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On injective objects and existence of injective
hulls in O-TOP/(Y, o)

Harshita Tiwari* and Rekha Srivastava

Abstract. In this paper, motivated by Cagliari and Mantovani, we have obtained a
characterization of injective objects (with respect to the class of embeddings in the
category Q-TOP of Q-topological spaces) in the comma category Q-TOP/(Y, o),
when (Y, o) is a stratified Q-topological space, with the help of their Tj-reflection.
Further, we have proved that for any Q-topological space (Y, o), the existence of an
injective hull of ((X, 7), f) in the comma category Q-TOP/(Y, o) is equivalent to the
existence of an injective hull of its Ty-reflection ((X, %), f) in the comma category
Q-TOP/(Y, &) (and in the comma category Q-TOPq/ (Y, &), where Q-TOP, denotes
the category of Ty-Q-topological spaces).

1 Introduction

Injectivity and projectivity are important concepts of mathematics and play a
fundamental role in various fields of mathematics, in particular in commutative
and homological algebra, algebraic geometry and topology. Injective objects and
injective hulls have been investigated for a long time in various categories. There
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are many results in this direction, even for more general case of H -injectivity and
H-injective hulls, for H an arbitrary class of morphisms. For example, in [3]
there are results for H-injective objects and FH-injective hulls in the category
Field of field and their homomorphisms, for H the class of algebraic extensions.
In [2] we can find results related to FH-injective objects in the category Pos of
partially ordered sets and isotone maps, for H the class of embeddings. In [14],
we have results related to H-injectivity and  -injective hulls in the category TOP
of topological spaces, for H the class of embeddings.

The importance of H-injective objects and H-injective hulls in the comma
category C/B for B in a given category C has also been recognized as they are
related with the weak factorization system in C (cf. [2, 13]).

Cagliari and Mantovani studied injective objects and injective hulls in the
comma category TOP/B (cf. [4—6]). In particular, they gave a characterization of
injective objects (with respect to the class of embeddings in the category TOP of
topological spaces) in the comma category TOP/B (cf. [5]). In [6], they gave a
result related to the existence of an injective hull of an object in the comma category
TOPy/B (B € TOP, and TOP is the category of Ty-topological spaces).

It is well known that the category TOPy is a reflective subcategory of the
category TOP. In [5] (see also [14]), Cagliari and Mantovani considered the
reflector 7 : TOP— TOP, and they mentioned that for any topological space Y,
by virtue of the reflector 7, corresponding to each object (X, f) of the comma
category TOP/Y we have the object (X, fo), where Xy = n(X) and fy = n(f), of
the category TOP /Yy, which is called as the Ty-reflection of (X, f). Cagliari and
Mantovani [5] gave a characterization of injective objects (with respect to the class
of embeddings in TOP) in the comma category TOP/Y with the help of their Ty-
reflection. Cagliari and Mantovani [5] also proved that the existence of an injective
hull of (X, f) in the comma category TOP/Y is equivalent to the existence of an
injective hull of its Ty-reflection (Xp, fy) in the comma category TOP/Y; (and in
the comma category TOP,/Y)).

Solovyov [11] introduced the notion of Q-topological spaces and Q-continuous
maps and studied the category Q-TOP of Q-topological spaces (where Q is a
fixed member of a fixed variety of Q-algebras). Many familiar categories such
as the category L-TOP of lattice valued topological spaces of Goguen [8] (and
hence the category TOP of topological spaces and the category FTOP of fuzzy
topological spaces (in the sense of Chang [7])) are examples of the category O-TOP.
Solovyov [11] also introduced the concept of stratified Q-topological spaces and 7p-



On injective objects and existence of injective hulls in Q-TOP/(Y, o) 175

Q-topological spaces. Singh and Srivastava [10] proved that the category Q-TOP
of Ty-Q-topological spaces is a reflective subcategory of Q-TOP. In [10], for a given
Q-topological space (X, 7), Singh and Srivastava defined an equivalence relation ~
on X as, for every xi,x2 € X, x; ~ xp if a(x1) = a(xy), for every @ € 7. By taking
X = X/~, the set of equivalence classes, and  to be the corresponding quotient
Q-topology on X induced by the quotient map ¢x : X — X, gx(x) = [x] (where
[x] is the equivalence class of x), and 7, they proved that gx : (X,7) — (X, 7)
is a Q-TOPy-reflection for (X, 7) and as a result of this Q-TOP is a reflective
subcategory of Q-TOP (cf. Theorem 4.1 in [10]). Consequently, we have the
reflector (cf. Proposition 4.22 and Definition 4.23 in [1]) R : Q-TOP— Q-TOP,
give by R((X,7)) = (X,%) and if f : (X,7) — (Y,0) is a Q-continuous map,
then R(f) = f, where f : (X,7) — (¥, &) is the unique Q-continuous map such
that gy o f = f o gx. Thus for a given Q-topological space (Y, o), corresponding
to each object ((X,7), f) of the comma category Q-TOP/(Y, o), we have the
object ((X, %), f) of the comma category Q-TOP,/ (Y, &), which is called as the
Ty-reflection of ((X, 1), f).

Thus keeping in the mind that in Q-topology, good, ‘categorically correct’,
notions of “To-ness’ and ‘Ty-reflection’ is already available, it is natural to try to
know if the injective objects can be characterized in Q-TOP/(Y, o) in a similar
fashion as in [5]. We do this investigation in this paper and in the process, we
have obtained a characterization of injective objects (with respect to the class of
embeddings in Q-TOP) in the comma category Q-TOP/(Y, o), when (Y, o) is
a stratified Q-topological space, with the help of their 7p-reflection, motivated by
Cagliari and Mantovani [5]. Further, we have proved that for any Q-topological
space (Y, o), the existence of an injective hull of ((X, 7), f) in the comma category
O-TOP/(Y, o) is equivalent to the existence of an injective hull of its Ty-reflection
((X,7), f) in the comma category Q-TOP/(¥, &) (and in the comma category
Q-TOPy/(¥, 7).

2 Preliminaries

For categorical notions and results used in this paper but not defined here, we refer
to [1].

Definition 2.1. [1] Let C be a category and B be an object of C. Then objects of
the comma category C/B are pairs (X, f), where X is a C-objectand f : X — Biis
a C-morphism. Given any two objects (X, f) and (Y, g) of C/B, a C/B-morphism
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h:(X,f)— (Y,g)isaC-morphism & : X — Y such that go h = f.
Let H be a class of morphisms in a category C.

Definition 2.2. [5] An object I is H-injective if forall h : X — Y in H and a
morphism f : X — [, there exists a morphism g : Y — [ suchthatgo h = f.

Definition 2.3. [5] A morphism & : X — [ in H is H-essential if for every
morphism k : I — Y, the composite k o h : X — Y liesin Honlyifk : [ - Y
does; if, in addition, I is H-injective, then i : X — I is an H-injective hull of X.

An object (X, f) of the comma category C/B is H-injective if for any com-
mutative diagram in C

U—25X

”l lf (2.1)

V——B

with i : U — V in ‘H, there exists a morphism s : V — X for which the following
diagram commutes:

<

N

(2.2)

<

Furthermore, a C/B-morphism j : (Y,g) — (X, f) with j : ¥ — X in H is
H -essential if for any C/B-morphism k : (X, f) — (Z,h) suchthatkoj:Y — Z
isin H, necessarily k : X — Z is in H follows; if in addition (X, f) is H-injective,
then j : (Y, g) — (X, f) is an H-injective hull of (Y, g) in C/B.

The following definitions are from [11].
Definition 2.4. Let Q = (n;))ck be a class of cardinal numbers.

* A pair (Z, (w%)xeK), where Z is a set and (wf)XGK is a family of maps
w% : 2™ — Z, is called an Q-algebra. A subset M of Z is called a
subalgebra of the Q-algebra (Z, (wf)iek) if wf((m;)jen,) € M, for every
A € K and for every (m;)jen, € M™.
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e Let (Z, (wf)xeK) and (S, (wi)xeK) be Q-algebras. Amapg : Z — S is
said to be an Q-homomorphism if the diagram

g
Z"m = §m

le \wa (2.3)

ZT>S

W

commutes for every A € K. Alg(Q) will denote the category of Q-algebras
and Q-homomorphisms.

o Let M (resp. &) be the class of Q-homomorphisms with injective (resp.
surjective) underlying maps. A variety of Q-algebras is a full subcategory
of Alg(€), which is closed under the formation of products, M-subobjects
(subalgebras), and &-quotients (homomorphic images).

From now onwards (Q, (wg) rek ) Will denote a fixed member of a fixed variety
of Q-algebras.

Let Z be a set and O be the set of all functions from Z to Q. All operations
on Q lift point-wise to Q7 as:

@2 (p))jem))(2) = 02((p;(2))jen, ) for every (p;)jen, € (QZ)" and every
z€”Z.

In particular (Q%, (w}?z)xeK) is an Q-algebra.

From now onwards, the Q-algebra (Q, (cqu);LE k) and its underlying set, both
will be denoted by Q.

Definition 2.5. Let Z be a set. A subset 5 of Q7 is called a Q-topology on Z if

1 is a subalgebra of the Q-algebra (Q%, (kaZ)xeK). A pair (Z,n), where Z is a
set and i is a Q-topology on Z, is called a Q-topological space. Let (Z,n) and
(X, 1) be Q-topological spaces and & : Z — X be a function. Then we say that
h:(Z,n) — (X,7)is Q-continuous if @ o h € n, for every a € 7.

O-TOP will denote the category of Q-topological spaces and Q-continuous
maps. Q-TOP is a construct via the obvious forgetful functor |-|: Q-TOP— Set
(Set is the category of sets and maps).

We mention here that O-TOP is a topological category over Set (cf. [9], Remark
2.2) and hence Q-TOP is complete and as a result of this the category Q-TOP has
pullbacks (cf. [1]).
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Definition 2.6. A Q-topological space (X, 1) is called Ty if for every x1,x; € X
such that x| # x», there exists & € 7 such that a(x;) # a(x3).

0O-TOP; will denote the full subcategory of Q-TOP consisting of Tp-O-
topological spaces. It can be easily seen that Q-TOPy is an isomorphism closed
subcategory of O-TOP.

Definition 2.7. A Q-topological space (X, 7) is said to be stratified if q € 1, for
every g € Q, where g : X — Q is defined as ¢g(x) = ¢, for every x € X.

Definition 2.8. [1] Let C be a concrete category over X and |—| : C — X be the
corresponding faithful functor.

1. A C-morphism f : A — B is called initial provided that for any C-object D,
an X-morphism g : |[D| — |A| is a C-morphism whenever fog : |D| — |B|
is a C-morphism.

2. An initial morphism f : A — B that has a monomorphic underlying X-
morphism is called an embedding.

3. A C-morphism f : A — B is called final provided that for any C-object D,
an X-morphism g : |B| — |D| is a C-morphism whenever go f : |A| — |D|
is a C-morphism.

Remark 2.9. Let (X, ) and (Y, o) be Q-topological spaces and let f : (X,7) —
(Y, o) be a Q-continuous map. Then

1. f:(X,7) = (Y,0) isinitial in Q-TOP if and only if T = {Bo f | B € o}.

2. f:(X,7) > (Y,0) is an embedding in Q-TOP if and only if f : (X,7) —
(Y, o) is initial and f is one-one.

3. f:(X,7) = (Y,0)is final in Q-TOP if and only if o = {v € Q¥ | vo f €
T}.

From now onwards, injective, essential, injective hull in Q-TOP (Q-TOPy) and
in any comma category Q-TOP/(Y, o) (Q-TOPy/(Z, 1)) will denote respectively
H-injective, H-essential and H-injective hull for H the class of embeddings in
Q-TOP (Q-TOP).
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3 Tj-reflection

Let (X, 1) be a Q-topological space. Singh and Srivastava [10] defined a relation
~on X as, for every xi,x3 € X, x| ~ xp if @(x1) = @(xy), for every @ € 7. Then it
can be easily proved that ~ is an equivalence relation on X. Let X = X /~, the set
of equivalence classes, and let gx : X — X be defined as, gx(x) = [x], for every
x € X, where [x] is the equivalence class of x. Let ¥ = {8 € QX | Bogx € 7}.
Then (X, ¥) is a Tp-Q-topological space. It can also be easily verified that for a given
Ty-Q-topological space (Z,n) and a Q-continuous map f : (X,7) — (Z,n), there
exists a unique Q-continuous map f’ : (X,¥) — (Z,n) such that f’ o gx = f.
Hence gx : (X,7) — (X, %) is a Q-TOPy-reflection for (X, 7) and as a result
of this O-TOPy is a reflective subcategory of Q-TOP (cf. Theorem 4.1 in [10]).
Consequently, we have the reflector (cf. Proposition 4.22 and Definition 4.23 in [1])
R : Q-TOP— Q-TOP, give by R((X,7)) = (X,7) and if f : (X,7) = (Y,0)
is a Q-continuous map, then R(f) = f, where f : (X,%) — (¥, &) is the unique
Q-continuous map such that the following diagram commutes:

(X, 1) —L (v, 0)

qxl \qu 3.1
X1 — (1.9)

Thus corresponding to each object ((X, 7), f) of the category Q-TOP/(Y, o), we
have the object ((X, %), f) of the category Q-TOPy/(Y,5). ((X, ), f) is called
the Ty-reflection of ((X, 1), f).

We mention here that if (X, ) is a Tp-Q-topological space, then gx : (X, 1) —
(X, %) is an isomorphism in Q-TOP.

Proposition 3.1. Let (X, T) be a Q-topological space. Then qx : (X,7) — (X, %)
is initial and final in Q-TOP.

Proof. By the definition of 7, it follows that ¢x : (X, 7) — (X, %) is final. Now let
« € 1. Define B : X — Q as B([x]) = a(x). Then it can be easily proved that 3 is
well defined and 8 o gx = @. Thus S o gx € 7 and this implies that 8 € 7. Thus
a = Boqyx, where 8 € ¥. Therefore gx : (X,7) — (X, ¥) isinitial in Q-TOP. [

Proposition 3.2. Let (X, 1) and (Y, o) be Q-topological spaces. A Q-continuous
map f : (X,7) — (Y,0) is an embedding in Q-TOP if and only if f is one-one
and f : (X,7) — (Y, &) is an embedding in Q-TOP.
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Proof. Suppose first that the map f : (X,7) — (Y, o) is an embedding in Q-TOP.
Then f is one-one and f : (X,7) — (Y, o) is initial in Q-TOP. Now we have
to prove that f : (X,7) — (¥,&) is an embedding in Q-TOP. Let f([x1]) =
F([x2]) = (f e gx)(x1) = (f o gx)(x2) = (gy © f)(x1) = (gy o f)(x2) =
[f(xD] = [f(x2)] = u(f(x1)) = u(f(x2)), for every u € o = (uo f)(x1) =
(u o f)(xp), forevery u € o0 = [x1] = [x2] (as f : (X,7) — (Y,0) is initial,
sot={uof|uec}) = fisone-one. Now let 8 € 7, then B o gx € T and
so fogx =uo f, forsomeu € . Alsou = v o gy, for some v € . Thus
Bogx =uof=vogyof=vo(qyof)=vo(fogx)=(vofjogx=pB=vof
(as gx is onto). Hence f : (X,7) — (Y,&) is initial in Q-TOP. Therefore
f:(X,%) = (Y,&) is an embedding in Q-TOP.

Conversely, suppose that f is one-oneand f : (X, ¥) — (¥, &) is an embedding
in Q-TOP. We have to show that f : (X, 7) — (Y, 0) is an embedding in Q-TOP.
Since f is one-one, it is sufficient to show that f : (X, 7) — (Y, o) is initial. Let
@ € 1, then @ = B o gx, for some B € ¥. Then since f : (X,7) — (¥,&) is
initial and B € ¥, B =vo f, forsomev € 5. Soa =Bogxy =vo fogx =
vo(fogx)=vol(gyof)=(vogy)of=uof, whereu=vogqyeo. Thus
a=uo f,whereu € o. Hence f : (X,7) — (Y, 0) isinitial in Q-TOP. Therefore
f:(X,7) — (Y,0) is an embedding in Q-TOP.

O

In view of Proposition 8.14 in [1], we have the following result:

Proposition 3.3. Let (X,7) and (Y,0) be Q-topological spaces and let f :
(X,1) — (Y,0) be an initial map in Q-TOP such that f is bijective. Then
f:(X,7) = (Y, 0) is an isomorphism in Q-TOP.

Proposition 3.4. [1] In any category, monomorphisms, regular monomorphisms
and retractions are pullback stable.

Proposition 3.5. Let (X, 1) and (Y,o0) be Q-topological spaces and let q
(Y,o) = (X, %) be a Q-continuous map. Let p : (W,0) — (Y,0) be a pull-
back of gx : (X,7) = (X, %) along q : (Y,0) — (X, T) in the category Q-TOP

(W,0) L= (v,0)

gl l" 3.2)

(X’ T) T> (X’ f)
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Then p : (W,0) — (Y, &) is an isomorphism in Q-TOP.

Proof. First we will prove that the map p : (W,0) — (Y, o) is initial in Q-TOP.
Let (Z,n) be a Q-topological space and let f : Z — W be a map such that
pof:(Zn) — (Y,o)is Q-continuous. Then, gx o (go f) =go(po f). So
gxo(gof):(Z,n) — (X,7)is Q-continuous, but since gx : (X,7) — (X, ¥) is
initial in Q-TOP, go f : (Z,n) — (X, 7) is Q-continuous. Now since the diagram
3.2 is a pullback, there exists a unique Q-continuous map 4 : (Z,n) — (W, 6) such
that the following diagram commutes:

pof
(Z.n) i\

(W,0) —2> (v,0) (3.3)

gof gl lq

(X, 1) —> (X,9)

Now if i # f, then if we consider the diagram 3.3 in the category Set, then
in Set we have two maps f, h : Z — W for which the diagram 3.3 commutes, but
this will be a contradiction because the diagram 3.2, if considered in the category
Set, is a pullback square in Set also. Thus 42 = f and hence f : (Z,n) — (W, 0) is
QO-continuous. Therefore p : (W,60) — (Y, o) is initial in O-TOP. Now consider
the following commutative diagram in Q-TOP:

W,0) - (v,0)

qwl lqy (3.4)

Since p : (W,0) — (Y, o) is initial in Q-TOP, as in the proof of Proposition
3.2, we can prove that p : (W,0) — (Y, &) is initial in Q-TOP. Now since gy
is onto, i.e. ¢x is a retraction in Set and since the diagram 3.2, if considered
in the category Set, is a pullback square in Set also, by Proposition 3.4, p is a
retraction in Set, i.e. p is onto. Since gy o p = p o gqw and both p and gy
are onto, p o gw is onto. This implies that p is onto. Next, we will prove that

p is one-one. Let p([wi]) = p([w2]) = (P oqw)(wi) = (P o qw)(w2) =
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(gy ° p)(w1) = (gy o p)(w2) = [p(w1)] = [p(w2)] = u(p(w1)) = u(p(w2)),
foreveryu € o = (uo p)(wy) = (uo p)(wy), forevery u € o = [wy] = [ws]
(since @ ={uop|ueotasp:(W,0) - (Y,o) is initial in Q-TOP). This
implies that j is one-one. Thus p : (W, 0) — (Y, &) is initial in Q-TOP and p is
bijective. Therefore by Proposition 3.3, 5 : (W, 8) — (¥, &) is an isomorphism in
Q-TOP. O

4 A characterization of injective objects in Q-TOP/(Y, o)

Proposition 4.1. Let (X, 1) and (Y,0) be Q-topological spaces and let f :
(X, 1) = (Y, 0) be an initial map in Q-TOP such that f is onto, then ((X,7), f)
is injective in Q-TOP/ (Y, o).

Proof. Let following be a commutative square in Q-TOP:

(W,0) —— (X,7)

,,l lf (4.1

where 4 : (W,0) — (Z,n) is an embedding in Q-TOP.

Now since in the category Set/Y, injective objects are surjective maps over Y, there
exists a function k : Z — X suchthat koh =/and fok = g. Now leta € 7,
then @ = B o f, forsome B € o as f: (X,7) — (Y, o) is initial in Q-TOP. Then
aok=Bofok=Bo(fok)=Bogenasg:(Z,n) — (Y,o)is Q-continuous.
Thus k : (Z,n) — (X, 7) is Q-continuous. Hence we have a Q-continuous map
k:(Z,n) — (X,7)suchthat k o h = [ and f o k = g. Therefore ((X, 1), f) is
injective in Q-TOP/(Y, o). O

Corollary 4.2. Let (X, 1) be a Q-topological space, then ((X,T), qx) is injective
in Q-TOP/(X, 7).

Proof. It immediately follows from Proposition 3.1 and Proposition 4.1. O

Proposition 4.3. Let ((X, 1), f) be injective in Q-TOP/(Y, o) and ((Y,0), g) be
injective in Q-TOP/(Z,n). Then ((X,7), g o f) is injective in Q-TOP/(Z, ).

Proof. Iteasily follows from the definition of injective objects in comma categories.
O
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The following Lemma 4.4 can be easily verified:

Lemmad.d. Let (X, 1) and (Y, o) be Ty-Q-topological spaces andlet f . (X, 1) —
(Y, o) be a Q-continuous map. Then f : (X,7) — (Y,0) is an embedding in
Q-TOP if and only if it is an embedding in Q-TOP,,.

Proposition 4.5. Let (X, 1) and (Y, o) be To-Q-topological spaces and let f :
(X,1) > (Y,0) be a Q-continuous map. Then ((X,7), f) is injective in Q-

Proof. Suppose first that ((X, 7), f) is injective in Q-TOP/(Y, o). Let following
be a commutative diagram in Q-TOPy:

(A, Ta) —— (X, 1)

hl lf (4.2)

(B, 75) —— (V,07)

where i : (A, 74) — (B, ) is an embedding in Q-TOP,,.
Then by Lemma 4.4, h : (A,74) — (B, 1p) is an embedding in Q-TOP and then
since ((X, 1), f) is injective in Q-TOP/(Y, o), there exists a Q-continuous map
s:(B,tg) — (X,7)suchthat so h =1 and f o s = k. Therefore ((X,7), f) is
injective in Q-TOPy/(Y, o).

Conversely, assume that ((X, 7), f) is injective in Q-TOPy/(Y, o). Let fol-
lowing be a commutative diagram in Q-TOP:

W, —== (X,7)

'“l lf 4.3)

where 4 : (W,0) — (Z,n) is an embedding in Q-TOP.

We note that since (X, 1) and (Y, o) are Tp-Q-topological spaces, gx : (X,7) —
(X,%) and gy : (Y,0) — (Y,5) are isomorphisms in Q-TOP. Now we will
first prove that ((X, ), f) is injective in Q-TOPy/(Y,5). Let following be a
commutative diagram in Q-TOPy:
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(N.7n) —— (X, %)

ml lf (4.4)

(M, ) —— (¥, )

where m : (M, ta7) — (N, Tn) is an embedding in Q-TOP,.
Now since ((X, 7), f) is injective in Q-TOPy/(Y, o), there exists a Q-continuous
map s : (M, 1p) — (X, 1) such that the following diagram commutes:

(N TN) X (X T)

(M, TM) —— (V,5) 7 (Y o)

Thus we have a Q-continuous map gx o s : (M, ty) — (X, ¥) and it can be easily
verified that the following is a commutative diagram in Q-TOPy:

(N, 7y) —— (X, %)

ml ‘IV \Lf (4.6)

(M, ) — (Y,5)

Thus ((X, ), f) is injective in Q-TOPy/ (Y, 7). Now since h : (W, 0) — (Z,n) is
an embedding in Q-TOP, by Proposition 3.2, i : (W, ) — (Z,7) is an embedding
in O-TOP and then by Lemma 4.4, h : (W,8) — (Z,7j) is an embedding in
Q-TOP,. Then since ((X, %), f) is injective in Q-TOP,/(Y, &), there exists a Q-
continuous map s” : (Z,7j) — (X, ¥) such that the following diagram commutes:

(W,8) — (X,%)
,;l /’ lf 4.7)
(Z,7) —— (1,5)

Letp=q;( os oqz. Thenpoh = q;( os oqzoh q;( os o(qzoh) q;( os’o
(hogw) = gx' o (s’ oh)oqw ax' °goqw = qx' o (Zoqw) —qX o(gxog) =
and £ o p = ogy o8z o (fog)os oy = (g o f) o o gy -
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ay'o(fos)oqz =qy' okogz =qy' o (kogz) = q;' o (qy o k) = k. Thus we
have a Q-continuous map p : (Z,n) — (X,7)suchthat poh =gand fop = k.
Therefore ((X, 1), f) is injective in Q-TOP/(Y, o). O

Proposition 4.6. Let (X, 1) be a Q-topological space and (Y, o) be a stratified Q-
topological space. If (X, 7), f) is injective in Q-TOP/(Y, o), then f : (X,T) —
(Y, o) is a retraction in Q-TOP. In particular, for any x € X there exists a section
sx: Y, o) > (X,n)of f: (X,7) = (Y,0) with s, (f(x)) =x.

Proof. Consider the following commutative diagram in Q-TOP:

({x},6) —— (X, 7)

fxl \Lf (4.8)

where 6 = {q | g € Q}, ix : {x} — X is the inclusion map and fy : {x} — Y is
defined as fy(x) = f(x).

It can be easily seen that fy : ({x},8) — (¥,0) is an embedding in Q-TOP.
Then since ((X, 1), f) is injective in Q-TOP/(Y, o), there exists a Q-continuous
map sy : (Y,0) — (X,7) such that s, o fy = iy and f o s, = idy. Therefore
sx(f(x))=xand f: (X,7) — (Y, 0) is a retraction in Q-TOP. O

Let (X, 1) be a Q-topological space and let x € X. Consider the subset
{x € X | X’ ~ x} of X (note that ~ is the equivalence relation on X defined in
the starting of the section 3). Clearly this subset gives the equivalence class [x] of
x. We will denote this subset of X by C, where it is considered as a subset of X
and it will be denoted by [x] where it is considered as an element of X, to avoid
confusions.

Proposition 4.7. Let (X, 1) and (Y,0) be Q-topological spaces and let f :
(X,1) = (Y,0) be a Q-continuous map. Then f(Cy) € Cy(y), for every x € X.

Proof. Lety € f(Cy), then y = f(x’), for some x" € Cy. Now let 8 € 0. Then
since f : (X,7) — (Y,0) is Q-continuous, B o f € 7 and then since x’ ~ x,

(Bo f)x') = (Bo f)x) = B(f(x)) = B(f(x)). Thus f(x") ~ f(x). This
implies that y = f(x") € C¢(x). Therefore f(Cx) C Cy(y). O

Proposition 4.8. [1] Every retract of an injective object is injective.
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Proposition 4.9. Let (X, 1) and (Y, o) be Q-topological spaces. If (X, 1), f) is
injective in Q-TOP/ (Y, o), then (X, ), f) is injective in Q-TOPy/ (Y, &).

Proof. We know that in the category Set, retractions are precisely onto maps and
since gx is onto, gy is a retraction in Set. So there exists amap g : X — X
such that gx o g = idg. This implies that (gx o g)([x]) = [x], for every x €
X = [g([x])] = [x], for every x € X = a(g[x]) = a(x), for every a@ € T and
for every x € X. Now we will show that g : (X,%) — (X, 7) is Q-continuous.
Let @ € 7. Then ((a o g) o gx)(x) = a(g([x])) = a(x), for every x € X. Thus
(¢og)ogx=act. Henceawoget. Sog: (X,%) = (X,1) is Q-continuous.
Now gy o fog=(gyof)og= (fogx)og= fo(gxog) = foidg = f. Thus we
have morphisms g : ((X,7), /) = ((X,7),qy o f) and gx : ((X,7),qy o f) —
((X,%), f) in Q-TOP/(Y,&) such that gx o g = idg. Thus ((X,%), f) is a
retract of ((X,7),qy o f) in Q-TOP/(Y,&). By Proposition 4.3 and Corollary
4.2, ((X,71),qy o f) is injective in Q-TOP/(Y, &) and then by Proposition 4.8,
((X,7), f) isinjective in Q-TOP/ (Y, &). Therefore by Proposition 4.5, ((X, %), f)
is injective in Q-TOPy/ (¥, 7).

O

The following Theorem 4.10 is concerned with the extension of Theorem 2.6
of [5], in the category O-TOP/(Y, o).

Theorem 4.10. Ler (X, 7) be a Q-topological space and (Y, o) be a stratified
Q-topological space. Then ((X,7), f) is injective in Q-TOP/ (Y, o) if and only if

1. f(Cyx) = Cy(x), for every x € X.
2. Its Ty-reflection (X, ), f) is injective in Q-TOPy/ (Y, &).

Proof. Let ((X, 1), f) be injective in Q-TOP/(Y, o).

(1) Letx € X. Then by Proposition 4.7, f(Cy) € Cy(x). Now we have to show
thatCr(x) C f(Cx). By Proposition 4.6, there exists a section s, : (Y, 0) — (X, 1)
of f:(X,7) > (Y,0) such that s, (f(x)) = x and f o s, = idy. Then since by
Proposition 4.7, sx (Cf(x)) € C(syof)(x)> Sx(Cr(x)) € Cx (as sx(f(x)) = x). Then
f(sx(Crx))) € f(Cx) = (fo5:)(Crx)) € f(Cx) = idy(Cr(x)) € f(Cx) =
Crx) € f(Cx). Therefore f(Cx) = Cr(x).

(2) Follows from Proposition 4.9.

Conversely, assume that (1) and (2) hold. Let following be a commutative
diagram in Q-TOP:
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(W,0) —— (X,7)

hl lf (4.9)

where i : (W,0) — (Z,n) is an embedding in Q-TOP.

Now since ((X,7), f) is injective in Q-TOPy/(Y,5), by Proposition 4.5,
((X,7), f) is injective in Q-TOP/(Y,&). So there exists a Q-continuous map
s : (Z,n) — (X, f) such that the following diagram commutes:

(W,0) — (X,7) —23 (R, 7)

4 / 7 (4.10)

Let X = {[x;] | j € J}. Now letw € m‘l(ij), then (s o h)(w) = (gx om)(w) =
[m(w)] = [x;] (as m(w) € Cy;, [m(w)] = [x;]). So h(w) € s7'({[x;1}).
Thus for each j € J, we have a map h; : m‘l(ij) — s7'({[x,]}) defined
as hj(w) = h(w), for every w € m‘l(ij). Next let z € s‘l({[xj]}), then
(gyon)(z) = (fos)(2) = f(s(2)) = f([x;]) = (fogx)(x;) = (gv 0 f)(x;). This
implies that [n(z)] = [f(x;)]. Son(z) ~ f(x;) and hence n(z) € Cy(y;). Thus
foreach j € J, we haveamapn; : s~ ({[x;]}) — Cr(x;) defined as n(z) = n(z),
for every z € s~ ({[x 71}). Now consider the following commutative diagram in
category Set:

-1 mj
m (CXj) E— CXj

h-’l lf" 4.11)

ST = Criy

where f; @ Cx; — Cp(x;) is defined as fj(x) = f(x), for every x € Cy; and
mj : m_l(ij) — Cy; is defined as m;(w) = m(w), for every w € m_l(CxJ.).
Now by (1), fj : Cx; — Cpr(x;) is onto and so (Cy,, f;) is injective in the
category Set/Cp(y,). Also since h is one-one, /i; is one-one. So there exists a
map g; : s ({[x;]}) — Cy, such that gj o hj = mj and fj o g; = n;. Thus for
each j € J, we have amap g; : s~ ({[x;]}) — Cy, such that gj o h; = m; and
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fjogj =n;. Note that since X = Ujesllxily Z = Ujey s7'({[x;]}). Thus
we can defineamap g : Z — X as g(z) = g;(z),if z € s‘l({[xj]}). Now we
have to prove that fog =n,goh=mand g : (Z,n) — (X, 1) is Q-continuous.
Let z € Z, then there exists a unique j € J such that z € s‘l({[xj]}). Then
(fog)2) = f(g(2) = f(g;(2) = [fi(g;(2)) = (fj 0g;)(2) =n;(z) = n(2).
This implies that f o g = n. Now consider (g o h)(w) = g(h(w)) = g;(h(w)),
if h(w) € s‘l({[xj]}). Now if h(w) € s‘l({[xj]}), then (s o h)(w) = [x;] =
(gx om)(w) = [x;] = [m(w)] = [x;] = m(w) ~ x; = m(w) € Cx;, > wEe
m_l(ij) and so h(w) = hj(w). Thus if h(w) € s‘l({[xj]}), then (g o h)(w) =
gj(h(w)) = gj(hj(w)) =(gjoh;)(w) =mj(w) =m(w). Thus g o h = m. Now
we show that g : (Z,n) — (X, 1) is Q-continuous. Let @ € 7, then @ = 8 o ¢y,
for some 8 € ¥. Now let z € Z, then there exists a unique j € J such that
z € s7'({[x;]}). Now consider (@ 0 g)(z) = (B o gx © g)(z) = (Bo qx)(g(z)) =
(Bogx)(gj(2) = B(lg;(2)]) = B([x;]) (since g;(2) € Cx;, [gj(2)] = [x;]).
Thus (a © g)(2) = B([x;]) = B(s(2)) = (Bos)(z). Thusaog=pos €nas
s:(Z,n) — (X, T)is Q-continuous. Hence g : (Z,n) — (X, 1) is Q-continuous.
Therefore ((X, 1), f) is injective in Q-TOP/(Y, o). O

5 Existence of injective hulls in Q-TOP/(Y, o)

Proposition 5.1. Let (X,7) and (Y,0) be Ty-Q-topological spaces. Then
(X, 1), f) has an injective hull in Q-TOPy/(Y, o) if and only if it has an in-
Jjective hull in Q-TOP/ (Y, o) and in this case injective hulls coincide.

Proof. Suppose first that ((X,7), f) has an injective hull j : ((X,7),f) —
((Z,n),g) in Q-TOPy/(Y,o). Then ((Z,n),g) is injective in Q-TOPy/(Y, o)
and then by Proposition 4.5, ((Z,n), g) is injective in Q-TOP/(Y, o). Further-
more, j : (X,7) — (Z,n) is an embedding in Q-TOP, and then by Lemma
44, j . (X,7r) — (Z,n) is an embedding in Q-TOP. Now we have to prove
that j : ((X,7),f) — ((Z,n),g) is essential in Q-TOP/(Y, o). We note that
since j : (X,7) — (Z,n) is an embedding in Q-TOP, by Proposition 3.2,
j: (X,%) = (Z,7) is an embedding in Q-TOP and hence j : (X,%) — (Z,7)
is an embedding in Q-TOPy by Lemma 4.4. Now we will first prove that
7:((X,9), f) = ((Z,7), ) is essential in O-TOPy/ (Y, 7). Let h : ((Z,7),§) —
((A, T4), m) be amorphism in Q-TOP,/(Y, &) suchthat hoj: (X, ) = (A, Ta)
is an embedding in Q-TOPy. Since composition of embeddings is an embed-
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ding, ho jogx : (X,7) — (A,14) is an embedding in Q-TOP, and then since
hojogx=(hogqgz)oj,(hogz)oj: (X,7) — (A,74) is an embedding in
Q-TOPy. Thus we have a morphism 4o gz : ((Z,n),g) — ((A,74a), q;l o m)
in O-TOPy/(Y,o) such that (hogz)oj : (X,7) — (A,74) is an embed-
ding in Q-TOPy. Then since j : ((X,7), f) — ((Z,n),g) is essential in Q-
TOPy/(Y,0), hoqgz : (Z,n) — (A,74) is an embedding in O-TOPy. Now
since (Z,n) € Q-TOPy, g7 : (Z,n) — (Z,7) is an isomorphism in Q-TOP
and so it is essential in Q-TOPy and then since h o gz : (Z,n) — (A, Ta)
is an embedding in Q-TOPy, h : (Z,77) — (A,74) is an embedding in Q-
TOP,. Thus j : ((X,7), f) — ((Z,7),§) is essential in Q-TOP,/(Y, ). Next
let k : ((Z,m),g) — ((W,0),]) be a morphism in Q-TOP/(Y, o) such that
koj:(X,7r) —» (W,0) is an embedding in Q-TOP. Then by Proposition 3.2,
koj:(X,7) — (W,0)isanembedding in Q-TOP and then by Lemma 4.4, it is an
embedding in Q-TOPy. Thus we have a morphism & : ((Z,7),8) — (W, 8),])
in Q-TOPy/(Y,&) such that k o j : (X,7) — (W,0) is an embedding in Q-
TOP,. Then since j : ((X,7), f) — ((Z,7), g) is essential in Q-TOPy/ (Y, &),
k : (Z,7) — (W,I) is an embedding in Q-TOP, and hence it is an embedding
in Q-TOP by Lemma 4.4. Now we will prove that k is one-one. Let k(z;) =
k(z2) = (qw o k)(z1) = (qw 0 k) (22) = (kogz)(z1) = (kogz)(z2) = 21 = 22
(since k o gz is one-one as both k and gz are one-one). Hence k is one-one.
Thus by Proposition 3.2, k : (Z,5) — (W,0) is an embedding in Q-TOP.
Hence j : ((X,7),f) — ((Z,n),g) is essential in Q-TOP/(Y, o). Therefore
Jj:((X,1), f) = ((Z,n), g) is an injective hull of ((X, 1), f) in Q-TOP/(Y, o).

Conversely, let ((X, 1), f) have an injective hull j : (X, 1), f) — ((Z,7n),8)
in Q-TOP/(Y,o). Now since (X,7) € Q-TOPy, gx : (X,7) — (X,7) is
an isomorphism in Q-TOP and hence gx : (X,7) — (X, %) is an embedding
in Q-TOP. Also since j : (X,7) — (Z,n) is an embedding in Q-TOP, by
Proposition 3.2, j : (X,¥) — (Z,7) is an embedding in Q-TOP. Thus j o
gx : (X,1) — (Z,7) is an embedding in Q-TOP and since j o gx = gz o J,
gz oj: (X,7t) = (Z,7) is an embedding in Q-TOP. Thus we have a morphism
az - (Z.n).8) = (Z.7). 47" ©§) in Q-TOP/(Y. o) such that gz 0 j : (X, 7) —
(Z,7j) is an embedding in Q-TOP and then since j : ((X,7),f) — ((Z,7n),8)
is essential in Q-TOP/(Y, o), gz : (Z,17) — (Z,7) is an embedding in Q-TOP.
Hence gz : (Z,n) — (Z,7) is initial in Q-TOP and ¢ is bijective and thus
by Proposition 3.3, ¢z : (Z,7) — (Z,7) is an isomorphism in Q-TOP. Now
since Q-TOPy is an isomorphism closed subcategory of Q-TOP, (Z,n) € Q-
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TOPy. Thus j : ((X,7),f) — ((Z,n),g) is a morphism in Q-TOPy/(Y, o).
Now since j : (X,7) — (Z,n) is an embedding in Q-TOP, by Lemma 4.4,
Jj: (X,7) > (Z,n) is an embedding in Q-TOP,. It can also be easily verified that
Jj o ((X,7),f) = ((Z,n), g) is essential in Q-TOPy/(Y, o). We also note that
since ((Z,n), g) is injective in Q-TOP/(Y, o) by Proposition 4.5, it is injective in
0-TOPy/(Y,o). Therefore j : ((X,7), f) — ((Z,7n),g) is an injective hull of
((X,71), f)in Q-TOPy/(Y, o). O

Definition 5.2. [12] Letm : U — B and e : A — U be morphisms in a category
C. Then a pullback complement of the pair (m, e) in the category C is a pullback
diagram

A——U
| m (5.1)
P——B
such that, given any pullback diagram
d
X —U
Y — B

and a morphism /& : X — A with e o h = d, there is a unique morphism »’ : ¥ — P
withéoh' =gand h' ok =mo h.

In the category Set, pullback complement of the pair (m, ¢), wherem : Z — Y
is one-one and e : X — Z is a map, always exists and given by

X

Z
ml lm (5.3)

Y\m(Z)+X ——> ¥

lm

where Y \m(Z))+X ={(y,1) | ye Y\ m(Z)}u{(x,2) | x e X}, m: X —
(Y\m(Z))+ X is defined as m(x) = (x,2)and e : (Y \m(Z))+ X — Y is defined
ase(y,1)=y,e(x,2) = (moe)(x) (cf. [5, 12]). It can also be easily verified that
if e is onto, then é is onto.
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Proposition 5.3. Let m : (Z,n) — (Y,0) be an embedding in Q-TOP and let
e: (X, 1) —> (Z,n) be initial in Q-TOP. Then there exists a pullback complement
of (m,e) in Q-TOP:

(X, 1) —— (Z,n)

ml lm (5.4)

where e : (W,0) — (Y, o) is initial in Q-TOP.

Proof. Let us consider the pullback complement of the pair (m, ¢) in Set given by
the following:

X 457

ml lm (5.5)

WT)Y

where W= Y \m(Z2))+X,m: X — (Y \m(Z)) + X is defined as m(x) = (x,2)
and ¢ : (Y \m(Z))+X — Y is defined as e(y,1) =y, e(x,2) = (m o e)(x).
Now let @ = {Boe | B o} Let Boé € 8, where B € 0. Then Boéeom =
Bomoe =PBo(moe) e t(asmoe : (X,7) - (Y,0) is Q-continuous).
Thus m : (X,7) — (W, 6) is Q-continuous. Next let following be a commutative
diagram in Q-TOP:

(W,0) —= (z,n)

’"l l’" (5.6)

Since the diagram 5.5 is a pullback square in Set, there exists a unique map
f : W — X such that the following diagram commutes:
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7 (5.7

~

Now we will show that f : (W,0) — (X, 1) is Q-continuous. Let Boe € T,
where 8 € . Then Boeo f=B0é € (asé: (W,0) — (Z,1) is Q-continuous).
Thus f : (W,8) — (X, 1) is Q-continuous. Hence the diagram 5.4 is a pullback
square in Q-TOP. Now let following be a pullback square in Q-TOP:

(A1) —4 (Z.n)

kl lm (5.8)

(B.15) —— (V.0)

and let i : (A,74) — (X, 7) be a Q-continuous map such that e o A = d. Then if
we consider the diagram 5.8 in Set, then it is a pullback square in Set also and since
the diagram 5.5 is a pullback complement diagram in Set, there exists a unique
map i’ : B— Wsuchthatéo i’ = g and i’ o k = m o h. So now it is sufficient
to show that 4’ : (B, tg) — (W, 6) is Q-continuous. Let S o ¢ € 8, where 8 € 0.
Then Boéoh’ =Bogetg(asg: (B,tg) — (Y,0) is Q-continuous). Thus
h . (B,t8) — (W, 0)is Q-continuous. Therefore the diagram 5.4 gives a pullback

complement of (m, ¢) in Q-TOP. O
Proposition 5.4. [4] Let C be a category and let following be a pullback square
inC
w Lo x
ql lf (5.9)
Z——Y

If (X, f) is injective in C[Y, then (W, q) is injective in C/Z.

The following Theorem 5.5 is concerned with the extension of Theorem 2.11
of [5], in the category O-TOP/(Y, o).
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Theorem 5.5. Let (X, 1) and (Y, o) be Q-topological spaces and let  : (X, 1) —
(Y, o) be a Q-continuous map. Then following statements are equivalent:

1. ((X,71), f) has an injective hull in Q-TOP/(Y, o).
2. (X, %), f) has an injective hull in Q-TOPy/ (Y, 7).

3. (X, 7), f) has an injective hull in Q-TOP/ (Y, ).

Proof. (1) = (2) Let ((X,71),f) have an injective hull j : ((X,7),f) —
((Z,7m), g) inQ-TOP/ (Y, o). We will show that j : ((X, %), f) = ((Z,7),§)isan
injective hull of ((X, %), f) in Q-TOPy/(Y, &). Now since ((Z,7), g) is injective
in Q-TOP/(Y, o), by Proposition 4.9 ((Z,7), §) is injective in Q-TOPy/ (Y, &).
Next since j : (X,7) — (Y, 0) is an embedding in Q-TOP, j : (X, %) — (Z,7)
is an embedding in Q-TOP and then by Lemma 4.4, j : (X,7) — (Z,7) is an
embedding in Q-TOP,. Next let k : ((Z,7),8) — ((W,6),]) be a morphism in
Q-TOP,/(Y, &) such that k o j : (X,7) — (W, 6) is an embedding in Q-TOP,.
We have to prove that k : (Z,77) — (W, 6) is an embedding in Q-TOP,. Consider
the Q-topology {@ o py | @ € 8} on W X Z, where p; : W X Z — W is the first
projection map. Let 7 =W x Z and p = {a o p; | @ € 6}. Now we will prove that
(T, p) and (W, 6) are isomorphic. Defineamap h : T — W as h([(w,2)]) = w.
Let [(w,z1)] = [(w2,22)] = (@ © p1)(w1,21) = (@ o p1)(w2,22), for every
a €60 = a(w) = a(wy), forevery @ € § = w; = w; (since (W, 0) € Q-TOP
and if w; # wp, then there exists @ € 6 such that a(wi) # a(wy)). Thus the
map £ is well-defined. Now let A([(w1,z21)]) = A([(w2,22)]) = w1 = wy =
a(wi) = a(wy), forevery @ € 0 = (a o p1)(wi,z1) = (@ o py1)(wa, 22), for every
a €6 = [(wy,z1)] = [(wa,22)]. Thus & is one-one and hence # is bijective. Now
leta@ € 8. Then (¢ ohogwxz)(Ww,z) =a(w) =(aop)(w,z7) = aohoqwxz =
aop ep=>aohep. Thush: (T,p) — (W,0) is Q-continuous. Now let
B € P, then Bogwxz € p and so B o gqwxz = @ o pi, for some @ € . Then
(Beqwxz)(w,z) = (@op1)(w,2) = a(w) = a(h([(w,2)])) = (@oh)([(w,2)]) =
(@ohoqwxz)(w,z) = Bogqwxz =aohoqwxzandso = aoh(as qwxz
is onto). Thus & : (T,5) — (W, 0) is initial in Q-TOP and also # is bijective.
Hence by Proposition 3.3, i : (T, p) — (W, 6) is an isomorphism in Q-TOP. Now
it can be easily verified that the map k' = (k 0 gz,idz) : (Z,n) > (W X Z,p) is
Q-continuous and the following diagram commutes:
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(Z.n) 5 WxZ.p)

gl llohquXZ (5.10)

Now since gy is onto, (Y, gy) is injective in the category Set/¥ and since k’
is one-one, there existsamap m : WX Z — Y suchthat m ok’ = g and gy om =
lohoqwxz. Letvogy € o, wherev € &,thenvogyom =volohogwxz € p (as
lohogwxz : (WXZ, p) — (Y, &) is Q-continuous). Thusm : (WxZ,p) — (Y, o)
is Q-continuous. Hence ((W X Z, p),m) € Q-TOP/(Y, o). Now it can be easily
verified that the following diagram commutes:

(Z,n) -5 (WxZ,p)

qzl \LQsz (5.11)

(Z,7) —=——> (T, p)

Thus ki’ =h 'ok. Letp=k’oj. Thenp=k’oj=(h""ok)oj=h""o(koJ).
Now since h~! : (W, 0) — (T, p) is an isomorphism in Q-TOP, it is an embedding
in Q-TOP. We know that composition of embeddings is an embedding and since
p=h"to(koj),p:(X,7) — (T,p) is an embedding in Q-TOP. Also p = k' o j
is one-one. Thus by Proposition 3.2, p = kK’ o j : (X,7) —» (W X Z,p) is an
embedding in Q-TOP. Thus &’ : ((Z,n),g) — (W X Z, p), m) is a morphism
in Q-TOP/(Y, o) such that k” o j : (X,7) — (W X Z, p) is an embedding in Q-
TOP and then since j : ((X,71), f) — ((Z,n), g) is essential in Q-TOP/(Y, o),
k' : (Z,n) » (W X Z, p) is an embedding in Q-TOP. Then by Proposition 3.2,
k' : (Z,5) — (T,p) is an embedding in Q-TOP. Now since kK’ = h™' o k,
so h' ok : (Z,7) — (T,p) is an embedding in Q-TOP. This implies that
k : (Z,7) — (W,0) is an embedding in Q-TOP and then by Lemma 4.4, k :
(Z,7) — (W, 0) is an embedding in Q-TOPy. Thus j : ((X,7), f) = ((Z,7),8)
is essential in Q-TOPy/(Y, ). Therefore j : ((X,7), f) — ((Z,7),§) is an
injective hull of ((X, 7), f) in Q-TOPy/(Y, 7).

(2) = (3) Follows from Proposition 5.1.

(3) = (1) Letj : (X, 7), f) = ((Z,7), g) be an injective hull of ((X,7), f)
in Q-TOP/(Y,&). Then by Proposition 5.1, j : ((X,7), f) = ((Z,n),g) is an
injective hull of (X, %), f) in Q-TOPy/(¥,&). Thus clearly (Z,n) € Q-TOP.
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Now let g : (W,0) — (Z,n) be a pullback of gy : (Y,0) — (Y,5) along
g:(Z,n) — (Y,5)in Q-TOP:

W,0) —= (Z,n)

”l I# (5.12)

We note that by Proposition 3.5, § : (W, 8) — (Z,7) is an isomorphism in Q-TOP.
Now since go jogx = (g0 j)ogx = f ogx = gy o f and the diagram 5.12 is
a pullback, there exists a unique Q-continuous map [ : (X, 1) — (W, 6) for which

the following diagram commutes:

S
(X,7)
Q\
qx (W, 0) L) (Y,o)
(5.13)
(X,7) q ay

Now since gx : (X,7) — (X,%) and j : (X,7) — (Z,n) both are initial
in @-TOP and composition of initial maps is initial, j o gx : (X,7) — (Z,7)
is initial in Q-TOP and since jogxy = gol, gol : (X,7) — (Z,n) is initial
in O-TOP and then it can be easily proved that [ : (X,7) — (W, #) is initial in
O-TOP. Now let e : X — [(X) defined as e(x) = I(x) and let m : [(X) > W
be the inclusion map. Next if we take the Q-topology 68’ = {Bom | B € 6} on
[(X), then we have a factorization of [ : (X,7) — (W, 8) given by [ = m o e such
that e : (X,7) — (I(X),0") is onto and m : (I(X),0") — (W, ) is an embedding
in Q-TOP. Then since [ : (X,7) — (W, 0) is initial in Q-TOP and [ = m o e,
e: (X,7) > (I(X),0) is initial in Q-TOP. Thus by Proposition 5.3, there exists
a pullback complement of (m, ¢) in Q-TOP given by:
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(X’ T) ;> (Z(X)s 0/)

ml lm (5.14)

(E’TE) T> (W7 H)

where E = (W\m(l(X)))+X,m : X — Eisdefinedasm(x) = (x,2),¢ : E > W
is defined as e(w, 1) = w, e(x,2) = (moe)(x) and ¢ : (E,1g) — (W, 0) is initial
in Q-TOP. Also since e is onto, € is onto. Now since ¢ isonto and ¢ : (E,7g) —
(W, 6) is initial in Q-TOP, as in the proof of the Proposition 3.5, we can prove that &
is bijective and é : (E, 7¢) — (W, ) is initial in Q-TOP and hence by Proposition
3.3,¢: (E,7g) — (W, ) is an isomorphism in Q-TOP. Also by Proposition 4.1,
((E,tE), €) is injective in Q-TOP/ (W, 6). Now since ((Z, 1), g) is injective in Q-
TOP/(Y, &) and the diagram 5.12 is a pullback, by Proposition 5.4, ((W, 6), p) is
injective in Q-TOP/ (Y, o). Thus by Proposition 4.3, ((E, ), p o €) is injective in
QO-TOP/(Y, o). Nowsince poéom = pol = f,m: (X, 1), f) = ((E,Tg), poé)
is a morphism in Q-TOP/(Y,o). Now we will prove that m : ((X,7), f) —
((E,tg), poé)is aninjective hull of ((X, 1), f) in Q-TOP/(Y, 0-). We know that
regular monomorphisms in Q-TOP are precisely embeddings in Q-TOP and since
the diagram 5.14 is a pullback and m : (I(X),8") — (W, 6) is an embedding in
Q-TOP, by Proposition 3.4, m : (X,7) — (E,7g) is an embedding in Q-TOP.
Next let k : ((E,tg),p o &) — ((G,75),h) be a morphism in Q-TOP/(Y, o)
such that k om : (X,7) — (G, 1) is an embedding in Q-TOP. We have to show
that k : (E,7g) — (G, 1¢) is an embedding in Q-TOP. To prove this, in view of
Proposition 3.2 it is sufficient to prove that k : (E, 7z) — (G, 75) is an embedding
in Q-TOP and k is one-one. Now since kot : (X,7) — (G, 7¢) is an embedding
in O-TOP, by Proposition 3.2, k o : (X,7) — (G,7g) is an embedding in
Q-TOP.Now (§) ' ogzojoqx =(§) " oqzo(jogx) = (§) " oqzo(gol) =
(§) ' o(qzoq)ol=(§)"'o(doqgw)ol=qw ol Thus the following diagram
commutes:

(X, 1) —L— (W, 0)

ax aw (5.15)
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and hence [ = (§) "' o gz o0 j. Wealso have g oqi1 ojoqw =g Oqil o(joqw) =
go q; o(gqzoq) =goq=qy o p. Thus the following diagram commutes:

w,0) —2— (v,0)

qaw ay (5.16)

and so p = go q; o §. Now since (Z,n) € Q-TOPy, g7 : (Z,n) — (Z,7)
is an isomorphism in Q-TOP and since (§)~' : (Z,77) — (W,8) is also an
isomorphism in Q-TOP, (§)~! o gz : (Z,7) — (W, 6) is an isomorphism in
Q-TOP and so it is an essential embedding in Q-TOP and then it can be easily
seen that (§) "' o gz : ((Z,1),8) — (W, ), p) is a morphism in Q-TOP/ (Y, &)
which is essential in Q-TOP/(Y,5). Thus [ = (§) ' ogzoj : (X, %), f) —
((W, ), p) is essential in Q-TOP/(Y,&). Now since [ = é o, [ = é o m and
som = (€)"' ol. Now since (¢)"' : (W,0) — (E,7g) is an isomorphism
in O-TOP, it is an essential embedding in Q-TOP. Thus we have a morphism
(&)~': (W,0),p) = ((E,7g),p o &) in Q-TOP/(Y, &) which is essential in
Q-TOP/(Y,5). Then since rit = (&) "' o[, m : (X, %), f) = ((E,7g),poé)is
essential in Q-TOP/(Y,&). Now since k : ((E,7g),poé) — ((G,75),h) is a
morphism in Q-TOP/(Y, &) such that k o i1 : (X, 7) — (G, 75) is an embedding
in Q-TOP, and 1 : (X, %), f) — ((E,7E), p o €) is essential in Q-TOP/ (Y, &),
k : (E,7g) — (G,75) is an embedding in Q-TOP. Thus by Proposition 3.2,
to prove that k : (E,7g) — (G,7g) is an embedding in Q-TOP, now it is
sufficient to prove that & is one-one. Let (T, 77) be a Q-topological space and let
a,B : (T,mr) — (E,7tg) be Q-continuous maps such that k o @« = k o 8. This
implies that gg okoa = ggoko = (g ok)oa = (ggok)of = (kogg)oa =
(kogp)oB = ko(groa)=ko(qrof)andsince k is one-one, gz oa = qg o .
Now since gogoéoa=qgyopoéoa=gqyohokoa and the diagram 5.12 is
a pullback, there exists a unique Q-continuous map from (7', r) to (W, §) making
the following diagram commutative
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(T, TT)'

(W,0) ——= (z,n) (5.17)

o] i

hokoa

Now we have poeofB =(poe)oB=(hok)of=ho(kof)=hokoaand
goéof=gq;' ogoqwoéof=q, oGo(qwoé)of=q, ofo(eoqr)of=
47 0Goéo(geof) =q;' 0odoéo(groa) =q;' oGo(éoqr)oa =
45 oGo(qwoe)oa = (¢, oGogw)oéoa = gocoa. Alsowehave pogoa = hokoa.
Thus here we have two Q-continuous maps éoa,éo S : (T, 7r) — (W, 8) making
the diagram 5.17 commutative. So € o @ = é o §. Now consider a pullback of
eoa=¢oB:(T,tr) — (W,0) along m : (I(X),0") — (W,6) in Q-TOP given
by the following:

4]

(1", 777) > (1(X),6)

tzl l’" (5.18)

(T,TT) ?i; (E,TE) —é> (W,Q)

Now since the diagram 5.14 is a pullback square, there exists a unique Q-
continuous map /; : (77, ;) — (X, 1) for which the following diagram commutes:

1

(T, 777)

0
\ (X, 1) ——= ((X),0) (5.19)
oty Wll \Lm

(EvTE) T> (W’ H)

Similarly we have a unique Q-continuous map /5 : (7", 7)) — (X, 7) for which the
following diagram commutes:
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1

(T, t77)

o

(X, 1) —— (I(X),0) (5.20)

NG lm

(E’TE) T> (W’ 9)

Then we have Boty =moly => kofoty=komoly =koaoty=komol,
andmol, =aot) => komoly=koaoty. Thuskomol; = komol, and since
k o m is one-one, [| = I;. Let [} = I; = [y. Thus the following diagram commutes:

14l

(I, tr) —2 (X,7) — (I(X). )

l ,;,l lm (5.21)

(T,TT) ?(j; (E,TE) T) (W,H)

Now since the diagram 5.14 is a pullback complement diagram, with respect
to the pullback diagram 5.18 and Q-continuous map Iy : (77, 7r7) — (X, ), there
exists a unique Q-continuous map from (7, 77) to (E, 7g) making the following
diagram commutative

(Tl’ TT/) IHO (X’ T)

Al s

(T’ TT) .......... > (E, TE) (5‘22)
(W,0)

But here we have two Q-continuous maps «, 8 : (T, 7r) — (E,7g) making the
diagram 5.22 commutative. So @ = £ and hence k is one-one. Therefore m :
((X,7), f) = ((E,7g), poé) is aninjective hull of ((X, 1), f) in Q-TOP/(Y, o).

O
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