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On nominal sets with support-preorder

A. Hosseinabadi, M. Haddadi*, and Kh. Keshvardoost
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Abstract. Each nominal set X can be equipped with a preorder relation < defined
by the notion of support, so-called support-preorder. This preorder also leads us to the
support topology on each nominal set. We study support-preordered nominal sets and
some of their categorical properties in this paper. We also examine the topological
properties of support topology, in particular separation axioms.

1 Introduction

Nominal set theory provides a mathematical framework for studying semantics,
modifying variables, and much more in computer science. Indeed, Fraenkel pre-
sented nominal sets in [3] as an alternative model of set theory in 1922. In
this context Mostowski studied further, which is why nominal sets are sometimes
referred to as Fraenkel-Mostowski sets. In the 1990s, Gabbay and Pitts [6] redis-
covered nominal sets for the computer science community, and this notion sparked
a lot of interest in semantics [1, 2, 4, 5].
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Every nominal set can be viewed as a preordered set equipped with the sup-
port preorder relation based on the notion of support. Here considering support-
preordered nominal sets, briefly sp-nominal sets, and the category spNom of
sp-nominal sets and sp-preserving equivariant maps between them, some categor-
ical properties in spNom including monics, epics, products and coproducts are
investigated. In particular, we find some conditions under which products and
coproducts in spNpm do exist. This preorder also provides a topological structure
on a nominal set which converts nominal sets to nominal spaces. Some topological
properties of nominal spaces such as separation axioms and compactness are also
studied.

2 Preliminaries

This section contains some necessary notions on nominal sets and topological
spaces needed throughout the paper from [8] and [7] respectively. For further
information on category theory, one may consult [1].

2.1 Nominal sets Suppose D is a set, then a permutation 7 of D is a bijective
map from D to itself. The permutations of D with composition and identity form
a group, called the symmetric group on the set D and denoted by SymD. A
permutation 7 € SymbD is finitary if the set {d € D|nd # d} is a finite subset
of D. It is clear that id € SymD is finitary and that the composition and the
inverse of finitary permutations are finitary. Therefore, we get a subgroup of SymD
of finitary permutations, denoted by Perm(ID). We fix a countable infinite set D
whose elements are denoted by a, b, c, ... and called atomic names. Let X be a set
equipped with an action of the group Perm(DD), Perm(D) X X — X mapping (, x)
to 7x. We call X a Perm(ID)-set, whenever for every m;, 7, € Perm(D) and every
x € X we have:

(1) my(mx) = (mroma)x

(2) idx = x.

A subset Y of a Perm(D)-set X is called equivariant if ny € Y, for all & €
Perm(D) and y € Y. Perm(DD)-sets are the objects of a category, denoted by
Perm(D)-Set whose morphisms are equivariant maps, i.e. maps subject to the rule
f(nx) = nf(x), for all x € X,n € Perm(D), whose compositions and identities
are as in the category Set of sets and maps.
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An element x of a Perm(D)-set X is called a zero element if 7x = x, for all
€ Perm(DD). The set of all zero elements of the Perm(DD)-set X is denoted by
Z(X). A Perm(DD)-set all of whose elements are zero is called discrete.

Given a Perm(ID)-set X, a set of atomic names D C D is a support for an

element x € X if for all 7 € Perm(D) and for every d € D,
n(d) =d = nx = x.

Given a Perm(DD)-set X, we say an element x € X is finitely supported, if there is
some finite set of atomic names that is, a support for the element x.

Example 2.1. Given a Perm(D)-set X, the power set of X, £ (X), with the action

Perm(D) x P(X) — P(X)

(m,8) ~ {nx :x € S}

is a Perm(DD)-set. A set of atomic names D supports S € P (X) if and only if
(Vr € Perm(D))((Vd e D) n(d) =d) = (Yx € S) nx € S.

Definition 2.2. [8] A nominal set is a Perm(ID)-set all of whose elements are
finitely supported. Nominal sets are the objects of a category, denoted by Nom,
whose morphisms are equivariant maps and whose compositions and identities are
as in the category of Perm(D)-Set.

Remark 2.3. Suppose X is a nominal set and x € X. Intersection of two fi-
nite supports of x is a (finite) support of x, [8, Propositions 2.1 and 2.3].
So each x € X has the least (finite) support which is denoted by supp, x,
and when there is no possibility of error, we denote it by suppx. In fact,
suppx = (){C : C is a finite support of x}.

Definition 2.4. [8] We say that a set of atomic names A C D strongly supports an
element x of a nominal set X if and only if

(Vrr € Perm(D))((Ya € A)ra = a) & nx = x.

A strong nominal set is a Perm(ID)-set in which every element is strongly supported
by a finite set of atomic names.
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Example 2.5. (i) The set D is a nominal set with the natural action nd = 7 (d).

(ii) The action of Perm(D) on D extends pointwise to action of Perm(DD) on
tuples D" and D™ . So, the sets D" = {(d\,d>,...,d,) € D" | d; € D} and
D" ={(d,d>,...,d,) € D" | d; + d; fori # j} are nominal sets.

Proposition 2.6: [8] Suppose X is a Perm(D)-set and x € X. A subset A C D
supports x if and only if, for all d;,d, € D\ A, we have (d; d») - x = x.

Notation 2.7. We will frequently write . (X) for the set consisting of all finitely
supported subsets of a given nominal set X. By Fix C we mean the set {n €
Perm(D)| na = a, for every a € C}, where C € D. We also denote by P, (D)
the set consisting of all finite subsets of D, and by £, (D) the set consisting of all
subsets of D with finite complement.

Lemma 2.8. Let X be a nominal set andY,Z € P, (X). Then, Y UZ andY N Z
are finitely supported subsets of X.

Proof. Suppose A is a finite support of ¥ and B is a finite support of Z. Take
n € Fix(AUB). Then, n¥ =Y and nZ = Z. So, n(Y NZ) = Y N Z and
n(YuZ)y=YUZ. O

Lemma2.9. Let X be anominal set. Then, the following statements are equivalent.
(1) X is discrete.
(i) Forall x,y € X, suppx = supp y.

Proof. (i) = (ii) It is clear.

(i) = (i) On the contrary, suppose there exists x € X with suppx =
{di,dp,...,dr} + 0. Take distinct elements di, dé, R d,’( € D with
{di,da,....di} 0 {d},d},....d}} =0and 7 = (dy d))(d2 d}) - - - (dk d}). Then,
we have 7x € X with supp wx # suppx which is a contradiction. O

Remark 2.10. Every finite nominal set is discrete.

3 Support-Preordered nominal sets

Every nominal set can be considered as a preordered set, see Definition 3.1. We
direct our attention to the category spNom of support-preordered nominal sets, in
this section, with a view to investigating the properties of its objects and morphisms.
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Definition 3.1. By the support-preorder on a nominal set X, we mean the binary
relation < on X defined by:

x <y & suppx C suppy.

Since < is a preorder (i.e. reflexive and transitive), the pair (X, <) is called a
support-preordered nominal set or briefly sp-nominal set.

It can be easily seen that the support-preorder is equivariant (or action preserv-
ing); meaning that:
X1 2 xp = nx; X Xy,

for each x1,x, € X, m € Perm(D).

Example 3.2. The support-preorder on
(i) the nominal set D is equality. Indeed, since supp d = {d}, for every d € D,
we have
d=<d & {d} c{d'} (orequivalently d = d’).

(ii) the nominal set £, (D) is C. Indeed, since supp A = A, forevery A € P, (D),
we have
Al Ay o A C Ay,

for Al, A2 € Pf(D).
(iii) the nominal set £ (D) is 2. Indeed, since suppA = A€, for every
A e ® (D), we have
Al <A o A D A,
for Ay, A; € Pcof(D).
(iv) the nominal set , (D) is defined as follows.

Al Ay o Al CAyorAj 2 A orAiNAy=0orAfUA, =D

Indeed, when A; < Ay in P

cof

(D), one of the following four items may occur.

* Ifboth Ay, A; are finite, then since supp A; = Aj and supp Ay = Ay, A] < A
if and only if A C A».

e If both Ay, A; are cofinite, then since supp A; = A7, supp A, = AJ, A| < Ay
if and only if A} 2 A».

* If A, is finite and A; is cofinite, then since supp A} = A; and supp A, = Ag,
A < Ajifandonly if Ay N Ay =0.
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» If A; is cofinite and Aj is finite, then since supp A; = Af and supp Ay = Ay,
Ay < Ay if and only if (A7) N (AS) = 0 if and only if A} U Ay =D.

Remark 3.3. Let X be a nominal set. Then one can define the equivalence relation
~ on X obtained from < to be

x~x © x<x" and x’ <x.

The quotient set X/~ together with the canonical action over Perm(D), n(x/~) =
(7x)/~, is a nominal set and we immediately get the following statements.

(1) supp (x/~) = suppx, for every x/~€ X /~.

(ii) x/~= {y € X | suppx = supp y} is the equivalance class of x € X.

(iii) The support-preoreder is a partial order if and only if x/~= {x}, for all
x € X.

Lemma 3.4. Let X be an sp-nominal set and x,x’ € X. Then, there exists m with
nx < x" or nx’ < x.

Proof. Letsuppx ={di,...,dr} and suppx’ ={ay,...,an} withk < m.
Case (i) If suppx N suppx’ = 0, then taking 7 = (d; a) - - - (dx ax) we obtain

supp x = ssupp x = {dy,...,ar} C suppx’.

Case (i) If suppx N suppx’ = {aj41,...,ax}, then taking 7 =
(dy a1)---(d; aj) we obtain supprx = msuppx = {ai,...,aj,...,am} C
supp x’. O

Definition 3.5. Suppose X and Y are two sp-nominal sets. An equivariant map
f : X — Yiscalled support-preorder preserving or for convenience sp-preserving
whenever f(x1) < f(xp), forall x; < x; € X.

Example 3.6. (i) The equivariant map f : D’ - D U {6} defined by

(di,d2) di #d

di,dy) =
f(dy, d>) {0 di = o,
is sp-preserving.

(i) The support map supp : X — Pr(D), mapping x +— suppx, is sp-
preserving.
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It is worth noting that an equivariant map between nominal sets does not nec-
essarily preserve support-preorder, see Example 3.7. So we consider the category
of support-preordered nominal sets and sp-preserving maps between them denoted
by spNom.

Example 3.7. Considering the nominal sets D?> and D U {6} we define the equiv-
ariant map f : D> — D U {6} as follows.

0 d+d

f(d’d)z{d d=d'.

Forevery d # d’ € D, we have (d,d) < (d,d’) but f(d,d) £ f(d,d").

Definition 3.8. By a downward (upward) directed nominal set we mean a nominal
set (X, <) in which each pair of elements has a lower (upper) bound. More
explicitly, for every xi,x, € X there exists x € X withx < x; andx < xp (x; < x
and x; < x).

Theorem 3.9. (i) The sp-nominal set (X, <) is downward directed if and only if
Z(X) # 0.

(ii) The sp-nominal set (X, <) is upward directed if and only if the subset
A ={|suppx| | x € X} of N° has no upper bound.

Proof. (i) Suppose (X, <) is downward directed. Take A = {|suppx| | x €
X} € NU{0}. By well-ordering principle, A contains a least element and hence,
there exists xop € X such that [suppxp| is infimum in A. If suppxg = 0, then
xo € Z(X). Otherwise, suppxg = {dy,d>,...,d,}, for some n € N. Then
we take {d’,dé,...,d;} C D with {dy,d>,...,d,} N {d',dé,...,d;} = ( and
consider the finite permutation & = (d d{)(dz d}) - - - (dn d},). Since supp nxp =
{d|.d},....dy}, suppxp N suppxp = 0, and so xg # mxg. By the assumptions,
there exists x; € X with x; < x¢ and x; < mxo. Hence, suppx; C suppxg N
supp xo = 0 and so Z(X) # 0.

Conversely, suppose 8 € Z(X) # 0. Then clearly for each pair x1,x2 € X, 6 < x;
and 6 < x,.

(ii) Suppose X is upward directed. We show that A = {|suppx| | x € X} has no
upper bound. On the contrary, let A have an upper bound. Then since the set A*P,
consisting of the upper bounds of A, is a subset of N, well-ordering principle implies
A"P has the least element n which is the supremum of A. Now let n = |supp xo|,



148 A. Hosseinabadi, M. Haddadi, and Kh. Keshvardoost

for some xo € X and suppxg = {di,d>,...,d,}. Then, analogous to the proof
(i), we take {d}, d}, ..., d,} C D with {d\,d>,...,d,} N{d}.d},...,d;} = 0 and
consider xg # xo inwhich = (d, d{)(d>» d}) - - - (d, dy,). Now, by the hypothesis,
there exists x” € X such that xo < x” and mx¢ < x’. Therefore, |[supp xo| < n which
is a contradiction.

To prove the converse, suppose xj,x» € X with suppx; = {d|,ds,...,dn}
and suppxy = {d|,d),...,d,}. Since A has no upper bound, there is
x’ € X with [suppx’| > m +n. Suppose suppx’ = {d{,d},...,d}y .} in

which r > 0. If suppx; U suppx, C suppx’ then suppx; C suppx’ and
suppxy C suppx’ meaning that x; < x” and x; < x’ which is the desired re-

sult. Otherwise, suppose (suppx; U suppxz) N (suppx’) = {s1,s2,...,5,~1} and

(suppx1 U suppxz) N (suppx”)€ = {s¢, S¢+1, .- ., 8 with s; € suppx; U supp x».
We take m = (df’ s;)(d]’,| st+1) ... (d]" s1). Since suppr N {d{,d},...,d]" |} =
0, we have n{d{,d}),...,d]'} < suppnx’. Hence, suppx; U suppxy =
{a’{’,dé’,...,d;’_l,st,st+1,...,sl} C suppax’. That is, x; < zx’ and xp <
x’. O

Definition 3.10. Let X be an sp-nominal setand Y € $, (X). Then we define Y :
{xeX|x<y, forsomeyeY}and Y := {x € X |y <x, forsomey € Y}. In
particular, we write x| and xT rather than Y| and YT, respectively, when Y € P.(X)
is a singleton set containing x.

Lemma 3.11. Let X be an sp-nominal set andY,Z € P, (X). Then
Y, UZ =YUuZ)andY' vzl =Y U2
(i) Yy, YT € P (X), for every Y € P, (X).
(iii) the set L) x == {Y|,0,X | Y € P, (X)} is a bounded lattice.
(iv) the set L1x := (h,0.x| ve P.(X)} is a bounded lattice.

Proof. (i) One can easily check.
(ii) We show that supp Y is a support for Y| and YT, foreach Y € P.(X). Indeed,
if A =supp?, then for every m € Fix A we have

xyT = m{x € X | suppy C suppux, forsomey € Y}
= {nx € X | suppzy C supp nx, for some 7y € 7Y}
={x" € X | suppy’ C suppx’, for some y’ € 7Y =Y}
=y,
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Analogously, 7Y =Y.

(iii) We show that L|x is closed under finite intersections and unions. Let
Y,Z € P, (X). Then, by Lemma 2.8, Y UZ,Y N Z € P, (X). Also, applying (i),
wehave (YU Z) =Y UZ andY NZ = (Y NZ),.

(iv) The proof is similar to (iii). ]

Theorem 3.12. [f the sp-nominal set (X, <) is a lattice, then X is isomorphic to a
subnominal set of P, (D).

Proof. Suppose (X, <) is alattice. Then, for every x, x” € X with suppx = suppx’,
we have x < x” and x’ < x. Since X is a lattice, x = x’. Hence, the equivariant
map supp : X — P¢(D) defined by x — suppx is injective. O

Lemma 3.13. Suppose X and Y are two sp-nominal sets, f : X — Y is an
sp-preserving map, and x € X with supp f(x) # 0. Then, supp f(x) = suppx.

supp x # @ follows from supp f(x) # @, for an arbitrary x € X with supp f(x) # 0.
One can suppose suppx = {dy, d, . .., dr}. Since, by the assumption, supp f(x) #
0, we choose an element d € supp f(x) C suppx. Now, for every d; € suppx
with d; # d, we have supp (d; d)x = suppx. So, (d; d)x < x. Since f is

Proof. First we note that since f is equivariant, supp f(x) C suppx and hence,

order-preserving, f((d; d)x) < f(x). Thus, supp (d; d)f(x) € supp f(x) and
so d; € supp f(x), for all d; € suppx. That is, suppx C supp f(x) and so

supp f(x) = supp x. O

Corollary 3.14. (i) If (X, <) is an sp-nominal set with Z(X) = 0, then idx is the
only sp-preserving map over X.

(ii) The category spNom is not connected.

(iii) Let f,g : X — A be two parallel sp-preserving maps with Z(A) = 0 and
the support map supp, : A — P¢(D) be injective. Then, f = g.

Proof. (i) Let f : X — X be an sp-preserving map. Then, since Z(X) = 0,
applying Lemma 3.13, supp f(x) = suppx, for all x € X. Now, since < is
antisymmetric, f(x) = x forall x € X.

(ii) By Lemma 3.13, there exists no sp-preserving map from D) to D.

(iii) Let x € X. Then, by Lemma 3.13, supp f(x) = suppx = supp g(x). Now,
since supp, is injective, f(x) = g(x). O
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Lemma 3.15. Let A and X be two sp-nominal sets with Z(A) = 0. Then,

(i) given a map f : X — A, if f is an sp-preserving map, then for all
x € X we have supp x = supp f(x). The converse is stablished if the support map
supp, : A — P, (D) is injective.

(i) if f : X — Ais an sp-preserving map and supp, : X — P (D) is injective,
then f is injective.

Proof. (i) Follows immidiately from Lemma 3.13. For the converse, it is clear
that f is sp-preserving. We show that f is equivariant. Indeed, since by the
assumption, 7rsupp f(x) = wsuppx = supp 7x = supp f(7x) and supp, is injective,
nf(x) = f(7x).

(ii) Let f(x) = f(x") with x,x” € X. Then, by Lemma 3.13, we have suppx =
supp f(x) = supp f(x") = suppx’. Now, since supp, is injective, x = x’. O

Theorem 3.16. Let X be an sp-nominal set and Z(X) = 0. Then any p € Con(X)
with Z(X/p) = O whose canonical map, n : X — X /p, x + x/p, is sp-preserving,
is a subset of ~.

Proof. Suppose Z(X) =0, and p € Con(X) \ {V} such that the canonical map
X — X/p, x — x/p is sp-preserving. Then, by Lemma 3.13, suppx = suppx/p,
for every x € X. If (x,x") € p then x/p = x’/p. Hence, suppx = suppx’; that is,
x~x".Sop C~. O

Theorem 3.17. Let X be an sp-nominal set. Then,

(i) for eachx € X, x| # 0 T £ 0).

(i) ify € x| (y ex")and z < y(y<z)thenz € x| (z ex').

(ii) forall x # y, ifx € yT (x € v then x1 C y! andx) C y|.

(iv) the sets x| and x1 are finitely supported subsets of X and supp x is a finite
support for them.

(v) for all & € Perm(D), we have nx| = (nx)| and ax! = (ax)T.

(vi) the set S = {xl,xT | x € X} is a nominal subset of P, (X).

Proof. (i) Foreachx € X,x € x| (x € xM.

(i1) and (iii) follow from the fact that the relation “<” is transitive.

(iv) Applying Proposition 2.6, assume a, b ¢ suppx. We show (a b)x| = x|.
Lety € x;. Then, supp y C supp x and so, forall a, b ¢ supp x, we have (a b)y = y.
Thus, (a b)x| = x|. Analogously, suppx is a finite support for xT.
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(v) Since < is equivariant, we have

y € (nx), &y nx
@ﬂ_lyﬁx

<Yy Enx|.

Analogously, mx! = (7x)T.
(vi) By (vi) and (v), S is an equivariant subset of £, (X) and so it is a nominal
set. ]

Proposition 3.18: Let X be an sp-nominal set and x € X. Then,
(i) X \ x| is a finitely supported subset of X and supp (X \ x|) C suppx.
(i) X \ x| = UM\Xl .
T _
(i) X \ x' = UteX\xT t.
Proof. (i) By Proposition 2.6, we show that, for every a, b ¢ suppx andt € X \ x|,
(a b)t € X\ x|. On the contrary, suppose (a b)t € x|. Then (a b)t < x and hence,
t < (a b)x. Since a, b ¢ suppx, t < x which is a contradiction.
(ii) For the nontrivial part, let y € | . t1. Then, there exists t € X \ x L

reX\x
with y € 1. Now, if y € x > then y < x and we get + < y < x, which contradicts
reX\x.

(iii) The proof is similar to (ii). O

Theorem 3.19. If f : X — Y is an sp-preserving map, then
() f(xy) € f(x)).
(i) f(xT) € foT.
(i) wf(x)) = f(7x)).
(v) f(xy) = f(x)y, if f is surjective and Z(Y) = 0.
) f(xN) = F)T, if f is surjective and f(x) ¢ Z(Y).

Proof. (i) Lety € f(x}). Then, there exists ¢ € x| with f(¢) = y. Since ¢ < x and
f is sp-preseving, y = f(t) < f(x).

(ii) Analogous to (i) one can prove (ii).

(iii) Let y € nf(x}). Then, =y € f(x) and so there exists ¢ € x| with
f() = n~'y. Now, we have nt < nx and y = f(nt). Thus, y € f(7x)).
Analogously, we have f(mx|) C 7 f(x)).
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(iv) By (i), it is enough to show that f(x); € f(x}). Lett € f(x);. Then,
there exists x” € X with f(x") =t. So, f(x") < f(x). Now since, by Lemma 3.13,
supp f(x") = suppx’ and supp f(x) = supp x, we have x” < x.

(v) Analogous to (iv) one can prove (V).

O

Lemma 3.20. Let f : X — Y be an sp-preseving equivariant map between sp-
nominal sets X and Y, and a € Y. Then,

(i) supp a supports f_l(al) and f_l(al) = Uf(x)eal X|.

(ii) supp a supports f~'(a") and f~'(al) = Uf( : T)CT.

Proof. (i) First, we show that supp a is a finite support for f~'(a V). Letd,d" ¢
supp a. Then,

(@dd)f N ay) = 1 ((dd)ay) = [ (ay).
Fx)ea x). Letr € f_l(al). Then, f(z) € a.
KL To prove the other side, let x” € |J

Now, we prove that f~!(a;) = U

Sincer € 1,1 € Uf(x)ea Fea,
there exists + € X with f(f) € a; and x" < t. So, supp f(¢#) € suppa and
suppx’ C suppt. Since f is order-preserving, supp f(x) C supp f(¢z) and so
supp f(x’) C suppa. Thus, f(x’) < aandsox’ € f~!(ay).

(ii) Is analogous to (i). O]

x|. Then,

4 Some categorical properties of the category spNom

In the category spNom of sp-nominal sets the class of monics (left cancellable sp-
preserving maps) and the class of monomorphisms (injective sp-preserving maps)
do not coincide, see the following example, while epics are exactly surjectives, by
Theorem 4.2.

Example 4.1. The sp-preserving map f : D’ - D” U {6} in Example 3.6 is
monic while it is not injective. Indeed, since f is identity on D and f(d, d) = 6,
f is not injective. We show that f is monic. To do so, take gj,g> : X — D?
to be sp-preserving maps with fg; = fg». Since Z(D?) = 0, suppgi(x) # 0
and supp g2(x) # 0, for every x € X. So, by Lemma 3.13, we have supp g;(x) =
suppx = suppg2(x). Notice that, g;(x) € D? implies that g;(x) = (d,d) or
gi(x) =(d,d"), wherei = 1,2 and d # d’. We have the following cases;
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Case (1): If fg1(x) = fgo(x) =0, then g;(x) = (d,d) and go(x) = (d’,d’). Since
{d} =suppgi(x) =suppga(x) ={d'}, d =d’. So, in this case, g (x) = g2(x).
Case (2): If fg1(x) = fg2(x) # 0, then g; (x), g2(x) € D@ . Now since fg;(x) =
g1(x) and fg>(x) = g2(x), g1(x) = g2(x). Thus, g1 = g».

Theorem 4.2. In the category spNom epics are exactly surjectives.

Proof. Let f : X — Y be an epic sp-preserving map. We show f is surjective. On
the contrary suppose f is not surjective. Hence, Y \ Im(f) # 0. We define the
sp-preserving maps g1,82 : ¥ — Y U {61, 0,,03} to be

y  wheny e Im(f)and y' C Im(f)

g1(y) =163 wheny € Im(f)and y! & Im(f)
6, otherwise

y  wheny e Im(f)and y' C Im(f)

g(y) =165 wheny € Im(f)andy' ¢ Im(f)
6, otherwise

Since gjof = grof, g1 = g2 and hence, foreach y € Y \ Im(f), g1(y) = g2(y).
Therefore, 8; = 6,, which is a contradiction. L]

Theorem 4.3. The category spNom is not regular.

Proof. We show that the sp-preserving map f : D> — D) U{6}, given in Example
3.6, is not an equalizer while, by Example 4.1, it is monic. On the contrary,
suppose there exist ¥ € spNom and two parallel sp-preserving maps gi, g2 such
that f is an equalizer of g1, g, : D® U {#} — Y. Since giof = grof, we have
giof(d,d) = grof(d,d), for every d € D. Therefore, g1(0) = g2(6). Now we
consider the zero map & : {6} — D@ y {0}, 61 — 6. Since gi0h = groh, by
universal property of equalizer, there is a unique sp-preserving map ¢ : {6;} — D?,
which commutes the desired diagrams and this contradicts the fact that D? has no
zero element. O

Corollary 4.4. The category spNom is not balanced.

Proof. Consider f : D> — D) U {8}, given in Example 3.6. By Example 4.1, f
is monic. Since f is surjective, f is epic. Therefore, f is a bimorphism. But, since
f is not injective, it is not an isomorphism. 0
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In general the category spNom does not contains all of the products and
coproducts as seen in Examples 4.5 and 4.18. Here we charactrize conditions
under which products and coproducts exist.

Example 4.5. Let X; = X, = D. We show that there exists no coproduct of X;
and X, in the category spNom. On the contrary, suppose that (X, a1, ay) is the
coproduct of X and X;. Take the singleton sp-nominal set Z = {6} in which 6 ¢ D
and consider the sp-preserving maps z,¢ : D — ZUD, and ¢y, : D — D x {1,2}
defined by z(d) := 0, «(d) :=d, 11(d) := (d, 1), and 15(d) := (d,2), for all d € D.
Then, since X is coproduct, there exist unique sp-preserving maps ¢ and ¢ such
that the following diagrams commute.

D ) X a D D ) X @ D
| I
x f 173 L f z

D x {1,2} ZUD

() (%)

According to Diagram (x), ¢(az(d)) = ©2(d) = (d,2) and ¢(a1(d)) = 11(d) =
(d, 1), for every d € D, meaning that a; and @, are non-zero sp-preserving maps.
So, by Lemma 3.13, suppa;(d) = suppaz(d) = {d}. By Diagram (xx), we
have ¥ (ay(d)) = 0 and ¥ (a;(d)) = 1(d) = d. Now, supp a;(d) = supp az(d)
implies that a;(d) < a»(d). Now, since ¢ is order preserving, d = ¥ (a;(d)) =<
V¥ (ar(d)) = 8 which is a contradiction.

The following theorem determines which family of sp-nominal sets has co-
product.

Theorem 4.6. The coproduct of a family of sp-nominal sets (X;);cy exists if and
only if all X;’s are discrete except probably one.

Proof. (<) If X;’s are all discrete, then one can easily see that the coproduct
is the disjoint union of X;’s. Now let X, be the non-discrete member of the
family. Then we have X; = Z(X;), for all j # ¢ and for every sp-nominal set
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(B, (Bi : Xi — B)icr), we have the following commutative diagram

23 . Lj
X — = User(Xi x {i}) +—— X;

B

in which ¢; : X; — U;¢;(X; X {i}) maps every x € X; to (x,1), forevery i € I, and
@ is uniquely defined by ¢((x,7)) = Bi(x), for every (x,i) € U;¢;(X; X {i}). So
U;er(Xi x {i}) is the coproduct.

(=) Suppose (X, (@;)iecr) is the coproduct of (X;),., and there exists some
t € I such that X, is non-discrete. We show that X;’s are discrete, for all i # .
Since X; is non-discrete, there exists a non-zero element x; € X;. On the contrary,
suppose X is non-discrete, for some j € I, with j # ¢. Suppose x; € X; \ Z(X;).
Since (X, (@;)ier) is coproduct, we have the following commutative diagrams;

ay a;

X; X X;

Uier(Xi X {i}) ()

X, a; )|( @; X;
hy f h;

Uier(Xi x {i}) U {6} (%)

where ¢;’s are inclusions, h; = ¢;, forall i # ¢, and A, is the zero map. According to
Diagram (*), ¢(a;(x1)) = (x¢,7) and ¢(a;(x;)) = (x;, j). So, a;(x;) and a;(x;)
are non-zero. Applying Lemma 3.13, supp e;(x;) = suppx; and suppa;(x;) =
suppx;. By Diagram (xx), we have ¢(a;(x;)) = 6 and y(e;(x;)) = (x},)).
By Lemma 3.4, there exists 7 with 7a;(x;) < a;(x;) or ma;(x;) = aj(x;). If
@j(mx;) < a;(x;), then we have (nx;, j) = hj(nx;) = ¥ (a;j(nx;)) 2 ¥ (@ (x)) =
h:(x;) = 6 which is a contradiction. If ma;(x;) < a;(x;), we can then make a
similar diagram to (*x), by exchanging the definitions of /; and 4, in Diagram
(*+), and get a contradiction using a similar argument. O

Now we examine the existence of products, but first take note the following
corollary of Lemma 3.13.
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Corollary 4.7. If f : X — A is an sp-preserving map between sp-nominal sets
with Z(A) = 0, then the following diagram is commutative.

x—L .4

supp
Xl AA

P,(D)
Lemma 4.8. Let (P,(p; : P — Aj)icr) be a product of a family (A;),., with
Z(A;) = 0 in the category spNom which is not empty. Then
(i) for all i, the following diagram is commutative.

iel

PL)AI

supp
Pl A A

(D)
(ii) for every sp-nominal set X with the commutative diagram

x—L A

supp

#:(D)

there exists a unique sp-preserving h : X — P with the following commutative
diagram.

XxX—" ,p

supp
XJ/ AP

(D)

Proof. (i) Follows by Corollary 4.7.

(ii) First we note that since Z(A;) = 0, for each i € I, by (i), Z(P) = 0. Now
for every sp-nominal set X with a family of sp-preserving maps (¢; : X — A;),
by the universal property of product, one can get a unique sp-preserving map
h: X — P with p;h = q;, for every i € I. Now the result follows from (i). L]
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Theorem 4.9. Let A be an sp-nominal set with Z(A) = 0 and supp, is injetive.
Then, product of A and A is (A,idy4,1d4).

Proof. Consider X € spNom together with the sp-preserving maps fi, f> : X — A.
By Corollary 3.14 (iii), we have f; = f>. So we get the unique sp-preserving map
f=fi:X—> Awith foidg = fi = f>. L]

Example 4.10. The product of the sp-nominal sets D and D is (D, idp, idp).

Lemma 4.11. Let f : X — D™ be an sp-preserving map. Then,
(i) for every x € X, |suppx| = n.
(i) X is isomorphic to D™, if X = Perm(D)x, for some x € X.
(iii) X is isomorphic to a disjoint union of D,

Proof. (i) Since Z(D"™) = 0, by Lemma 3.13, suppx = supp f(x) =
supp (di,...,d,) ={di,...,d,}.

(ii) We show that f is bijective. But first we note that f(7x) = (7dy, ..., nd,),
for every m € Perm(D), in which (dy,...,d,) = f(x). Now let f(nx) = f(6x).
Then (7di, ... ,nd,) = (6di,...,8d,), and hence, 776 € Fix ({di,...,dn}) =
Fix (suppx). Therefore, 7~'6x = x and hence, 6x = nx. The map f is also onto,
since for every {by,...,b,} € D, f((d1b1)x, -, (dubn)x) = (b, ..., by).

(iii) Since X as a nominal set is the disjoint union of its orbits, by (ii), we are
done. [

We mention the following remark and terminology used in Theorem 4.13 with
considering UieID(”) =D xI.

Remark 4.12. (i) If P is the product of a family of (D)
union of D")’s, by Lemma 4.11 (iii).

(ii) Since the nominal set D is transitive, for every two ele-
ments (dy,ds, ...,dy), (b1,ba,...,b,) € D" we have (by,ba,...,b,) =
(dy by)(dy by) -+ (b, dn)(dy,da,...,d,), every equivariant map o : D™ —
D™ is bijective and, by [8, Lemma 2 - 12], it is sp-preserving.

(iii) Since the nominal set D" is cyclic, the set S = {0 : D — D" .
o is equivariant} has n! elements, and so one can cosider S={o7, ..., 0}

(iv) We define ¢ UMD(”) — DWW by o((di,...,dy),i) =
(dai(l), .++»dg, (n)) and denote it by ¢((d1, ..., dp),i) = o,(dy,...,d,), where
iel={1,2,...,n!} and 0y € S. One can easily check that ¢ is sp-preserving
map.

then P is a disjoint

iel?
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(v) It is clear that 71 : DU x I — D by 7(((dy, ..., dy),i) = (di,...,dp),
for all i € 1, is an sp-preserving map.

(vi) The map f : D xJ — D™ is an sp-preserving if and only if there exists
o € Swith f((dy,...,dn),j)=0(di,...,dn).

Theorem 4.13. The triple (P = UieID("), 1, @) is the product of D™ and D™,
where ¢, nt| are defined in Remark 4.12 (iv, v) and I = {1,2,...,n!}.

Proof. Consider (X, f,g), in which X is an sp-nominal set and f,g : X — D
are sp-preserving maps. Then, by Lemma 4.11 (iii) and since D™ is cyclic,
X = U]Perm(]D)xj. If f(xj) = (b1,...,b,) and g(x;) = (c1,...,cp), for each
J € J, thensince, by Lemma 3.13, we have {by,--- , b, } = supp f(x;) = suppx; =
supp g(x;) = {c1,...,cn}, there exists oy; € S with O-kjflPerm(D)xj = glperm@)xj.
Now we consider 2 : X — P to be the equivariant map defined by h(x;) =
(f(xj),kj). Then we have f = mih and ¢h = g, means the desired diagrams
commutes. Also uniqueness follows from the definition of 4. O

Remark 4.14. (i) For given sp-nominal sets X and Y with Z(X) = Z(Y) =0, if P
is the non-empty product of X and Y then applying Lemma 3.13, for every ¢ € P,
there exist x € X and y € Y with supp¢ = suppx = supp y. Note that, the product
of cyclic nominal sets Perm(D)x and Perm(D)x” with [supp x| # |suppx’| is empty
nominal set.

(ii) Conisder sp-nominal sets X = Perm(D)x and X’ = Perm(D)x” U {8} where
x,x’ are non-zero and |supp x| # |suppx’|. If f : Y - Xandg : ¥ — X’ are
sp-preserving maps, then applying Lemma 3.13, one can see that g must be a zero
map.

(iii) Suppose X and Y are two non-discrete sp-nominal sets with |supp x| #
|supp y|, forallx € Xandy € Y. Let p, g : Z — XUY be two sp-preserving maps.
Then, p(z) e X © ¢(z) € X.

Example 4.15. The product of D™ and D) U{0}, withk # n, is (D("), Z,idpm) ),
in which z : D™ — D® U {6} defined by z((d;,d>,...,d,)) = 6, for all
(dy,dy, . ..,d,) € D", Since, for any X € spNom together with sp-preserving
maps f; : X —» D" and f» : X — D®) U {6}, by Remark 4.14 (ii), f> is a zero
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map, and we have the following commutative diagram.

D <1d— D T> D y {6}

Theorem 4.16. Suppose X and Y are two sp-nominal sets with |supp x| # |supp y|,
forallx e Xandy €Y. Let Z(X) = Z(Y) = 0 and (P, p1, p2) be the product of
X and X and (Q, q1.q2) be the product of Y and Y. Then, PUQ is the product of
XUY and XUY.

Proof. Consider the diagram

P

XUY 4—— PUQ —— XUY,

cP eP
pi(a) a and g(a) = {pz(a) a . Then the follow-

in which p(a) =
gi(a) a€Q g2(a) a€Q
ing cases may occur.

Case (1): If f(Z) C X, then by Remark 4.14 (iii), g(Z) € X and we get the

commutative diagram
Z
|
|
©/ 3 T
|
\l,

X(q—lPT)X
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by the universal property of product which implies the commutative diagram

VA
|
|
1
|

/3 h\
\l/
XY 44— PUQ —— XUY.

in which i = h;.

Case (2): If f(Z) C Y, then g(z) C Y, by Remark 4.14 (iii), and the result is proved
analogous to Case (1).

Case 3): If f(Z)NX # 0 and f(Z) NY # 0, then we have Z = Z,UZ, in which
Zy={z€Z| f(z) € X}and Z, = {z € Z | f(z) € Y}. Therefore, we get
hy : Z; — P, by Case (1) and h; : Z, — Q by Case (2). Now we define the
sp-preserving map. Therefore, h : Z — PUQ by

hi(z) z€Z
h =
@ {hz(z) 2 €2y,

which commutes the desired diagram. O

Corollary 4.17. (i) The product of D* and D? exists.
(ii) The product of D* and D? exists.
(iii) The product of D" and D" exists.
(iv) The product of D" and D¥) with k < n exists.
(v) The product of D" and D* with k < n exists.

Proof. (i) Notice that, D> = {(d,d) | d € D}UD® where {(d,d) | d € D} = D.
Let X = {(d,d) | d € D} and Y = D). By Theorem 4.13, the product of X and
X, and the product of Y and Y exist. So, applying Theorem 4.16, the product of
D? and D? exists. Indeed, the product D? and D? is (D® x {1,2} UD, p1, p2) in
which p(d) = (d,d), for j = 1,2 and

(di,dr) i=1,2,j=1
pj((dl,dg),i): (d],dz) i=1,j=2
(dr,dy) i=2,7=2.
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(i1) We have

D* ={(d,d,d) | d e D}U{(d,d,d’) | d # d’ € DYU{(d,d’,d) | d #+ d’ € D}

U{(d’,d,d) | d # d’ € D}UD®.

So, D3 = DU(D® x {1,2,3})UD®). By Theorem 4.13, the product of D) and
D@ exists, for i = 1,2,3. So, applying Theorem 4.16, the product of D and D3
exists. Indeed, the product of D? and D is ((U?:IID)@) x {i}) U (U?ZIDQ) x {i}) U
D, p1, p2), in which

pl(d) = (d’ d’d)
pl((dl,dZ)’i) = ((dlad2)7j) .] € {1’2’3}’1 € {1’ . ’6}
p1((di,da, d3),i) = (d1,da,d3) i€{l,... .6}

and

p2(d) = (d.d,d)
pQ((dl’dZ)’i) = ((do'i(l)’do'i(z))’j) ] € {1’2’3}’0_1' €S
pZ((dl,dZ, d3)’l) = (dO'i(l)’d(Ti(z)’dO'i(:;)) O-i E S3

(iii) Similar to (i) and (ii), follows by Theorems 4.13 and 4.16.

(iv) Note that, D" is isomorphic to a disjoint union of D()’s where i =
1,2,3,...,n. Let D" = Ui(D(i) X I;). By Remark 4.14(), D®) and DY when
i # k have no product. So, the product of D*) and D" is equal to the product of
D) and D x I, which exists by Theorems 4.16 and 4.13.

(v) Suppose D¥ = (J (D) x I,). By (iv), the product of D" and D/) exists.
So, applying Theorems 4.16 and 4.13 we get the result. O

Example 4.18. Let X; = D and X, = DU{6}. We show that there exists no product
of X and X; in the category spNom. On the contrary, suppose that (P, py, p2) is
the product of X; and X,. Then, by the universal property of product, we have the
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following commutative diagrams

D D
D+——P——DU {6} D+«——P———DU {6}
(%) ()

in which ¢ is inclusion and z is the zero sp-preserving map. By Diagram (x)
we have p1(¢(d)) = id(d) = d and p2(¢(d)) = 1(d) = d, for every d € D,
meaning that p; and p; are non-zero sp-preserving maps. So, by Lemma 3.13,
supp p1(¢(d)) = supp p2(¢(d)) = {d}. By Diagram (xx), we have p»(y(d)) = 6
and p1(¢¥(d)) = id(d) = d. Since, supp ¢(d) = supp¥(d), ¢(d) < ¢(d). But
p2(¢(d)) £ p2(¢(d)) which is a contradiction.

Theorem4.19. Let X andY be strong nominal sets and Z(X) = Z(Y) = 0. Also let
X = Uie/Perm(D)x; and Y = ;e ;Perm(D)y;. Then P = ((U;e;(Perm(D)x; X
{y € Y| suppy = suppx;}),pi,p2), with the action n(x,y) = (nx,y), for all
n € Perm(D) and (x,y) € P, is the product of X and Y in spNom, in which
p1 Is projection map on the first component and py : P — Y is defined by

p2(mx;,y) = my.

Proof. First we note that supp (x, y) = suppx, for every (x,y) € P. Hence, P is
a nominal set and p; is an sp-preserving map. Also p, is well-defined, since if
(7xi,y) = (m1x;,y) with suppx; = suppy. Hence, n; ' nx; = x;. Since supp x; =
supp y, by [8, Theorem 2.7], 7r1‘17ry = y. So p; is well-defined. The map p; is
also sp-preserving. Indeed, if (7x;, y) < (m1x;,y’), for some (7x;,y), (w1x;,y") €
P, then supp mx; € suppmix;. Since suppx; = suppy and suppx; = suppy’,
asupp y C mysupp ¥y’ and we get the result.

Now consider N espNom together with sp-preserving maps f; : N — X and
f»: N - Y. Since Z(X) = Z(Y) = 0, by Lemma 3.13, suppn = supp fi(n) =
supp f>(n), forall n € N. Define ¢ : N — P by n — (fi(n),7~! f2(n)) in which
fi(n) = nx;, for some 7 € Perm(D) and i € I. Since suppx; = 7~ 'supp f>(n), we
have (x;, 77! f2(n)) € P, and hence ¢(n) = (nx;, 7~ fr(n)) = n(x;, 77 fo(n)) €
P. Since f; preserves support-preorder, so is ¢. The map ¢ is equivariant, because
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for every 7 € Perm(D) and n € N we have

o(min) = (fi(mn), (mm)~" fo(min))
= (mfi(n), 7”77t fo(min))
= (mufi(n), 7~ w7 m fo(m))
= (mfi(n), 7" fo(n))
=1 (fi(n), 7" fa(n))
= mp(n).

Also prog(n) = fi(n) and pro¢(n) = p2(fi(n), 77" fo(n)) = nx~! fo(n) = fo(n).
One can easily check that ¢ is the unique sp-preserving map with p;¢ = f; and

P20 = fa. ]

Given arbitrary X, X, € spNom, if at least one of X; or X» is discrete then one
can easily see the product of X and X; is (X X Xp, 71, m2). In the following we
characterize conditions under which the product of non-discrete sp-nominal sets
exists.

Theorem 4.20. The product of non-discrete nominal sets X and Y exists if and
only if at least one of X or Y has no zero element, and if one of X or Y has some
zero element(s), the condition {suppx|x € X} N {suppy| y € Y} = 0 is required
for the product to exist.

Proof. (=) Suppose Z(X) # 0. We show that the existence of product implies
Z(Y) = 0. Onthecontrary, suppose that Z(Y) # 0 and 6, € Z(X)and 8, € Z(Y),
and (P, p1, p2) is the product of X and Y in spNom. Consider the sp-preserving
maps z; : X — Y defined by z;(x) = 6, forall x € X, and z; : Y — X defined by
75(y) = 61, for all y € Y. Then, by the universal property of product, we have the
following commutative diagrams.

X<—P—>Y X<—P—>Y
Then since pi(¢(x)) = id(x) = x, for every x € X, we have p; is a non-

zero sp-preserving map. Analogously, one can see that p; is a non-zero sp-
preserving map. By the assumption we cantake x € X \ Z(X) andy € Y \ Z(Y).
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Suppose [suppx| < [suppy|. It can be assumed suppx C suppy without loss
of generality. So, by Lemma 3.13, supp p;(¢(x)) = supp¢(x) = suppx and
supp o2 (¥ (y)) = suppy(y) = suppy. Hence, ¢(x) < ¢(y). But, by the above
commutative diagrams, p;(¢(x) A p1(¥(y)) which is a contradiction. Hence,
Zy) =
Now we show that in the case Z(X) # 0, Z(Y) = 0, the existence of product

implies {suppx| x € X} N {suppy| y € Y} = 0. On the contrary, suppose that
there are x; € X and y; € Y with suppx; = suppy;. Since Z(Y) =0, x; ¢ Z(X).
Consider the sp-preserving maps z, f : Y — X defined by z(y) = 6, forall y € Y,
and

nx;  wheny =y € Perm(D)y;

f(y) = { :
6, otherwise

Then since P is product, we get the following commutative diagrams

/’\ /’\

which implies p2(¢(y1)) = id(y1) = y1 and p1(¥(y1)) = f(y1) = x1. Since
p1(e(y1)) = 61 and p1(¥(y1)) = x1, ¥(y1) # @(y1). So, by Lemma 3.13,
supp p2(¢(y1)) = supp@(y1) = suppy; and supp o1 (¥ (y1)) = suppy(y1) =
supp y1. Hence, ¥(y1) < ¢(y1) but oy (¥ (y1)) £ p1(e(y1)) which is a contradic-
tion.

(=) If Z(X) = Z(Y) = 0, then Theorem 4.19 implies the result. Now let
Z(X) = 0 and {suppx| x € X} N {suppy| y € Y} = 0. Then we show that
(Ugezoy(Y x {i}),m,2), in which 7 : Ug,ezx)(Y x {i}) — Y defined by
n((y,i) ==y and z : Ugezx) (Y X {i}) — X defined by z((y,7)) := 6;, for
every (y,i) € Ug,ezx)(Y X {i}), is the product of X; and X. To do so, consider
A € spNom together with sp-preserving maps f : A — X andg : A — Y.
Since Z(Y) = 0, by Lemma 3.13, suppa # 0 and suppa = supp g(a), for all
a € A. Also since {suppx| x € X} N {suppy| y € Y} = 0, Lemma 3.13 implies
that f(a) € Z(X), forall a € A. We define ¢ : A — UieZ(X)(Y x {i}) to be
w(a) = (g(a),i), in which f(a) = 8; € Z(X), for every a € A. Since g is an
sp-preserving map and f(a) € Z(X), for all a € A, the map ¢ is sp-preserving
making the desired diagram commute. O
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5 Nominal space

Each nominal set X can be considered as a topological space with the support
segment topology (or simply, support topology) arised from § = {x l,xT | x € X}
as the subbasis. The nominal set with the support topology, (X,S), is called
a nominal space. This section is devoted to study the topological properties of
nominal spaces.

Example 5.1. According to Example 3.2,

(i) the support topology on D is discrete.

(ii) the support topologies on #_.(ID) and P, (D) are also discrete. Indeed, for
eachA € P_ (D), ATNA| ={A’ € Pcof(D) | suppA’ =supp A} = {A}. Similarly
one can show that the nominal space #, (D) is discrete.

(iii) the support topology on %, (D) is non-discrete. Because for each A €

P.(D),ATNA; ={A" €P (D) | suppA’ =suppA} = {A, A°}.

Definition 5.2. A congruence relation p on X saturates L C X if the condition
u € Landupvimplyv € L.

Lemma 5.3. Let X be a nominal space and U € S. Then, ~ saturates U.

i

Proof. Letx € U and x ~ y. Then, since U = {J,_, ﬂjej V. , in which J is finite,
J
there exists i € I such that for all j € J we have x € V Notice that, V, =x, | or
J J

Vl._ =X, T AssurneV =X, l(V —x ) We show thaty € V Indeed, since

y<xandx<y,wehavey<x<x (x <x =<y Soy<x (x < y) and so

yeV. (yeV, ) Thus,y e U. ]
J J

Theorem 5.4. Let X be a nominal space . Then,
()ifxeUeS thenx"nx; CU.
(1) ifx € F and F is closed, then X! Nx; CF.

Proof. (i)Lety e xTn x;. Then, y < xand x < y and so x ~ y. Now, applying
Lemma 5.3,y € U.

(i) Let y € xT Nx. Then, y ~x. Assume y ¢ F. So,y € X \ F. Since X \ F
is open and x ~ y, by (i) x € X \ F. Which is a contradiction. O

Corollary 5.5. Let X be a nominal set. Then x/~=x" Nx | is the smallest open set
containing Xx.
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Corollary 5.6. (i) If X is a nominal space, then x| (x") is clopen.
(ii) If U is clopen, then U = _,, I'n yy)-
(iii) If U € S, then U is clopen.

(i1) Follows from Theorem 5.4(i, ii).
(iii) If U € S, then X \ U is closed and so by (ii) it is a (finitely supported)
union of open subsets of X. Thus, X \ U is open and so U is closed. O

Theorem 5.7. Let X and Y be two sp-nominal sets. Then every sp-preserving map
f : X — Y is continuous.

Proof. Applying Lemma 3.20, we have

Fia nay=f"@hos @y=1J «"nr [J xl

F(x)eal flx)eay

So, f(a"n ay) is open in X, for all @ € Y. Now, by Corollary 5.6, we get the
result. ]

The following example shows that the converse of Theorem 5.7 does not hold.

Example 5.8. Take f : D> — DU{#} to be the equivariant map defined by

d d=d

d,d") =
f( ) {9 d+d'.

Since support topology of D is discrete, the least open sets of DU{6} are singleton
sets. Now we have

fay = (d.dy, £y =" = J@d),

d#d’

and hence, f is continuous. On the other hand, we have (d,d) < (d, d;) while
f(d,d) ﬁ f(d,d,), that is, f is not an sp-preserving map.

Example 5.9. Let X be a nominal space. Then, by applying Example 3.6 (ii)
and Theorem 5.7, the support map supp : X — P¢(D), mapping x — suppx, is
continuous.
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In the sequal of this section we examine separation axioms and describe com-
pact nominal spaces. Among many separation axioms that can be imposed on
topological spaces, here we discuss the “Hausdorff condition” (T,). Because it
implies the uniqueness of limits of sequences, nets, and filters. We first note that
nominal spaces can be Hausdorff or not, see Examples 5.11 and 5.12. Therefore,
we seek to characterize those nominal spaces that are Hausdorff. To do so, we first
recall the following definition.

Definition 5.10. A topological space X is called

» Tp if for every pair of points, there exists at least one open set that contains
one but not the other; that is, if x| # x, € X then there is an open set U with
X1 € Uandxz ¢u.

* T if for every pair of points, there exist open sets that each of which contains
one but not the other; that is, if x; # x, € X then there are open sets U; and
U, withx; € Uy, x5 ¢ Uy, and xp € Uy, x1 € Us.

» T, or Hausdorff if every pair of points can be separated by open sets; that is,
if x; # xp € X then there are disjoint open sets U; and U, with x; € U; and
Xy € Us.

* normal if every disjoint pair of closed sets can be separated by open sets;
that is, if A; and A, are disjoint closed subsets of X then there are disjoint
open sets U and U, with A| € Uy and A, C U,.

* regular if any closed set and any point can be separated by open sets; that
is, if A is closed set and x € X then there exist disjoint open sets U; and U,
with A C Uy and x € U,.

* T3 or regular Hausdorff if it is a topological space that is, both regular and
a Hausdorff space.

* T4 Space or normal Hausdorff if X is both a normal space and a T; space.

* a separatory for each pair of subsets if every disjoint pair of subsets can be
separated by open sets; that is, if Aj, Ay € P(X) are disjoint then there are
disjoint open sets U; and U, with A C U; and A, C Us.
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Example 5.11. (i) Considering the nominal space D?, we have

(di.dy), = {(d,d") €D* | supp(d,d’) C supp (di,d2)}
{(d1,d1), (d2, d2), (d1, d2), (d,dy)}, and
{(d,d’) €D* | supp(di,d2)  supp(d,d")}
{(d1, d2), (d2,d1)},

(dy,d>)"

for every d| # dy € D. Now since, for every d| # d» € D, Theorem 5.4 implies
((dr1,d2)}) N ((dy,d»)") = {(di,d>), (da,dy)} is the smallest open set, contains
the points (dy, d») and (da, d;) in D?, in which d; # d,, can not be separated by
disjoint open sets. Hence, this space is neither Hausdorff nor Tj.

(ii) Considering the nominal space D*) with k > 2, since the cardinality of
the support of each element equals k, we have

(di,da, ..., dy), = {(d},d}y....d}) | {d},d},....d}} = {d1,da,. .. di}}
= (di,da,...,d)".

Hence, the poins (di,d>,...,dr) # (do,dy,ds,...,d;) € D®) can not be
separated by disjoint open sets, because (di,ds,...,dy), (d2,d1,d3,...,dy) €
(di,dy, ..., dk)T N (dy,dy,..., dk)l and, by Theorem 5.4, (dy,dp, ..., dk)T N
(di,da,...,dy)) is the smallest open sets containing (di,d>,...,dy) and
(da,dy, ds, ..., dy), meaning that this space is neither Hausdorff nor T;.

(iii) Using Example 5.1(iii), one can easily see that the points {d} and D \ {d}
in the nominal space P (D) can not be separated by disjoint open sets and hence,
Pt (D) is not Hausdorff.

Analogously, one can see that the nominal space P (D) is neither Hausdorft
nor Tj.

Example 5.12. Using Example 5.1(ii), since the nominal space P, (D) contains
singleton element hence, it is disceret. Therefore, it is Hausdorff.

Theorem 5.13. Let (X, S) be a nominal space. Then, X is Hausdor{f if and only
if the support map, supp : X — P¢(D), separates the elements of X.

Proof. (=) Let X be Hausdorff and x # y € X. Then, there exist U,V € S
withx € U,y € Vand UNV = (0. Then, by Theorem 5.4 and Corollary 5.5,
x/~Ny/~=0. Hence, supp x # supp y.
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(&) Let y # x € X. Then, by the hypothesis, we have suppx # supp y and
hence, x/~ N y/~= (0. Now Corollary 5.5 implies the result. O

Lemma 5.14. Any nominal space is a regular space.

Proof. Suppose X is a nominal space. Take a closed set F and x; € X withx| ¢ F.

By Corollary 5.6 (iii), F’ is open. Thus, there are two open sets xI Nxp| and F with

(xIﬂxu)ﬂF:(Z). O
Corollary 5.15. Any nominal space is a normal space.

Proof. By Corollary 5.6 (iii), since each closed set is open, we get the result. [l

Theorem 5.16. Let X be a nominal space. Then the following statements are
equivalent:

(i) The relation < is a partially order on X.

i) xT n x|} = {x}, for every x € X.

(iii) X is To.

(iv) X is T;.

(v) X is Ty (or Hausdorff space).

(vi) X is Ts.

(vil) X is Ty.

(viii) X is a separator for each A, B € P(X) with AN B = 0.
(ix) The support map supp : X — P¢(D) is injective.

Proof. (i) = (ii) Letr € x' Nx|. Then,t < x and x < ¢. Since < is antisymmetric,
t=x.

(ii) = (iii) Follows by taking open sets x| N xT and xi N x’T for each x # x’.

(iii)) = (iv), and (iv = v) follow from Theorem 5.4(i) and Corollary 5.5.

Lemma 5.14 implies (v = vi).

Corollary 5.15 implies (vi = vii).

(vii) = (viii) Foreach A, B € P(X) such that ANB = 0 we show (|, c4(aTN
ap)) N (Upep(dT N b)) = 0. On the contrary, suppose x € (Ugea(a® n ap)) N
(Upep(dT N b))). Hence, there are @ € A and b € B such that x € (a'n ay)
and x € (b' N b). Therefore, suppx = suppa = suppb hence, a € (b' N b)).
Since A N B = 0 hence, a # b, which is a contradiction with X is T4. Obviously
A C (Ugeal@a’nay)) and B € (Upep(bT Nby)), we get the result.
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(viii) = (ix) For each x; # x, we consider {x;} = A and B = {x,}. Now, by
assumption, we have (xI Nxyy) N (x; N x2y) = 0. Hence, suppx; # suppx; for
each x| # x5.

(ix) = (i) Follows from Corollary 5.5. O

Theorem 5.17. A nominal space X is compact if and only if the set
A ={(x,x) | suppx # suppx’} = V/~,
is finite.

Proof. (=) Suppose X is compact. Then, by Corollary 5.5, one can consider the
open cover X C Uyex(xT Nx)) of X. So there exist x1,x2, -+ ,x, € X such that
X C UlSiSn(xiT N x;|); meaning that X only contains a finite number of elements
with different supports, and hence, A is a finite set.

(<) Suppose A is finite and {U;} j; is an arbitrary open cover for X. Since A is
finite, there are finitely many elements of X, such as x1, ..., x,, each pair of which
have different supports. Since, by Corollary 5.5, xiT Nx;| is the smallest open subset
of X containing x;, for every 1 < i < n, there exists j; € I such that xl.T Nx;y €Uy,
forevey 1 < i < n. Hence, we have X C Ulgign(xiT Nx;y) € Ui<i<n Uj;- O

Theorem 5.18. A nominal space X is compact if and only if X [~ is finite.

Proof. (=) Let X be compact and X = [J,cx(x/~). Then, there exist
X1,x2,-+ ,xn € X With X C U <;<,(x;/~). So, X/~ is finite.

(&) Let X/~ be finite. Then, X = U,_,_, xi/~. Suppose X = U, U,. By
Theorem 5.4, there exists @y, € I such that x;/~C Uaxi’ forevery 1 <i < n.
Hence, X = U, _,_,, Xi/~C Ui<i<n Ua,, € X ands0 X = U;<;<p Ua,,- O

Corollary 5.19. Let X be a nominal space. The following statements are equiva-
lent:

(i) X is compact.
(i1) X is a discrete nominal set.

(iii) S = {0, X}.

Proof. (i) = (ii) By Remark 3.3, X/~ is a nominal set. If X is compact then, by
Theorem 5.18, X/~ is finite. So, by Remark 2.10, X/~ is a discrete nominal set
and supp (x/~) = 0, for every x/~€ X/~. Now since for every ¢ € X, there exists
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x/~€ X/~ with t € x/~ and suppx/~= suppx = supp¢, we have suppt = 0, for
all # € X, and we are done.

(ii) = (iii) Suppose suppx = 0, for each x € X. Then xT = x| = TN x =X,
for each x € X. Therefore, S = {0, X}.

(ii1)) = (i) This is clear. O
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