subgroups are closed
under joins and intersections, vx is actually an internal neighbourhood

system on the group X; moreover, every group homomorphism X Ly
is a preneighbourhood morphism from the internal neighbourhood space
(X,vx) to (Y,vy), making vx a functorial preneighbourhood system, (Def-
inition 4.3 [49]).
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Example 2.22. In the context (CRng, RegEpi, Mon), since CRng have objects
commutative rings without identity, every ideal is a subring and feature
as admissible monomorphisms. Given any ring X, a subring A C X, let
idlx (A) denote the ideal of X generated by A. The order preserving map
Subpon (X)P 25 Fil [X] defined by:

Lx(A) = {U € SubMon(X) : Id|X(A) - U}
= {U € Subyon(X) : GI € IdL [X])(AC I CU)} (2.21)

is a preneighbourhood system on X. Since ideals are closed under joins
and intersections, vx is actually an internal neighbourhood system on the
group X; moreover, every ring homomorphism X i> Y is a preneighbour-
hood morphism from the internal neighbourhood space (X,tx) to (Y, ty),
making ¢x a functorial preneighbourhood system (Definition 4.3 [49]).

3 Closure operations

This section introduce a closure operation on each preneighbourhood space
and investigate its properties.

3.1 A preneighbourhood system g on an object X induces the set:

Far,p = {z € Subu(X): (Gu € p(z))(uAp=0x)}, p € Subm(X)
(3.1)
of admissible subobjects of X which are far away from p, with respect to
the preneighbourhood system .

Lemma 3.1. For every object X of A, Suby(X)° x pnbd[X] =25 Dn(X)*

s an order preserving function between complete lattices such that for any

“Dn(X) is abbreviation for Dn(Subm (X))
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set I, p,p; € pnbd[X] (i € 1), p,q € Suby(X):

Far,ox = Suby(X) and Far,1x = {ox}, (3.2)
Fary,p = {ox} when p # ox and Far,p = {a: € Subm(X) :zAp= UX},
(3.3)
x,p#ox,x €Far,p =z || p, (3.4)
Farp, .0 = ﬂ Far,,p, (3.5)
iel
if p is implicative,
Fary, . ,.p= U Far,,p, (3.6)
Jealy,
where py = \/ i, J € 21<N0,
Jj€J
Far,(pV q) = Far,p NFar,q, (3.7)
if Subm(X) s distributive,
(Vi € I)(x; € Fary,p) = \/xl € Far,p, (3.8)

i€l
if Subm (X)) is distributive,
p 1s implicative

and p s a neighbourhood system on X.

Proof. The first part of the statement as well as those in (3.2),(3.3) and
(3.4) are simple verification. If (Ml)z cr s a family of preneighbourhood
systems on X, Farp,_ ,.,p C (;e; Fary,p (p € Suby(X)) since for any fixed
p, Far_p is monotonic. On the other hand if x € (,.; Far,,p then for each
i € I there exists a u; € p;(z) with u; A p = ox. If p is implicative then for
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u=\;crui € Nier i), u ANp=\,;cr(u; A p) = ox, proving (3.5). Since:

v €Fary _ ,pe (Gue \/ @) (wAp=ox)
il
- (Eln S N)(Hio,il, ceylp—1 € I)
(Fuo € pig(x),u1 € piy (x), ..., Un—1 € i, ,(x))
(up Aug A+ Aup Ap=ox)
& (3T € 2I<N0)(Elu € py(x))(unp=ox)
& (3T € 21<N0)(:E € Far,,p)

SIS U Far,,p,

I
JE2<N0

(3.6) is proved. From for any fixed p € pnbd[X], Far, is order reversing,
Far,(pV q) C Far,p NFar,q. On the other hand, if # € Far,p N Far,q
then there exist u,v € p(z) such that u Ap = ox = v A g; if Subm(X) is
distributive then (uAv)A(pVgq) = (uAvAP)V (uAVAQ) = ox, proving (3.7).
Finally, if 1 is a neighbourhood system on X, for a family (a:l)l cl of elements
from Far,p, for each i € I there exists a u; € pu(x;) such that u; Ap = ox.
Since u = V;epui € Nier m(@i) = p(Vigr i), uAp = Vigr(ui Ap) = ox,
whenever p is implicative, (3.8) stands proved. O

Hence, given any p € pnbd[X] and p € Subpm(X ), Subm(X) is partitioned
into four subsets: Far,p which is a down-set (and a principal down-set in
the special case when Suby(X) is a frame and p a neighbourhood system),
the second is {z € Suby(X) : @ || p} N (Far,p)®, the third is {z € Subu(X) :
T > p} and the fourth is the principal down-set | p.

Definition 3.1. Given any internal preneighbourhood space (X, u1) define:

clyp = \/{Jr €Suby(X):pLad Farup} (3.9)

the p-closure of p, €, = Fix[cl,] = {p € Subm(X) : p = clup} is the
(possibly large) set of u-closed admissible subobjects of X.
Remark 3.2. Evidently cl,p = pV \/{z € Subu(X) : = || pand = ¢

Far Mp} ; moreover:

ox #x <cl,p < pLx&Far,p;
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noting the strict inequality on the left hand side above. Thus for any p €
Subp (X)) the statements:

(i) the set Ny, = {z € Subm(X) : p £ « € Far,p} has a largest element;
(ii) || p= x € Far,p for any = € Subm(X);
(iii) the sets:
{z esubm(X): 2z <p}, {z€Subm(X):z>p} and Faryp
make a partition of Subpm(X);
(iv) clup = p;

are equivalent.
In particular:

p <clyp & (p £ x ¢ Far,p = (Jy)(p £ y ¢ Far,p and = < y)) (3.10)

cl
Evidently Subp(X) —= Suby(X) is a closure operation on Subpy(X),
cl
the idempotent hull of cl,, is Subpm(X) — Subm(X), where:
@pz/\{té@lungt},

both cl, C/l; have the same fixed set €, and for any p € Subm(X), c/l;p is
the smallest p-closed admissible subobject of X larger than p. In view of
Remark 2.3, if Subm(X) is a small set then cl, = V5, cl,” for some ordinal
.

Remark 3.3. It shall turn out the condition p £ x in Definition 3.1 is an
obstruction to many familiar properties of closure. One antidote, as shall
be exhibited, is Suby(X) being atom generated.

Remark 3.4. Obviously, cl,p > \/{a € atom(X) : a ¢ Far,p}; if Subm(X)
is atomic, then for each ox # = < cl,p there exists an atom a < z and
hence a < cl,p implying a ¢ Far,p. If further Suby(X) is atom generated,
v = \{a € atom(X) : a < z} and hence cl,p > \/{a € atom(X) : a ¢
Far,p} > z, proving cl,p = \/{a € atom(X) : a & Far,p}.

Thus, in atom generated Subp(X), a convenient formula for computing
the closure of a subobject is available.
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Theorem 3.5. The following statements are true.

(a) If p € Subpm(X) is implicative then for any family (“i)iel of preneigh-
bourhood systems on X :

p, e, uiP = \/ cl,p. (3.11)
i€l

(b) For any family (“i)iel of preneighbourhood systems on X and p €

Subpm (X):
cl\/iel D = /\ cly,p, where uj = \/ fj- (3.12)
Je2I<NO ied

(¢) If Subpm(X) is pseudocomplemented then for any preneighbourhood sys-
tem p on X:

ox #x<clypepLrandp” & p(z). (3.13)

Hence: p € €, (respectively, p € O,) if and only if p* € O, (respec-
tively, p* € €,,).

(d) If Subm(X) is distributive and atom generated then for any preneigh-
bourhood space (X, 1), p,q € Subm(X):

cly(pVq) =clupVclg. (3.14)

(e) If 1 is open generated and Subm(X) is atom generated then cl, is
idempotent.

Proof. Evidently from Lemma 3.1 and Definition 3.1, for p, € pnbd[X], if
p < ¢ then cly < cl,. Hence for any family ('“Z)z cI of preneighbourhood
systems on X, cl\/iel s <l < cl/\iel ;o entailing Cl\/ie[ wiP < Nierclup <
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Vierclup < clp, ., D> for any p € Subp (X). Since:

ox £r < Cl/\ieli“ip Sptad Farp. P
epLad ﬂ Far,,p (if p is implicative, (3.5))

i€l

& (Fiel)(p £ x ¢ Faryp)

& (Fiel)lox #x <clyp)

Sox F£x< \/clmp,

i€l
cl/\ielmp < Vierclyp, proving (3.11). Since \/,c;pi = VJ€2[<N0 (g with
_ . 1 _

g =V jeypj for J € 2y, cly, b = Cl\/] o P < /\JG2I<NO cl,,p, for

Je <N0
any p € Suby(X); further:

ox #x < /\ cly,pe (VJ e 21<N0)(UX #x <cly,p)
J€2[<N0

< (VJ e 21<N0)(p £ x ¢ Far,,p)
e pLa¢Fary, .0 (using (3.6))
Sox Fxr< Cl\/ielmp,

shows /\J€2I cly,p < cly,_, P, proving (3.12). In case when X is pseudo-
<N ¢

complemented, x € Far,p < (Ju € pu(z))(uAp =ox) & (Ju € p(z))(u <
p*) & p* € p(x), proving (3.13). Clearly, p | p* < p, p* # ox; if further:

i. pe €, thenox # p* £ p=clyp & p <p*orp* e pup’) =p"e
p(p*) from (3.13) and assumption that p || p*. Hence p* € O,,.

ii. if pe O, thenz <p & pe p(x) = p*™ € p(z), so that (3.13) implies:
ox #x <cl,p*=p* £xand z £ p.
Since p || p*, pAclyp* = ox & clyp* <p* & p* e,

Since {O’X, IX} C ¢, NY,, the statements of the second part are trivially
true if p = ox or p* = ox. This completes the proof of (c). In case Subpm(X)
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is distributive and atom generated then:

clu(pV q) = \/ (atom(X) N (Far,(p V q))°)

= \/(atom(X) N (Far,p N Faru‘J)c)
(using (3.7))

=V <(atom<x> N (Far,p)©) U (atom(X) N <Faruq>c>)

= \/(atom(X) (Far,p)®) Vv \/ (atom(X) N (Far,q)°)
=clup Vclug

)

proving (d). Towards a proof of (e), if cl,p is an atom then p € €, or p = o,
and in either case p = cl,p = cl,cl,p. If a € atom(X) and a < cl,cl,p, then
since f is open generated, a ¢ Far,cl,p implies (int,u) A cl,p # ox for
every u € p(a). Choose and fix any u € p(a). Since Subpy(X) is atomic,
for every atom b < (int,u) A cl,p, v € p(b) and (int,u) Ap # ox (.,
b < clup). Since this happens for each u € u(a), a € Far,(p), and hence
a < cl,p. Since Subym(X) is atom generated, (e) stands proved. O

Remark 3.6. A closure operation which preserves finite joins is called addi-
tive (see conditions (AD) and (GR) of §2.6, [41]). The condition (GR) of [41],
however, is already embedded in the definition of a closure operation in this
paper.

Remark 3.7. Theorem 3.5 shows if Suby(X) is atom generated then for
every neighbourhood system p on X, cl, is idempotent; furthermore, if
Subpm (X) is distributive then for any neighbourhood system p, cl, is additive
(and hence a Kuratowski closure operation).

Proposition 3.8. If Subm(X) is pseudocomplemented and the preneigh-
bourhood system p have open interiors then for any p € Subm(X):

(cl,p)* = int,p*. (3.15)
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Proof. From Theorem 3.5(c) for any p € Suby(X), p < C/l;p = (C/l;p)* <
p* < (clup)* < int,p*, since p has interiors open. On the other hand, if
clyp = clup Aint,p* & p <cl,p < int,p* < p* < p = ox. Hence for each
p # ox, clypAint,p* < cl,p and hence p £ cl,pAint,p* and p* & u(clpA
int,p*), provided cl,pAint,p* # ox (using (3.13)). Since int,p* is y-open,
int,p* € p(int,p*) C p(clp A int,p*) = p* € p(clyp A int,p*), forcing
clyp A int,p* = ox. Since u/llas open interiors an use of Theorem 3.5(c)
yields: cl,p < (int,p*)* & clyp < (int,p*)* = int,p* < (int,p*)™ <
(clup)*. This completes the proof on observing trivial satisfaction of equality
forp=o0x. O

Corollary 3.9. If Subm(X) is pseudocomplemented and atom generated
then for any open generated preneighbourhood system p on X, (cl,p)* =
int,p*.

Remark 3.10. Theorem 3.5(c) yields the adjunction on the top row of the
diagram:
*
9,,°P

(3.16)

<y _ J
L
e
€ A (D,)F
*

The adjunction restricts to an equivalence to the (possibly large) sets €,* =
{p € €, :p=p**} of regular closed subobjects and O,* = {u €9,
u = u**} of reqular open subobjects. Evidently, regular closed subobjects
are closed under arbitrary meets and finite joins and hence regular open
subobjects are open under arbitrary joins and finite meets (compare with
Theorem 3.20 [49].

3.2 Given any object X, the symbols EGM(X ), CBSMSL(X ) abbreviate EGM(Subpm (X)),
CBSMSL(Subpm (X)) respectively.

o
Theorem 3.11. There is an adjunction EGM(X) _ 1T pnbd[X]|® with ¥od =
)4

1geu(x), where ®(c) = Tx oc®® (c € EGM(X)) and ¥(u) = Ap defined by
(Aw)(x) = Ap(z) (x € Subw(X)).
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Proof. Evidently, both ®, ¥ are order preserving and Wo® = 1ggy(x); fur-
thermore, for any ¢ € EGM(X), u € pnbd[X]:

P(c)<Pu = p < P(c)
& (z € Subwy(X) = (u(z) C @(c)(x)))
& (z € Subw(X) = (p € p(z) =
& (v € subm(X) = (c(x) < A\ p(x)))
&< VU(p),

completing the proof. ]

Proposition 3.12. Using notation of Theorem 3.11, ¢ € EGM(X) is idem-
potent (respectively, idempotent and join preserving) if and only if ®(c) is
a weak neighbourhood system (respectively, neighbourhood system) on X.

Proof. ®(c) is a weak neighbourhood system if and only if for each x €
Subpm (X):

ue ®(c)(z) & (Fved(c)(z))(ue P(c)(v))
& u>c(x) < (Fv>clx)(u>c(v))
& A(x) = (),

proving the idempotence of ¢. Further, ®(c¢) is a neighbourhood system if
and only if for every A C Subm(X):

(c)(VA) 2
& (u > va:eA clx) =
< Vieaclz) =

Neea (c)(z)

u > c(\/ A))

c(V A)

completing the proof. ]

Remark 3.13. A closure operation is said to be fully additive if and only if
it preserves arbitrary non-empty joins (see §2.6 condition (FA) [41]). Propo-
sition 3.12 shows fully additive idempotent closure operators are special
neighbourhood systems on X; evidently, every neighbourhood system is not
of the form ®(c) — for instance in the context (Set, Surjections, Injections),
the usual topology on the real line R is not of the form ®(c¢), for any
¢ € EGM(R).
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Remark 3.14. Alongside Proposition 2.1, Theorem 3.11 asserts: the idem-
potent closure operations on Suby (X), identified as complete bounded sub-
A-semilattices of the lattice Subpm(X) are embedded reflectively inside the
complete lattice of grounded closure operations on Subp (X ), which in turn
are embedded coreflectively and dually inside the complete lattice of preneigh-
bourhood systems on X as some special weak neighbourhood systems. Fur-

cl
ther, preneighbourhood systems induce closure operations pnbd[X]°? Z EGM(X)

cl
with ¢l < cl, <I>((?1;) < ®(cl,) and <I>(c/1;) a weak neighbourhood system on
X. The diagram below summarise this.

Fix

CBSMSL(X)°P L EGM(X) 2 pnbd[X]|®  (3.17)
4

In the context (FinSet, Surjections, Injections) ® is an isomorphism; the
presence of non-discrete Hausdorff topological spaces ensure in the context
(Set, Surjections, Injections), ® is not an isomorphism.

3.3 Given any preneighbourhood space (X, i), there are two closure op-

erations, cl, and gl; The latter is idempotent, and both of them describe
the same closed subobjects. The notion of continuity of morphisms with
respect to cl, and cl, needs mention.

Proposition 3.15. Given the internal preneighbourhood spaces (X, i), (Y, ¢)

and a morphism X i) Y, consider the statements:
(a) For every p € Subm(X), 3,cl,p < clg3,p.
(b) For every p € Subm(X), Elfc/l,:p < C/I;Elfp.
(c) For everyt € €y, f~1t € C,.

(d) For every p € Subpm(X), c/I;Epr = (TI;EIfclﬂp.
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Then: (a) implies (b); the statements (b), (d) and (¢) are equivalent.

Proof. Assuming (b), for any ¢ € €y since Elf(?l;fflt < C/I;Elffflt < c/ljﬁt =
t, f~1t € €,, proving (c). Conversely, assuming (c):

fld3p=f"N\{tee, 3, p<t}
= /\{f_lt:p <fMtedyt (o34
Z/\{seﬁu:pSS}zc/lzp,

proving (b). Further, assuming the statement in (b):

Elfc/l;p < El;flfp (statement in (b))
clp < flely3,p
clyp < fflc/lz,ﬂfp (since (b) implies (c))

d,elup <clpd;p

tr ¢ ¢ 3

(t €y = (prg t & Jclp < t))

= a;zlfdﬂp < a;Elfp
& cl3,p = cly3,clup (., p < clup)

proves the equivalence of the statements (b), (d) and completing the proof
of the equivalence of (b)-(c). Finally, assuming (a) for every t € €4 since
Elfcluf_lt < cl¢5|ff_1t <clgt =t, f~1t € €,, proving (c). O

Definition 3.16. Given the internal preneighbourhood spaces (X, ) and

(Y, ¢), a morphism X i> Y is called p-¢ continuous or simply continuous
if f=1 preserves closed subobjects, i.e., the statement Proposition 3.15(c)
holds good; if f satisfies the statement Proposition 3.15(a), then f is called
w-¢ continuous with respect to closures or simply continuous with respect to
closures.
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Remark 3.17. If Suby(X) =5 Suby(X) and Suby(Y) 25 Suby(Y) are
both monotonic then the adjunction 3, 4 f ~1 yields:

(Vz € subw(X)) (3,ex(z) < ey(3,2)) &
(Vy € subm(Y)) (ex (F71y) < flev(y)) -

This provides alternative formulations of (a) and (b) respectively:

cLf1q < flelyg, for all ¢ € Subw(X),
and
a;f_lq < f—la;q’ for all ¢ € Subp(X).

Theorem 3.18. Given an internal preneighbourhood space (X, p) and ad-

. . . a m
missible monomorphisms A>—= M>——> X :

Cl(,u m)a < m~tcl,(mea). (3.18)
Furthermore:
me &y, ac Q:( ) = mea € €, (3.19)
and
mec¢, = (c%‘\)a = m_lc/lz(moa)). (3.20)

m

-1
Finally, if Suby(X) is atom generated or Suby(X) 2 Suby (M) pre-

serve joins then:

Cl( )a = m~1cl,(mea). (3.21)

I

m

Proof. Using the adjunction 3, < m™1, for any = € Suby(X), > mea <
m~lz > a,ie., x % moa < mtx £ a(.;meM). Also, since m=(u A mea) =
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1

m~u A a, implying me(a A m™ u) = me (m™(u A mea)) = m AuAmea =

u A mea, the computations:

< (Fu € p(z))(uAmea =ox)

& (Ju € p(x))(me(a Am~tu) = ox)

& (Fu € p(x)(a Am™tu=op)) (,m e M)
& (e (u‘m 1)) (aAv=0ouy) (using (2.15))

x € Far,(meoa)

smlze Far(u‘ )(a),

m

show: = € Far,(mea) & m™1z € Far(

)((1)‘

7

m

Therefore:

Elmd(,u m)a =3, V{z csubu(M):ata¢ Far(u‘m)(a)}

= \/{Elma: cx € Subm(M),a £ m~Y(meoz) ¢ Far('u} )(a)}

m

= \/{mox : @ € Suby(M), mea £ mox ¢ Far,(mea)}

< \/{y € Subm(X) : moa £ y ¢ Far,(mea)}

= cl,(mea),

proving mocl( )a < cl,(mea) & cl( | )4 < m~tecl,(mea).

m m

The equations (3.19) & (3.20) are trivially true when a is an isomor-
phism; hence it is enough to prove them for a not an isomorphism.
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For m € ¢, and lM#aGQ(M‘ ):

m

cl,(mea) = \/{x € Subm(X) : mea £ x & Faru(moa)}
= \/{w € Suby(X) ra £ mla ¢ Fax, (o)
=\/{z € subu(X) : m~1z < a}

)
= \/{z € subw(X) : oar # m 1z < a}v
\/{x € Subm(X) :m ™tz =on}

=pVg,

(since a € (’l(

m

where p = \/{z € Subm(X) : ops # m ™tz < a} and ¢ = \/{z € Subm(X) :
m~tz = op}. For x € Suby(X) with z < cl,(mea) such that m™tz =
oM & T A'm = oy, since x & Far,(mea), x ¢ Far,(m) (., mea < m and
Lemma 3.1), and hence x > m or x < m (-,m € €,). Since x ¥ mea,
x 2 m forces x < m. Hence there exists only one z contributing to the join
for q, namely * = ox, i.e., ¢ = ox. On the other hand, using Lemma 3.2
and m € €, for each = contributing to the join for p, < mea. Thus:

Clu(moa) =p= \/{fL‘ € S'leM(X) T S moa} = meoa
yielding mea € €,; also:

m_lci;(moa) =m *A{s € €, : mea < s}
= /\{mfls ra<mlts,s€€,}

= cl(

yia <t} (using (3.19))

m

pl )

yielding (3.20).
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-1
If Subm(X) LLLEN Subp (M) preserve arbitrary joins then:

m~ el (mea) = m~t\/{z € Suby(X) : mea £ x ¢ Far,,(mea)}

=\/{m ez swn(X).a £ m~e & Far )\ ()}

m

< \/{y €Suby(M):adyé Far(u‘ )(a)} = Cl(,u

m

)Y

m

proving (3.21) in this case. On the other hand if Suby(X) is atom gen-
erated then for an atom b, b < m A cl,(mea) if and only if b < m and
b & Far,(mea) & m~1b ¢ Far( )(a); since m~1b is also an atom, it im-

lies m~1b < cl as mADb :mb < meocl a. Hence m A cl,(meoa) <
P = Yl =) ulrmes) <
mocl( )a & m~tcl,(mea) < Cl(,u} )@ proving (3.21) in this case also.

This completes the proof. O

Lemma 3.2. Given admissible monomorphisms A>—"> M>"> X with
a# 1y, if op # (x Am) < meoa then x < cl,m.

Proof. If x > m then m = z Am < mea < m implies a is an isomorphism;
hence if a # 17 then ¥ m. Also, x Am < mea < m™lz <a=mlz ¢
Far('u| )(a) & x & Fary(mea) = x ¢ Fary(m). Thus, the conditions

m

imply: m £ « € Far,(m) & = < cl,m. O

Definition 3.19 ((see condition (HE), §2.5 [41])). Given an internal preneigh-
bourhood space (X, ) and a m € Subm(X), cl, is hereditary for m if for

all a € Suby(M):

1

cl( )a = m~ " cl, (mea). (3.22)

I

m

Similarly, 0/1; is hereditary for m if for all a € Suby (M ):

o —

Cl(,u )a = m~cl,(mea). (3.23)

m

For a subset a C Subm(X), cl, (respectively, C/IZ) is a-hereditary if cl,
(respectively, cl,) is hereditary for each m € a; M-hereditary is shortened
to hereditary.
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Remark 3.20. In terms of Definition 3.19, equation (3.21) suggests in the
special case when Suby (X)) is atom generated, for every preneighbourhood
system p on X, cl, is hereditary; in general, if for an admissible subobject
m, m~! preserve joins then cl, is hereditary for m. For every admissible
monomorphism m € Suby(X), m~! preserve joins if and only if Subp(X)
is a frame ( [48] or Theorem 2.11(a) [49]). Thus, cl, is hereditary for any
preneighbourhood system g on X if Subp(X) is a frame.

However, in general from (3.20), for every preneighbourhood system p
on X, C/E is €,-hereditary.

Remark 3.21. Equations (3.18) and (3.19) together suggest:
)

i.e., the closed subobjects of a closed subobject M are precisely those which
are closed in X.

meﬁué(moae%@ae@(u

m

Remark 3.22. Theorem 3.18 ensures each admissible monomorphism is
continuous with respect to closures and satisfies the condition (see condition
(CC), §2.4 [41]).

3.4 Theorem 3.18 ensure every admissible monomorphism is continuous
with respect to closures and hence continuous (Prop 3.15).

Proposition 3.23. Given preneighbourhood morphism (X, u) EN (Y, 9), if
f = moh where cl, is hereditary for m and h is a preneighbourhood mor-
phism then f is continuous if and only if h is continuous.
Proof. It (X, p) L (I, (qﬁ‘ )) "> (Y, ¢) with gl; hereditary for m then:
\—m‘/'
f
deelyp <clpd;p
& mOEIhc/l;p < (;ljﬁ(moElhp)
& 3dup <mLey(med,p)

& Elha;p < cl(¢| )Elhp (since gl; is m-hereditary),

m

completing the proof. O



Closure and closed morphisms 191

Using Definition 5.1 and immediate observations:

Corollary 3.24. In the context of Proposition 3.23, every preneighbourhood
morphism is continuous if and only if every dense morphism is continuous.

Lemma 3.3. Consider internal preneighbourhood spaces (X, p), (Y, ), a
morphism X ER Y, admissible subobjects x,p € Subpm(X).

(a) If f reflects zero and p 2 <?(bElf then:

3,x € Faryg(3,p) = z € Far,p. (3.24)

%
(b) If f is a Frobenius morphism and pn C f ¢3, then:

x € Far,p = 3,x € Fary(3,p). (3.25)

Proof. 1f 3,z € Far,,(3,p) then there exists a v € ¢(3,x) with vA3,p = oy;
if f reflects zero then ox = f_l(v/\Elfp) >pAflov=pAflo =
ox. Hence if p O ?nglf then f~1v € p(x) proving (a). On the other
hand, if # € Far,p then there exists a v € p(z) such that u Ap = ox.
Since pu C ?gbﬂf, there exists a v € ¢(3,7) such that f~lv < u entailing
p A flv = ox for some v € #(3,x). Since f is a Frobenius morphism,
oy =3,(pA floy=vA 3,p, implying 3,2 € Fary(3,p). This completes
the proof. ]

Remark 3.25. Lemma 3.3 illustrates the obstruction in establishing con-
tinuity or continuity with respect to closures. Thus, in context of Lemma
3.3,if t € €4 and f is a zero reflecting preneighbourhood morphism then
x ¢ Far,(f~') = 3,2 ¢ Fary(3,f 't) and hence 3,2 ¢ Fargt. Since
tedy, Jx<ter< f~1t or else d,z > t. Consequently, f~1t would be
closed if 3,2 >t = = > f~1t. With regards to continuity with respect to
closures:

r<clypepLar¢Far,p
= p £z and 3,z ¢ Faryg(3,p)
(if p 2 ?nglf and f reflects zero);

hence if 3,p < 3,z = p < x then x < clyp = I,z < cly3d,p entailing
continuity with respect to closures.
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Corollary 3.26. Given (X, u) EN (Y, ¢), the following statements hold.

(a) If ffloEIf = 1SubM (X) then f is continuous with respect to closures.

(b) If Subpm(X) is atom generated, f reflects zero and preserve atoms then
f is continuous with respect to closures.

Remark 3.27. Every admissible monomorphism satisfy condition (a) of
Corollary 3.26(a); however the property do not characterise admissible monomor-
phisms — in the context (Top, Epi, ExtMon) injective continuous maps may

not be extremal monomorphisms and yet satisfy the condition.

Remark 3.28. With regards to preservation of atoms, every Frobenius

morphism preserve atoms: if X i> Y is a Frobenius morphism and a €
atom(X), then for each y € Suby(Y) either a < fly & d,a < y or
else a A f7ly = ox = oy = Eif(a/\ffly) = y A 3,a, completing the
proof. Hence, from Corollary 3.26(b), if Subpm(X) is atom generated then
every reflecting zero Frobenius preneighbourhood morphism with (X, i) as
domain is continuous with respect to closures.

3.5 As observed continuity for morphisms with respect to induced closure
operations is not automatic, even for preneighbourhood morphisms. This
section illustrate its presence in many familiar contexts, as well as exhibit
instances of several properties of closure operations from a preneighbour-
hood system discussed so far. However, before embarking on the examples,
let for € pnbd[X] and ¢ € pnbd[Y]:

cCli¢) = {X LY : 12 o3, and (¥p € Subm(X))(3,clp < cly3,p)},
(3.26)

and

Cli,d) = {X L v : 2 F o3, and (¥p € Subm(X))(3,cp < ) }.
(3.27)

oA (X,Y)

Evidently, pnbd[X] x pnbd[Y]°? are both order pre-

cc
serving maps with CC(u, ¢) C C(u, ¢).
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Let A be any of the contexts: (FinSet, Surjections, Injections),
(Set, Surjections, Injections), (Top, Epi, ExtMon). In each of them for each
object X, Suby(X) is distributive, complemented, atom generated, mor-
phisms preserve atoms and the contexts are admissibly quasi-pointed with
strict initial object. Hence for every preneighbourhood system p on X, cl,
is additive (Theorem 3.5(d)), hereditary (Theorem 3.18, equation (3.21)),
p € ¢, = p* € O, (respectively, p € O, = p* € €,) (Theorem 3.5(c)) and
each preneighbourhood morphism is continuous (Corollary 3.26(b), Theo-
rem 2.11(f)); if further 4 has open interiors then ((?l;p)* = int,p* (Proposi-
tion 3.8). Moreover, if it is open generated then cl, is idempotent (Theorem
3.5(e)). Thus for each neighbourhood system p on X, cl, is a hereditary
Kuratowski closure operation yielding internal topologies.

The context (Loc, Epi, RegMon) has each of its Suby(X) a coframe and the
context is admissibly quasi-pointed with the initial object strict; however,
unlike contexts in §3.5, preimages do not preserve arbitrary joins and images
do not preserve atoms. Furthermore, each subobject (also called sublocale)
S C X is generated by principal sublocales: S = \/,cgla], where [a] =
{ (t=>a) : t € X} is the smallest sublocale containing a (see §I11.10.2
[58]). Hence, for every preneighbourhood system p on a locale X, cl, is
hereditary (Theorem 3.18, equation (3.21)).

Consider the T-neighbourhood system for a locale X (see §2.20). The
closed sublocale for a € X is Ta = {a: eX:x > a} is the complement
of Oa={(a=2):2€X}={reX:2= (a=> z)} in the lattice
Subpm(X) of all sublocales of X (see Proposition 6.1.3 [58]). Since for any
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reX:1#2xe0as = (a=z)#1% afwx, for any sublocale S:

s (SCta=z>a)
<:>x2/\S.

This proves cl, .S =1 (/A S), the usual localic closure of S (see §II1.8 [58]);
In particular, cl,, is additive and idempotent, i.e., a hereditary Kura-
towski closure operation; since Subp(X) is a coframe, this is not an in-

ternal topology in general. Further, for every localic map X i) Y, since
J,clr S C clry 3,5 (S € SubregMono(X)) (see §II1.8.4 [58]), the preneigh-

TY = f
bourhood morphism (X, 7x) ERN (Y, 7y) is continuous, and for preneighbour-

hoods p 2D 7x, v 2 ¢, (X, p) EN (Y, ¢) is continuous.

In the context (Grp, RegEpi, Mon), for a group X consider the neighbourhood
system vx of Example 2.21; in fact vx = ®(ncly), where nclx is the
normal closure of a subgroup G of X. Since ncly is an idempotent and join
preserving closure operation, ®(nclx) is a neighbourhood system on X,
Clp(ncy) is idempotent, Og(ne1 ) is precisely the set of all normal subgroups
of X, for any subgroup A:

S Cl@(nch)A = [az] S Cl@(nch)A
< ncly(z) NA# {0},

where [:13] is the cyclic group generated by x, A € Co(ne1y) if and only if for
any z € X:
nclx(z)NA#{0}=zc A,

N 94X = clpmeay)N D X, intgpe,)A is the normal core of A (ie.,
the largest normal subgroup contained in a subgroup), the preneighbour-
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hood morphism (X, ®(ncly)) EN (Y, ®(ncly)), for each group homomor-

phism X EN Y, is continuous and every (X, ) ERN (Y, ¢) where pn O ncly
and ¢ C ncly is continuous.

In the context (CRng, RegEpi, Mon) for a ring X consider the neighbourhood
system tx of Example 2.22; in fact tx = ®(idly), where idlx is the
ideal closure of a subring of X. Since idly is an idempotent and join
preserving closure operation, ®(idlx) is a neighbourhood system, Ccla(ia1x)
is idempotent, O (141 ) = Id1 [X] the set of all ideals of the ring X, for any
subring A:

x € Cl@(ile)A <~ [1;] € Cl@(idlx)A
& idly(z) N A £ {0}
& (Fre X)(re e A),

where [:1:] is the subring generated by x, A € €g(;a1 ) if and only if for any
r e X:

FreX)ireeA) =xcA,

I € 1d1[X] = clp(iaiy)! € Td1[X], intgia1,)A is the ideal core of A
(i.e., the largest ideal contained in a subring), the preneighbourhood mor-

phism (X, ®(idly)) EN (Y, ®(idly)), for each ring homomorphism X Ly

is continuous and every (X, u) EN (Y, ¢) where p O idlx and ¢ C idly is
continuous.



196 Partha Pratim Ghosh

Given a context A = (A, E, M), for any ¢ € EGM(X):

Farg(yp = {x € Subm(X) : c(z) A\p=o0ox}, (3.28)
cop=\/{z #p:clz) Ap#ox}, (3.29)
Cope) = {p € Subm(X) : z € Suby(X) = (3.30)

<(93>p) or (c(z) Ap #ox =>x§p)>},

while Og () = Fix[c], intgyp = \/{z € Fix[d] : 2 < p}.

In particular, €y, is a chain and each element of €y, cuts the lattice
Subp (X) in two parts, one above and the other below. In presence of good
conditions on Subpm(X) (e.g., if each element is complemented) cly,p is
closed, i.e., cly, is idempotent. Further, since €y, is closed under joins,
cly, is additive, irrespective of presence of distributivity. On the other
hand, every atom is in &, the p € &, is nearly like an atom: for every
x € Suby(X) either z Ap = ox, p < z or x < p, the last condition being
the exception to an atom.

C
The functions Subp(X) Z Subp(X) provide competitors for a closure
D

operation induced from a preneighbourhood system p on X:

\/{1: € Suby(X) : # # 1x and « ¢ Far,p}, (3.31)
and

\/{:L‘ € Subp (X z) & p(p) and z ¢ Far,p} (3.32)

Evidently, C, D are closure operations and D < cl,p < C and hence
Fix[C] < Q:Clu < Fix[D].
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However, the function C is trivial, i.e., either C(p) = ox or C(p) =
V{z € subm(X) :  # 1x} — to see this, let C(p) # ox and choose a
x # 1x with x ¢ Far,p. Since x # 1 there exists a y # 1x such that
xVy # 1x and for such a y, z Vy ¢ Far,p. Consequently:

C(p) = \/{ac €Subm(X):z#1x} < \/{ac\/y ty#1x} < C(p).

On the other hand, the function D uses a partial order relation on
Subm(X) larger than the usual partial order. Since the order structure
on Subp(X) make centre stage of this paper, the closure operation D is left
for a future detailed investigation.

4 Closed morphisms

Having defined a closure operation induced from a preneighbourhood sys-
tem, this section describe morphisms which preserve the closure operation.

4.1 Let A= (A,E,M) be a context.

Definition 4.1. Given the internal preneighbourhood spaces (X, u) and

(Y, ¢), amorphism X Ivis u-¢ closed, or simply closed when the preneigh-
bourhood systems are evident, if:

pe€,=3,ped. (4.1)
The (possibly large) set of closed morphisms is A.

Theorem 4.2. Given the internal preneighbourhood spaces (X, u), (Y, ®),
(Z,4) and the morphisms X i> Y % Z the following statements are true.

(a) The morphism f is a closed morphism if and only if for every p €
Subpy (X)
clg3d,p < 3, clyp. (4.2)

(b) If f is continuous then f is closed if and only if for every p € Subm(X),
3,clup = cly3,p. In particular, m € Subm(X) is a closed map if and
only if m € €.



198 Partha Pratim Ghosh

(¢) The set A contain all isomorphisms.
(d) The set Aq is closed under compositions.

(e) If gof is a closed morphism and f is formally surjective and continuous
then g is a closed morphism.

(f) If f is a closed continuous morphism then for each m € €y the core-
striction fm, of f along m is closed and continuous.

Proof. The statement in (c) is immediate from definition, while (d) is im-

mediate from 3 of = 3,03,. If f is closed, then for any p € Subm(X),

gof
clp € €, implies 3,cl,p € € and hence cly3,p < 3,cl,p (7, 3,p < 3,clup);
on the other hand, if (4.2) is true then for p € €, C/l;Epr < 3,p proving
3,p € &4. This proves (a). The first part of statement in (b) is immediate
from (a) and continuity (Proposition 3.15(b)); the second part is immediate
from definition and Remark 3.21. If gof is a closed morphism, f is formally
surjective and continuous then for any y € Subm(Y):

c/lq\pElgy = c/l;EIgEIff_ly (since f is formally surjective)

=d,3 L f!
v Y

< Elgofc/l;f_ly (since gof is closed)
=3,3 a;fily

< Elgc/I;EIff_ly (since f is continuous)
=3, c/l;y (since f is formally surjective),

proving (e). Finally, given p=" M m M | where f is closed con-

SO
X Y

tinuous, the square is the pullback of m € €4 along f, ftme ¢, (Propo-
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sition 3.15(c)), yielding:

mocl/((ﬂ\ )3l = clo(me(3,,p))
(using (b), second part)
= cly(3,((f*m)ep))
= 3,0, ((f~"m)ep)
(since f is closed continuous, (b))

- Elf(fflm)od( .
(since f~1m € €, (b), second part)

)p

= meod, cl
- 3 m O f’lm)p
=cl 3 =3, cl
“(g],)7mP ) )P
completing the proof of (f). O

Remark 4.3. In view of the part (b) of Theorem 4.2(b), for any internal
preneighbourhood space (X, u), m € €, is called a closed embedding and
Agemp is the (possibly large) set of closed embeddings.

4.2 In this section some examples of closed morphisms are provided.
Given the preneighbourhood spaces (X, i) and (Y, ¢) let:

P —~ —
CL(p,d) = {X LY : 0D o3, and (vp € Subm(X))(cly3,p < 3,cl,p)}.

Evidently, pnbd[X]°? x pnbd[Y] L 9A (XyY) is an order preserving map.

Theorem 4.4. If X L Y is a reflecting zero Frobenius E-morphism and

¢ € pnbd[Y] then f € Cl(?quIf, o).

Proof. Since a Frobenius E-morphism is formally surjective (Proposition
2.15) for each y € Subn(Y), vy = Elff_ly. Hence using Lemma 3.3, for
any p € € _ ,y ¢ Fary(3,p) & fly¢Fare _p=p<flyorp>
f 63, o f 43,
f~ty; further I pLyepL f~ty (from 3, f~1). Henceify ¢ Fary(3,p)
and 3,p £ y, then fly<p=y= Elff_ly < 3,p, proving 3,p € €.
O
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Regarding examples in some other specific contexts:

(i) In the context (Loc, Epi, RegMon), if X and Y are equipped with their

T- neighbourhood system then a localic map X L Y is a closed mor-
phism if and only if f is a closed morphism in the usual localic sense.

(ii) In the context (Grp,RegEpi, Mon) (respectively, (CRng, RegEpi, Mon))

if X L5 Y with f € RegEpi then f is ®(nclx)-P(ncly) closed (respec-
tively, ®(idlx)-®(idly)) closed.

5 Dense morphisms

In this section the notion of dense morphisms shall be introduced, the dense-
(closed embedding) factorisation system exhibited.

5.1 Let A= (A,E,M) be a context.

Definition 5.1. Given the internal preneighbourhood spaces (X, u), (Y, ¢),
a morphism X i> Y is p-¢ dense morphism (or in short dense morphism,
if 4 and ¢ are evident) if f = moh for some m € €4 implies m is an
isomorphism. The (possibly large) set of all dense morphisms is denoted by
Ag.

Remark 5.2. Consider the commutative diagram:

e cly, M

where jr, kr,uy = kyojr are the comparisons between the respective ad-
missible subobjects. Evidently, f = (clyfM)ousofE is dense if and only if
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c?l;fM = 1y. For a general f, since (UfOfE)E = fE, (UfOfE)M = uf, an use
of (3.20) shows on taking m = cl, fM:

c@‘\m) (upo fEYM = C@)uf = m*I@(mOUf) =mtm= 1@,
i.e., upofE is a dense morphism. In particular, f = (a;fM)O(UfOfE) shows
every morphism factor as a dense morphism followed by a closed embedding.

Theorem 5.3. Given the internal preneighbourhood spaces (X, pn), (Y, ),
(Z,4) and the morphisms X ERRTEEN Z, the following statements hold.

(a) The morphism f is a dense morphism if and only if c/l;fM =1y.
(b) EC Ay and Ag N Agemp = Iso(A).

(¢) If g is dense continuous and f is dense then gof is dense.

(d) If gof € Ay then g € Ay.

() Ag" C Aciemb and *Acemb € Ag.

(f) If every preneighbourhood morphism is continuous then Aq C L+ Ademb
and (Ag, Acemb) 1S a factorisation system on A.

(9) If all preneighbourhood morphisms are continuous then dense mor-
phisms are pushout stable.

F

JR——

(h) If all preneighbourhood morphisms are continuous and X ua A ax e

G
Ag (X €Xp), Lin I and 1in G ezists then lina € Aqg.

Proof. Since f = ((?1; fMYou o fE (see paragraph before Theorem), the proof
of (a) follows. If f is dense and f € €4 then f = fM = c/l; M, proving
Agemb N Ag € Iso(A); the other inclusion is obvious. Also, if f € E and
f = moh with m € €4 then m € ENM = Iso(A). This proves (b). If g is
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dense continuous, f is dense and gof = moh for some m € &, then from
the pullback of m along g:

g~ 'm € €4 (Proposition 3.15(c)), there exists a unique morphism u such

that f = (g !m)ou; hence from density of f, g~!
1

m is an isomorphism.
Hence g = mogme(g~ )71 forces m an isomorphism from density of g.
This proves (c). If gof € Ag, g = moh for some m € &y, then gof = mohof
forces from density of gof, m is an isomorphism; hence g € Ay, proving (d).
If f e Agt, then (UfOfE) 1 f forces fE an isomorphism proving f € M.
Consequently, f = (El;f)ou]c and uy L f forces c/lz,f < f, ie, f € Agemb,
proving Ag® C Agemp; the inequality L Acjemp C Ag is trivial, proving (e). If
every preneighbourhood morphism is continuous, f is dense and veof = mou
for some m € Acjemb, then v~1m is a closed embedding (Proposition 3.15(c))
and there exists a unique morphism w such that f = (v='m)ow, implying
v~lm an isomorphism; hence vmow*lm)_1 is the unique diagonal fill-in,
i.e., f L m, proving Aq C TAgemp. Hence if every preneighbourhood mor-
phism is continuous, Ag = “Ademb, Ad™ = LAdemb” C Adtemb € “Actemb
proving AqT = Acemb. This completes the proof of (f). The rest of the
properties in (g), (h) follow from (f) and the properties of a prefactorisation
system (see Proposition 2.2 [5]). O

Remark 5.4. If every preneighbourhood morphism is continuous then from
part (f) of Theorem 5.3, (Ag N pNbd[A],, Aclemp N PNbA[A],) is a factorisa-
tion structure for pNbd[A]. The dense-(closed embedding) factorisation of
preneighbourhood morphisms is well known for topological spaces, i.e., for
neighbourhood systems of the context (Set, Surjections, Injections), as well
as for locales with T-neighbourhood systems (see §XV.2.2 [58]). Theorem
5.3(f) generalise these results to larger subcategories of preneighbourhood
spaces.
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Remark 5.5. The factorisation system (Ag N pNbd[A];, Aclemb N PNbA[A];)
is proper if and only if for each internal neighbourhood space

(X, ), (X,n) e (X x X,pux u) is a closed embedding, i.e., (X,u) is
an internal Hausdorff space (see Definition 7.5 and Theorem 7.6) — note
the assumption of continuity of each preneighbourhood morphism is already
embedded by Theorem 5.3(f), relaxing the proper condition in Definition
7.5 (see also Theorem 6.2(c)).

5.2 This section exhibit examples of dense subobjects.

Example 5.6. In the context (Set, Surjections, Injections) the dense mor-
phisms between neighbourhood spaces are precisely the usual continuous
maps with dense image.

In the context (Top, Epi, ExtMon), the dense morphisms between neigh-
bourhood spaces are precisely the bicontinuous functions between the bitopo-
logical spaces, which have dense image with respect to the second topologies.

Example 5.7. In the context (Loc, Epi, RegMon), a localic map X Ivis
a dense morphism with respect to the T-neighbourhood systems on X and
Y, if and only if, f(0) = 0, i.e., is a dense localic map in the usual sense
(see §8.2 [58]).

Example 5.8. In the context (Grp, RegEpi, Mon) a group homomorphism

xLyis ®(ncly)-P(ncly) dense if and only if the image f(X) non-
trivially meets every non-trivial normal subgroup of Y, i.e., f(X) is essential
with respect to normal subgroups.

Definition 5.9. An admissible subobject m € Subm(X) is essential with
respect to a or a-essential (a C Subym(X)) ifa € a = aAm # ox; Subm(X)-
essential is shortened to essential.?

Example 5.10. In the context (CRng, RegEpi, Mon) a ring homomorphism

xLyis ®(idlx)-P(idly) dense if and only if the image f(X) non-
trivially meets every non-trivial ideal Y, i.e., the image f(X) is essential
with respect to ideals.

®The idea of essential abelian groups can be obtained from (see page 19 [53]).
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6 Stably closed morphisms

This section discuss pullback stable closed morphisms and compact preneigh-
bourhood spaces as a special case.

6.1 Let A= (A,E,M) be a context.

Definition 6.1. A preneighbourhood morphism (X, u) ER (Y, ¢) is said to
be proper if it is stably in Ay, i.e., for every preneighbourhood morphism

(T,7) LN (Y, ¢), the pullback f; of f along h is a closed morphism. The
symbol A, denotes the (possibly large) set of proper morphisms in A.

Theorem 6.2. Let (X, p) EN (Y, ) EN (Z, ), (T,T) LN (Y, ¢) be preneigh-
bourhood morphisms.

(a) The preneighbourhood morphism f is a proper morphism if and only

if for any internal preneighbourhood space (T, T) every corestriction of

1
X xT fX—T> Y x T along a section of the second product projection

p2 1S a closed morphism.

(b) The set Ay is a pullback stable set, is closed under compositions.

(c) If all preneighbourhood morphisms are continuous then Acemb C Apr.

(d) If gof € Apr and f is stably in E and is stably continuous, i.e., for any
morphism h the pullback fr, of f along h is in E and is continuous,
then g € Apr.

(e) If gof € Apr and g € Mono(A) then f € Ap.

(f) If f is a proper morphism then f X f is a proper morphism.

Proof. Firstly, sections of the second product projection Y x T 227 are
precisely determined by (7, 7) hy (Y, ¢), namely (h,17). Towards the proof
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of (a), consider the commutative diagram:

P L T
W (h,17)
hy XXT — |—fx1lp—=Y x T
h
p1 P1
X Y
f

in which p;’s are product projections, the horizontal square is the pullback
of p1 along f. From properties of pullbacks, f3 is the pullback of f along h
if and only if f, is the corestriction of f x 17 along the section (h, 17) of peo.
This completes the proof of (a). Since for any m € €, f~'m € €, when f
is continuous (Proposition 3.15), closed embeddings are proper when every
morphism is continuous, proving (c). For the first part of (b), Ay is the
largest pullback stable subset of A. If f and g are proper preneighbourhood
morphisms then from the diagram

R g 9y
b |
XY ——~17

where (W,w) 2 (Z,1) is a preneighbourhood morphism, the right hand
square is the pullback of w along g and the left hand square is the pull-
back of w, along f, the outer square is the pullback of w along gof. If g
and f are proper morphisms, g, and f,, are both closed morphisms and
hence their composite gy fy, is closed (Theorem 4.2(d)), proving gof is a
proper morphism. This proves the second part of (b). On the other hand if
the composite gof is a proper morphism then gyo°fy, is a closed morphism.
Further if f is a morphism stably continuous and stably in E, f,, is a con-
tinuous morphism stably in E; hence f, is a formally surjective continuous
morphism. Hence g,, is a closed morphism (Theorem 4.2 (e)) proving g to
be a proper morphism. This proves (d). If gof is a proper morphism and g
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is a monomorphism then from the commutative diagram:

T v T——T
(u,v)i (héT) l(goh,lT)
X xT Y xT ZxT
fx1lr gx1p

in which the left hand square is the pullback of f x 17 along (h, 17), since
g is a monomorphism the right hand square is a pullback square, implying
the outer square is the pullback of (goh, 1) along (gof) x 1p. Since gof
is proper, using (a) on the outer pullback square, v is a closed morphism.
Hence using (a) again, f is a proper morphism. This proves (e).

. . (t,s)
Finally, towards the proof of (f), given (T,7) —= (Y x Y, ¢ X ¢) con-
sider the diagrams:

Q—>Q —"~X

frou
{0 —
P—f—>T—>Y and (tfou,sfou)l (t,s) (o)
t
fl lt X x X Y xY
X 9

where in the left hand diagram each square is a pullback square. Since f is
proper then f;, fs, u and v are each closed morphisms. Clearly, the right
hand square of (xx) is a pullback square. Hence the composite fiou, which
is the pullback of f x f along (¢, s), is a closed morphism (Theorem 4.2(d)).
Therefore f x f is a proper morphism, proving (f).

O

6.2 This section exhibit examples of proper maps.

Example 6.3. In the context (Set, Surjections, Injections) the proper maps
of internal neighbourhood spaces are precisely the proper maps of topologi-
cal spaces. In the context (Top, Epi, ExtMon) the proper maps are precisely
the proper maps between the second topological spaces. In the context
(Loc, Epi, RegMon) the proper maps between the internal T-neighbourhood
spaces are precisely the usual localic proper maps [59, 65, 66].
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Example 6.4. In the context (Grp, RegEpi, Mon) (respectively, in the con-
text (CRng, RegEpi, Mon)) if (X, ®(nclx)) ERN (Y, ®(ncly)) (respectively,
(X, ®(idlx)) L (Y, ®(idly))) with f € RegEpi then f is proper.

6.3 This section introduce the compact preneighbourhood spaces.

Definition 6.5. An internal preneighbourhood space (X, u) is compact if

the unique morphism (X, ) t—X> (1,V4) is proper. The full subcategory of
all compact objects is denoted by K[pNbd[A]].

Remark 6.6. Immediately from Theorem 6.2(a): an internal preneigh-
bourhood space (X, i) is compact if and only if for every internal preneigh-
bourhood space (Y, ¢), the projection (X x Y, u x ¢) 22 (Y, ) is a closed
morphism, in fact a proper morphism.

Theorem 6.7. (a) If (Y, ) is compact and (X, p) EN (Y, ) is a proper
morphism then (X, p) is compact.

(b) If (X, p) is compact and (X, p) EN (Y, ¢) is a preneighbourhood mor-
phism with f stably continuous and stably in E then (Y, $) is compact.

(¢c) The category K[pNbd[A]] is finitely productive; if every preneighbour-
hood morphism is continuous then K[pNbd[A]| is closed hereditary, i.e.,

if (X, p) is compact and m € €, then (M, (,LL’M)> is compact.

Proof. Since tx = tyof, (a) & (b) follow from Definition and Theorem
6.2((b) & (d)). Since every isomorphism is a proper morphism, (1,V4q) is
compact. Further, binary products of compact objects is proper from (a)
and Definition 6.5. Hence K[pNbd[A]] is finitely productive. Since every
closed embedding is a proper morphism if every preneighbourhood mor-
phism is continuous (Theorem 6.2(c)) the closed heredity of K[pNbd[A]] fol-
lows from (a). O

A detailed treatment of K[pNbd[A]] shall be done in a later paper.
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7 Separated morphisms

Given the context (A, E, M), let (X, ,u) (Y, ¢) be a preneighbourhood mor-

X its kernel pair. Since

phism with kerp f

f2

(% o)) 2D (arp o)

X is an admissible subobject of kerp f. Evidently, any morphism 7’ AN kerp f
t1
is determined by the pair T'—Z X of morphisms such that f;of = ¢;
to
(i = 1,2) and t; = tFotM is the (E,M)-factorisation of t; (i = 1,2). If t =
t1

(t1,12) € Suby(kerp f) and [t =tp]———sT

X is the equaliser of

the pair (¢1,t2), then: ’
dy =t = tiomy = toomy, (7.1)
dg Nt = (tiomy, taomy), (7.2)
and
M) 2 () v (). (7.3)

The statements in (7.1)& ( .2) are trivial computations; for (7.3), t;om; =
tMotEom, implies t;om; < tM, (i = 1,2) yielding the result from (7.1).
An use of (7.3) shows ((1 x4 ,u)‘ ) < p. Since for every v € u(u), v =

df_l(fl_lv A ) e denfi~ v/\fQ—lv < dgov = (v,v),v € (1 xg u)’df)(u);
hence = ((u ¢ p)],)-

7.1 This section discuss the notion of separated morphisms.

Definition 7.1. A preneighbourhood morphism (X, ,u) (Y, ¢) is said to
be a separated morphism if dy is a proper morphism. The symbol Agp
denotes the (possibly large) set of all separated morphisms of A.
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Remark 7.2. In case when every preneighbourhood morphism is contin-
uous an use of Theorem 6.2 shows, a preneighbourhood morphism f is
separated if and only of d; is a closed embedding.

Example 7.3. In the context (Set,Surjections, Injections) the separated
morphisms between internal neighbourhood spaces are precisely those con-
tinuous maps in whose fibres distinct points are separated by disjoint neigh-
bourhoods. In the context (Top, Epi, ExtMon), the separated morphisms be-
tween the internal neighbourhood spaces are precisely the separated maps
with respect to the second topologies.

Theorem 7.4. Let (X, u) EN (Y, ¢) 9, (Z,1) be preneighbourhood morphisms.
(a) The set Agep contain all monomorphisms.

(b) The set Asep is pullback stable.

(c) Ifg, f € Asep then gof € Asep-

(d) If gof € Asep and f is a proper morphism stably continuous and stably
in E then g € Agep.

(e) If gof € Agep then f € Agep.

Proof. Since the kernel pair of a monomorphism f is trivial, ds is an isomor-
phism. Hence every monomorphism is separated, proving (a). For the rest

f1 g1 h1
of the proof, let kerp f Z X, kerpg Y, kerph X
2 92 ho

the kernel pairs, where h = gof. Evidently:

kerp f —>(f1’ f2) kerph —>(th1’ fohz) kerpg .
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Consider the commutative the diagram

dy fofo

X kerp f Y . (%)
\
(f1¢f2) Idg
X y kerp h ——(fohy, foha)—— kerpg
h
(h1, h2) 1(91792)
X x X Y xY
xf

q
The top right hand square is a pullback square — if P LYand P—=X

r

be morphisms such that hog = hor and (p,p) = dgop = (foh1, foha)o(q,r)

) r . . .
then foq = p = for. Hence, P M kerp f is the unique morphism such

that (f1, f2)o(q,7) = (q,r) and fofso(q,r) = for = p, proving the assertion.
On the other hand the top outer square is trivially a pullback square. Hence
using properties of pullback squares the pullback of (f1, f2) along dj, is 1x.
Finally the bottom right hand square is trivially a pullback square. If f is a
proper morphism then so also is f x f (Theorem 6.2(f)); from the right hand
bottom pullback square of (%), (fohyi, fohs) is a proper morphism. From
the top outer square in (x), since dgof = (fohy, foha)edy, if h is a separated
morphism then dgof is a proper morphism (Theorem 6.2(b)). Hence, if f
is a proper morphism stably continuous and stably in E, from Theorem 6.2
(d), dg is proper morphism, i.e., g is separated, proving (d). If h is separated
then dj, is a proper morphism. Hence from the left hand pullback square,
d¢ being the pullback of dj along (fi, f2) is a proper morphism. Hence
[ is a separated, proving (e). If g is separated, d, is a proper morphism
and hence (f1, f2) is proper. Further if f is separated, dj, = (f1, f2)ods is a
proper morphism. Hence h is a separated morphism proving (c). Towards
(b), consider the diagram in (f) with f a proper morphism. In (}) the front
vertical and the right hand vertical squares depict the pullback of f along
(Z,4) LN (Y, ¢), the base horizontal square is the kernel pair of f and the
top horizontal square is the kernel pair of f, the pullback of f along p. Since
Fopgolfy)2 = pofye(fy)s = pofpolfy)1 = fepso(fy)1, there exists the unique
morphism kerp f, %5 kerp f such that fiov = pro(fp)1 and foov = pro(fp)a-
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Furthermore, using properties of pullbacks squares, all the faces of the cube
are pullback squares.

dfyp (fp)2

P kerp fp P
|
| \ (o1 o
\
lwl P £ Z/ s
! v
| !
] v
dy kerp f —f X
pf P

X 7 Y

()

Since dy is the equaliser of (f1, f2) and fiovedy, = faovedy,, there exists
a unique morphism P = X such that dgow = vody,. Hence w = fiodow =
frovedy, = po(fp)iedy, = py. Furthermore, since the left most square is
trivially a pullback square it follows from properties of pullbacks that py is
the pullback of v along dy. Consequently, if f is separated, then dy, being
the pullback of d; along v is also a proper morphism. This proves f, a
separated morphism whenever f is a separated morphism. Hence Agep is
stable under pullbacks. This completes the proof. O

7.2 Given (X, pu) EN (Y,¢), f is separated if and only if in the context
(A1Y), the internal preneighbourhood space ((X, f),(xd Y)) has the
property: the unique morphism f = t( X, f) is separated, i.e., the diag-
onal morphism from (X, f) to (X, f) x (X, f) is a proper morphism.
Definition 7.5. An internal preneighbourhood space (X, p) is Hausdorff
if the unique morphism (X, ) t—X> (1,V4) is separated.

Evidently, if (X, u) is Hausdorff and g/ > p, then (X, /) is also Haus-
dorff (Theorem 7.4(a)).

Theorem 7.6. The following are equivalent for any internal preneighbour-

hood space (X, ) of A:
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(a) (X, ) is an internal Hausdorff space.

(b) The diagonal morphism (X, u)—— ax (X x X, x p) 1is a proper mor-
phism.

(¢) Every preneighbourhood morphism with (X, u) as domain is separated.

(d) There exists a separated preneighbourhood morphism from (X, u) to
an internal Hausdorff space.

(e) For every proper morphism (X, u) (Y, ¢) with f stably continuous
and stably in E, (Y, @) is an internal Hausdorff space.

(f) The product projection (X XY, u x gb) % (Y, ¢) is a separated mor-
phism for every internal preneighbourhood space (Y, ®).

(9) For every internal Hausdorff space (Y, ¢), (X X Y, u X @) is an inter-
nal Hausdorff space.

f
(h) If (E, (w‘E)) (Z,4) (X, ) be the equaliser diagram
g

for f and g then e is a proper morphism.

Proof. Evidently (a) and (b) are equivalent by definition. Given any preneigh-

bourhood morphism (X, i) EN (Y, ¢) since tx = tyof, an use of Theorem
7.4(e), shows (a) implies (c). On the other hand, (c) evidently implies
(a). Since (1,V4q) is already an internal Hausdorff space, (a) automati-
cally implies (d). On the other hand if (Y,¢) be an internal Hausdorff

space and (X, ) EN (Y, ¢) is a separated preneighbourhood morphism then
tx = tyof implies from Theorem 7.4(c), X is an internal Hausdorff space.
Hence (d) implies (a). Given any proper morphism (X, u) EN (Y, ¢) with
f stably continuous and stably in E an use of Theorem 7.4(b) prove from
tx = tyof the implication of (e) from (a). On the contrary, assuming (e)
and considering Y X, f =1x, (a) follows. Since the product projection
(X x Y, pux¢) 25 (Y, ) is the pullback of ty along ty, (a) implies (f)
from pullback stability of separated morphisms (Theorem 7.4(b)). If (Y, ¢)
is an internal Hausdorff space and (X x Y, u x ¢) 25 (Y, ¢) is the product
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projection, then txxy = tyopy implies (g) from (f) & Theorem 7.4(c).
Since any internal preneighbourhood space isomorphic to an internal Haus-
dorff space is also an internal Hausdorff space, (g) evidently implies (a).

f
Since F—>Z7 X is an equaliser diagram if and only if foe is the
g

pullback of Z M X x X along dx, (b) implies (h) from the pullback

stability of separated morphisms proved in Theorem 7.4(b). On the other
hand, since dx is the equaliser of the product projections, (h) implies (b).
This completes the proof of Theorem.

O

Corollary 7.7. The category Haus[pNbd[A]] is a finitely complete subcat-
egory of pNbd[A] closed under subobjects and images of preneighbourhood
morphisms stably continuous and stably in E.

Proof. Since (1,V1) is an internal Hausdorff space, from (g) & (h) of The-
orem the category Haus[A] is closed under finite products and regular sub-
objects. Hence Haus[A] is finitely complete. Let (X, u) be an internal

Hausdorff space and Y i> X be a monomorphism. Let py be the smallest
preneighbourhood system on Y making f a preneighbourhood morphism.

Then (Y, ) EN (X, p) is separated morphism (Theorem 7.4(a)) and hence
(Y, p1f) is an internal Hausdorff space from (d) of Theorem. Finally from (e)
of Theorem if (X, ) is an internal Hausdorff space and (Y, ¢) be an internal
preneighbourhood space such that ¥ = 3, X for some preneighbourhood
morphism f stably continuous and stably in E then (Y ¢) is also an internal
Hausdorff space. O

8 Perfect morphisms

This section discuss perfect morphisms, i.e., morphisms which are both
proper and separated.

8.1 Firstly, some results for preneighbourhood morphisms between com-
pact and Hausdorff preneighbourhood spaces.
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Theorem 8.1. (a) Every preneighbourhood morphism from a compact
preneighbourhood space to a Hausdorff preneighbourhood space is proper.

(b) A preneighbourhood morphism with a compact Hausdorff codomain is
proper if and only if the domain is compact.

(c) Every compact admissible subobject of a Hausdorff preneighbourhood
space is closed.

Proof. The statement in (b) follows from (a) and composition closed prop-
erty of proper morphisms (Theorem 6.2(b)). Since an admissible subobject
is proper if and only if it is closed, the statement in (c) follows from (a). To-

wards the proof of (a), if (X, u) ER (Y, ¢) is a preneighbourhood morphism
from a compact preneighbourhood space (X, ) to a Hausdorff preneigh-
bourhood space (Y, ¢), and X xY PY ¥ is the product projection, then

1x,
from the pullback square X MX xY |, since (Y,¢) is Haus-

| [

Y Y xY

Y
dorff the diagonal dy is proper (Theorem 7.6(b)) implying (1x, f) is proper.
Since (X, p) is compact, py is proper (Remark 6.6). Hence the composite
f =pye(lx, f) is proper (Theorem 4.2(d)), proving (a). O

Definition 8.2. A preneighbourhood morphism (X, u) EN (Y, ¢) is a perfect
morphism if it is both proper and separated. The symbol Aper = Apr N Agep
is the (possibly large) set of all perfect morphisms of A.

8.2 As an immediate consequence of Theorem 6.2 & 7.4:

Theorem 8.3. The set Aper of all perfect morphisms of A is a pullback
stable set, is closed under composition and satisfies the properties:

(a) If every preneighbourhood morphism is continuous then Agemp & Aper-

(b) If gof € Aper and f is a proper morphism, stably continuous and stably
in E then g € Aper.

(¢) If gof € Apr and g € Agep then f € Ap.
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(d) If gof € Aper and g € Agep the f € Aper.

Proof. 1t is enough to prove (c). Let (X, u) EN (Y, ¢) L (Z,4) be preneigh-
bourhood morphisms such that gof is proper and g is separated. Evidently,
in (A 2), (X,90f), () 2)) & (Y.9). (61 2)) is a preneighbourhood
morphism from a compact preneighbourhood space to a Hausdorff preneigh-
bourhood space. Hence from Theorem 8.1(a), f is proper in (A | Z), and

hence proper in A. The statement in (d) follows from (c¢) and Theorem
7.4(e). O

8.3 Three types of internal preneighbourhood spaces In con-
clusion, three important types of internal preneighbourhood spaces are de-
fined. Detailed investigation of these spaces shall be done in later papers.

Definition 8.4. An internal preneighbourhood space (X, ) is:
(a) compact Hausdorff if (X, p) X, (1,V4) is a perfect morphism.

(b) Tychonoff if there exists a morphism (X, u) == (Y, ¢) , where (Y, ¢)
is a compact Hausdorff internal preneighbourhood space and m € M.

(c) absolutely closed if for every morphism (X, p) == (Y, ¢) where (Y, ¢)
is a Hausdorff internal preneighbourhood space and m € M the mor-
phism m € &.

The symbols KHaus[pNbd[A]], Tych[pNbd[A]], AbC1[pNbd[A]] respectively
denote the full subcategories of compact Hausdorff, Tychonoff, absolutely
closed internal preneighbourhood spaces.

9 Concluding Remarks

Let A= (A,E, M) be a context.

Given (possibly large) sets a, b of morphisms of A, the phrases b is com-
position closed or b is (pullback) stable is well known; the set b shall be said
to be left a cancellative (respectively, right a cancellative) if gof € b and
g € a (respectively, f € a) implies f € b (respectively, g € b). The set b is
stably in E if every pullback f, of f along any morphism g is in E. If b is a
set of preneighbourhood morphisms then it is said to be stably continuous
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if for any p-¢ continuous preneighbourhood morphism (X, u) EN (Y, ) in
b, and for any preneighbourhood morphism (Z,1)) EN (Y, ¢), the pullback

(X Xy Z, 1 xg 1) f—g> (Z,7) of f along g is (p X 1)-1) continuous and is
also in b. Table 1 summarise the properties deduced in this paper. The cells
highlighted in are the properties where the continuity condition
is required; the others do not require continuity of the involved preneigh-
bourhood morphism, and hence are purely consequences of the preneigh-
bourhood morphism property.

The following definition appears in §2 [54]:

Definition 9.1. A pullback stable (possibly large) set a of morphisms of A
is called a topology if it contains isomorphisms and is closed under compo-
sitions.

If a is a topology and right a cancellative, a topology b is called a a-
topology if it is right a cancellative.

Drawing inspiration from [32], it is observed in (see §2 [54]) that in
case when a finitely complete category A with a proper (E, M)-factorisation
system has a set A of closed morphisms described by axioms (see Axioms
(F3)-(F5) [32]), then the set of proper morphisms (i.e., morphisms stably in
Aq) is a s-topology, where s is the set of morphisms stably in E.

In terms of Definition, Table 1 shows the set Agy (g c c1) is aright Agy(g.c 1)
cancellative topology and each of the sets Apr, Asep, Aper are Agygcc1)-
topologies. The difference between the two approaches arises from the fact
that in the present case Ay is right A¢sc (C E) cancellative, while the ax-
ioms of [32] assert Ay is right E cancellative. In case when A is RZC and E is
pullback stable the present case reduces to the situation considered in [32].
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