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Abstract. In this article we recast some of the results developped in arti-
cles [19, 22] but in the setup of cubical geometry. Thus we define a monad on
CSets whose algebras are models of cubical weak co-groupoids with connec-
tions. In addition, we define a monad on the category CSets x CSets whose
algebras are models of cubical weak co-functors, and a monad on the category
CSets x CSets x CSets x CSets whose algebras are models of cubical weak
oo-natural transformations.

Introduction and preliminaries
This article follows [21]; in it we explain how to build algebraic models of :
e cubical weak oco-groupoids with connections (see 2.3)

e cubical weak co-functors (see 3.1)
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190 C. Kachour

e cubical weak oco-natural transformations (see 3.2)

In particular cubical weak (oo, 0)-categories known as cubical weak oco-
groupoids are very important for us because although other models of cubical
weak oo-groupoids exist, they are defined in a non-algebraic way [7, 8, 10,
11, 13], i.e defined as kind of cubical Kan complezes.

We believe that our models of cubical weak oo-groupoids should open
new perspectives on the Grothendieck conjecture on homotopy types of
spaces 2.3, which is stated in the globular setting, and is as follow:

Conjecture 1.1 (Grothendieck). The category of (some) models of globular
weak oo-groupoids is equipped with a Quillen model structure such that its
localisation is equivalent to the category of CW-spaces.

As [21], this article is mainly concerned with cubical stretchings and to
the cubical higher structures they provide. Our main steps are as follows:

e We start to define cubical (0o, 0)-sets, using as a main tool the cubical
reversors. These are the cubical analogue of the globular (co,0)-sets’
which have been defined in [22]. More precisely they are built by
using cubical analogue of minimal (0o, 0)-structures in the sense of
[22]. Then we define the categories of cubical reflexive (0o, 0)-magmas
and the category of cubical (oo, 0)-groupoidal stretchings, which is
the cubical analogue of the globular (0o, 0)-categorical stretchings, as
defined in [22]. The introduction of these new sketches inside cubical
stretchings allows us to build a monad on the category of cubical sets
whose algebras are our models of cubical weak oo-groupoids. This
monad is the cubical analogue of the monad on globular sets built
in [22] and whose algebras are globular models of weak oo-groupoids.

e In the sections 3.1 and 3.2 we extend globular weak oo-functors and
globular weak oco-natural transformations to the cubical setting. In
particular we shall see that the monad of cubical weak co-functors acts
on the category CSets x CSets and the monad of cubical weak natu-
ral co-transformations acts on the category CSets x CSets x CSets x
CSets. In these last sections some interesting internal 2-cubes appear
in co-CCAT which are in fact all classical cubical strict 2-categories.

L Also called (0o, 0)-graphs in [22]
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We finish our article by sketching the construction of an expected
cocubical object of monads which should be a W-coalgebra?, which
leads to an operadic approach of the cubical weak oco-category of cu-
bical weak oo-categories.

In this article the reader has to take care to not confuse (0o, m)-structures
and (n, 0o)-structures: (oo, m)-structures as described in [22] are some kind
of higher categories with invertible cells; (n,oo)-structures as described in
3.1 and 3.2 lead to n-cells in the cubical weak co-category of cubical weak co-
categories®; for example, (0,00)-structures in 3.1 refers to all higher struc-
tures surrounding cubical weak oo-functors, and (1, oc0)-structures in 3.2
refers to all higher structures which surround cubical weak co-natural trans-
formations. Forgetful functors are generically written with the letter U plus
some variations of it: exponents on right side are used in 2.3, and left side
are used in 3.1 and 3.2.

2 Cubical weak oco-groupoids

The author doesn’t know of any work on cubical weak oco-categories with
some kind of inverses involved. However such work exists in the strict
case, see [27]. In low dimensions, simplicial methods have been used in
[7, 8, 10, 11, 13] to study it. Some applications of it to homology have been
considered in [9-11], and other applications in algebraic topology have also
been carried out in [12]. As we said in the beginning of this article our first
aim is to provide these higher cubical notions with the perspective to carry
on applications of these cubical higher structures to homological algebra,
algebraic topology and computer sciences.

The models of cubical weak co-groupoids that we are going to define are
algebras for a monad WO on the category CSets of cubical sets. This monad
is built with adapted stretchings: the cubical co-groupoidal stretchings 2.3,
which themselves are built with cubical strict co-groupoids with connections
2.2 which has been characterized by Lucas in [27], and with cubical reflexive
(00, 0)-magmas 2.3. As in [21] these cubical co-groupoidal stretchings are
tools which fill with cubical coherences cells their underlying cubical reflex-

2W is the monad of cubical weak co-categories built in [21] but seen as an S-operad.
3We discuss some important progress for its existence in [25].



192 C. Kachour

ive (00, 0)-magmas, and such fills are controlled by their underlying cubical
strict co-groupoids.

2.1 Cubical (0o, 0)-sets. Cubical (o0o,0)-sets underlie a new sketch
(see diagrams below) which we use in 2.3 to define algebraic models of
cubical weak oco-groupoids.

Here we define cubical version of the formalism developed in [22] for
globular (oo, 0)-sets. The formalism of this cubical world is similar to its
globular analogue.

Consider a cubical set C = (Cyp, 81 j, 8 1 ;)1<j<n. fn >T1and 1 <
j < n, then a (n,j)-reversor on it is given by a map C, ., Ch
such that the following two diagrams commute:

J
Ch
J

J g
J
C,, C, > Ch,
Cn—l Cn—l

If for each n > 0 and for each 1 < j < n, there are such (n, j)-reversor
ji on C, then we say that C is a cubical (c0,0)-set. The family of maps
(J7)n>0,1<j<n for all (n € N¥) is called an (00, 0)-structure and in that case
we shall say that C is equipped with the (oo, 0)-structure (jj’?)n>0,1§j§n.
When we speak about such (oo, 0)-structure (j7')n>0,1<j<n on C, it means
that it is for all integers n € N* such that C), is non-empty. Seen as cubical
(00, 0)-set we denote it by:

C = ((Cn,sp_15 tn-1,j)1<j<n, (Jj In>0,1<j<n)

and if
C' = ((Cr, 8p1 jr tn1 j)1<j<ns (47 In>0.1<j<n)
is another (oo, 0)-set, then a morphism of (oo, 0)-sets:

c— I ¢
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is given by a morphism of cubical sets such that for each n > 0 and for
each 1 < 7 < n we have the following commutative diagrams:

C, % C,
| s
! C!

The category of cubical (oo, 0)-sets is denoted by (oo, 0)-CSets.

Remark 2.1. A cubical set C = (C,, 32—1,j7t2—1,j)1§j§n can be equipped
with other operations giving the inverse for degeneracies which come from
connections. These operations are called connectors in [20]. For each integer
n € N* such that C), is non-empty, we define connectors on C as maps:

i
c, —1—— C,

such that we have the following commutative diagrams:

g il
Ch ’ Cp Cp 2 > Chp
52‘_ > tz_ J
R /Z—l,j-‘—l N /Z—l,j-‘—l
Cn—l Cn—l
where j € {1,---,n — 1}. This provides on C another kind of struc-

ture of (0o, 0)-set, which could be used to define cubical inverses related
to connections. But we prefer to avoid such structure, though very inter-
esting, because our scope is first to define cubical weak oco-groupoids with
connections, which use (through adapted stretchings, see 2.3) the character-
ization in [27] of cubical strict co-groupoids with connections, just by using
reversors as above. Such cubical set C can be also equipped with reversors
and connectors, which is still another kind of structure of (oo, 0)-set that
deserves more investigations in the future. It is also important to notice
that the different kinds of inverses for strict cubical co-categories have been
invested by Lucas in [27] but without our level of structures.
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Remark 2.2. This structural approach of inverses is much more powerful
than the simplicial methods because with it we are able to build any kind
of reversible higher structure. For example in our framework it is a simple
exercise to build some exotic one which could be difficult to build with
simplicial method.

2.2 Cubical strict co-groupoids In this section we use the char-
acterization of Lucas [27] for cubical strict co-groupoids with connections.
Thus cubical strict oo-groupoids are just cubical strict oco-categories with
connections such that all n-cells for n > 0 are of-isomorphisms for 1 <
7 < n. The studies of cubical strict structures using inverses has been done
in [7, 8, 10, 11, 13, 27], especially in the aim to generalize many known
results involving low dimensional groupoids and algebraic topology. For ex-
ample, a generalization of the notion of cubical strict fundamental groupoids
to higher dimensions has been undertaken in [9, 10] in order to obtain higher
version of Van Kampen type Theorem.

In this article we use cubical strict co-groupoids as an underlying part
of the structure of the cubical (00, 0)-groupoidal stretchings (see 2.3) which
are the adapted stretchings to weakened cubical strict co-groupoids. Thus
they are an important step in our approach of cubical weak co-groupoids.

Consider a cubical strict co-category C as defined in [21]. We say that it
is a cubical strict co-groupoid if its underlying cubical set is equipped with
an (00, 0)-structure (jj')n>0,1<j<n satisfying the following identities: Vj,n
such that 1 < 7 <n and 0 < n,

Va € Cn, aoff ji(a) = 1371 (th 1 j(a)) and j7 (@) of a = 177 (shi_1 ;(«)
Proposition 2.3. A cubical strict co-groupoids C as above has a unique
underlying (oo, 0)-set.

A cubical strict oo-functor preserve (k, j)-reversors. Thus morphisms
between cubical strict oo-groupoids are just cubical strict co-functors. The
category of cubical strict co-groupoids is denoted co-CGrp. Also we have
the following proposition

Proposition 2.4. The evident forgetful functor:

0o-CGrp — U CSets
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is right adjoint and monadic.

Proof. Write £¢, for the sketch of the cubical strict co-groupoids with con-
nections. It is based on the sketch £- of the cubical strict oo-categories
with connections, plus diagrams of the (oo, 0)-structure with the easy di-
agrammatical form of the axioms just above. But the sketch £ was de-
scribed in [21]. Thus &¢, is projectively sketchable and it contains the
sketch g (which is also projective) of cubical sets. Thus we just apply the
Foltz theorem [17] for its right adjointness. The fact that it is monadic is
straightforward. O

The monad of cubical strict oco-groupoids on cubical sets is denoted:
§7 = (8% 2% 1)
Here \° is the unit map of SP:
A0 0
Igsets ———— S

and 0 is the multiplication of S%:
0
( 50)2 H S0

2.3 The category of cubical weak co-groupoids A cubical reflex-
ive (00, 0)-magma is an object of co-CMag, such that its underlying cubical
set is equipped with an (oo, 0)-structure. Morphisms between cubical re-
flexive (00, 0)-magmas are those of co-CMag, which are also morphisms of
(00, 0)-CSets, that is, they preserve the underlying (oo, 0)-structures. The
category of cubical reflexive (0o, 0)-magmas is denoted (oo, 0)-CMag,.

The category (00, 0)-CEtG of cubical oo-groupoidal stretchings has as
objects quintuples:

E= (M, C,m, ([ﬁ 7]'Z+1,j)n€N;j€{1,..‘,n}a ([*? *]Zﬂm‘)neN;je{l,...,n};ye{—,Jr})

where M is a cubical reflexive (0o, 0)-magma, C is a cubical strict oo-
groupoid, 7 is a morphism in (oo, 0)-CMag,:

M B C
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and

([_; _]Z+1,j)n€N;j€{l,...,n}7 ([_; _]Zg—yl,j)neN;je{l,...,n};'yE{er}
are the cubical bracketing structures which have already been defined in [21].
A morphism of cubical groupoidal stretchings:

(m,c)

E s E/

is given by commutative squares in (0o, 0)-CMag,:

M —"— M

C—0—

such that for all n € N, and for all (o, ) € M,,

M1 ([ Bl ) = [mn(@), ma(B)lpt1; (G €{1,.;n+1})

and

mn+1([aaﬁ]ﬁﬂl,j) = [mn(a%mn(ﬁ)mﬂ,j (je{l,..,n},ye{—,+})

The category of cubical groupoidal stretchings is denoted (oo, 0)-CEtG.
Consider the forgetful functor:

(00,0)-CEtG v CSets
defined on objects by:
(M, C,m, ([=5 =Iny1 nensieqtnys (=5 =Ini ) nensiet....nyivef—+3) —— M

This functor is right adjoint which produces a monad W° = (W% 5% 0)
on the category of cubical sets. Its right adjointness comes from the fact
that the category (0o, 0)-CEtG is projectively sketchable and contains the
sketch £g. Main parts of this sketch have been already described in [21].
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Definition 2.5. Cubical weak oo-groupoids are algebras for the monad
WO = (W9 10 1% defined above on the category CSets of cubical sets.

Thus the category of our models of cubical weak co-groupoids is denoted
WO-Alg.

If it is evident to see that we have "an embedding”’ of co-CGrp in
oo-CCat, this is also true in the weak case, but it is a bit more subtle;
it comes from the forgetful functor:

(00, 0)-CEtG v » 00-CEtC

which forgets the underlying (oo, 0)-structures (see [21] for the descrip-
tion of the category co-CEtC). We also have the following morphism of the
category Adj of adjunctions:

(00,0)-CEtG v » 00-CEtC
FO[H|U° F|H|U
CSets id CSets

because U o V = U (see [19]), thus it produces a morphism V* in the
category Mind of monads:

(CSets, W) v » (CSets, W)

and passing to algebras, gives the following functor Alg(V*) which is the
expected ”embedding”:

Alg(V*)

WO-Alg W-Alg

In [1] it is proved that the category of cubical strict oo-categories with
connections is equivalent to the category of globular strict oo-categories.
In [27] it is proved that the category of cubical strict (oo, m)-categories
with connections is equivalent to the category of globular strict (oo, m)-
categories (which were first defined in [22]) and in particular he proved that
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the category of cubical strict co-groupoids with connections is equivalent to
the category of globular strict co-groupoids.

Our models of cubical weak co-groupoids with connections are the direct
analogue of globular weak oco-groupoids (models of it are built in [4, 22, 30]).
Thus the conjecture of Batanin in [3] which says that his globular weak oo-
categories are "equivalent” to Penon globular weak oco-categories, plus the
recent result of Bourke [5] which resolves the conjecture of Ara [2] which says
that Batanin’s globular weak oco-categories are equivalent to Grothendieck
weak oo-categories, leads us to put formulate the following hypothesis:

Conjecture 2.6 (1). The category W’-Alg of cubical weak oo-groupoids
with connections, is equipped with a Quillen model structure, and such
a model structure is Quillen equivalent to the category of globular weak
oo-groupoids also equipped with a genuine Quillen model structure

Conjecture 2.7 (2). The category W'-Alg of cubical weak co-groupoids
with connections, is equiped with a Quillen model structure, the one of the

first conjecture, such that its localization is equivalent to the category of
CW-spaces.

This second conjecture is inspired by the result in [29] which says that
the category C, defined in [21] is a test category, that is the category of
presheaves on C, is equipped with a Quillen model structure (the Cisinski
one, see [29]), such that its localization is equivalent to the category of
CW -spaces.

These hypotheses together must solve the Grothendieck comjecture on
homotopy types:

Conjecture 2.8 (Grothendieck). The category of globular weak oo-groupoids
is equipped with a Quillen model structure such that its localization is equiv-
alent to the category of C'W-spaces.

3 Steps toward the cubical weak co-category of cubical weak
oo-categories.

In this last section we are going to show how cubical stretchings give al-
gebraic models of cubical weak oo-functors and cubical weak oco-natural
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transformations. We can go further as it was done for the globular paradigm

n [19], but just with this level 2 of cubical algebras we obtain some inter-
esting canonical 2-cubes in 3.2.1, 3.2.2 and 3.2.3. In the end of this section
3.2.3 we draw the cocubical object in some category of monads that we
hope to describe with more precision in the future and which contains all
cubical analogue of globular algebras of [19]. This cocubical object* should
be an important step to obtain the expected cubical weak oco-category of
cubical weak oo-categories, and this lead to accurate formulation of cubi-
cal Grothendieck oco-topos, cubical oco-stacks, etc. More details on such a
cubical higher structure can be found in [25].

3.1 The category of cubical weak oo-functors In Theoretical
Physics basic data of an FExtended Topological Quantum Field Theory
(ETQFT) [16, 28] is given by a weak monoidal co-functor between a higher
monoidal category of cobordisms and some kind of higher categorification
of the monoidal category of Hilbert spaces. For example in [28] the simpli-
cial geometry is used to define ETQFT, while in [16] they use instead the
multiple geometry of Charles Ehresmann [15]. In this section we are going
to define algebraic model of cubical weak oco-functors with the hope that in
the future it can be used for accurate algebraic models of cubical ETQFT.

In [32] Jacques Penon proposed algebraic models of globular weak oo-
functors which were extended to all kind of globular weak higher transfor-
mations in [19]. The methods used in [19, 32] consists in the use of different
kinds of stretchings in order to weaken different kinds of strict higher struc-
tures. For example in [32] Penon has built a category of stretchings ° (called
the category of (0, 00)-categorical stretchings in [19]) which were adapted
to weakened strict co-functors. And in [19] the author used the category
of (n,00)-categorical stretchings to weaken all kinds of globular strict n-
transformations for all n > 2 (strict natural co-transformations correspond
to n = 2 and strict co-modifications correspond to n = 3, etc.). As we are
going to see, our models of cubical weak co-functors are built with a similar
technology: we are going to define cubical functorial stretchings which con-

“This cocubical object should be a W-coalgebra, where W means the cubical operad
which algebras are cubical weak oco-categories with connections. See [25].

%(0, co)-categorical stretchings must not be confused with (oo, 0)-categorical stretch-
ings used in 2.3 to weaken cubical strict (0o, 0)-categories and which were used in [22] to
weaken globular strict (co, 0)-categories.
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tain all the ”information”® on the structure behind cubical weak oo-functors.
This structure produces a monad on the category CSets x CSets whose alge-
bras are our models of cubical weak oo-functors. In 3.2 we shall investigate
similar constructions for models of cubical weak co-natural transformations.

Cubical strict co-functors have been defined in [21]. A morphism be-

tween two cubical strict co-functors ¢ —F s D and ¢ —F . D/
is given by a commutative 2-cube in CCAT:

C c o
F F’

N /

D - y D

The category of cubical strict co-functors is denoted co-CFunct.

3.1.1 The category of cubical (0,c0)-magmas

A cubical (0,00)-magma is given by a morphism M S VAN My of
CSets such that My and M; are objects of co-CMag, (defined in [21]). This
object is denoted (My, Fir, My).

A morphism between (0, co)-magmas:

(Mo, Far, M) = (Mg, Fip, Mi)

is given by two morphisms of co-CMag,:
My —2—— M}y, My — " M

such that the following diagram commutes in CSets:

Shere we put these brackets, because these structural informations must be thought
of as up to some weak equivalences, following the idea of models developed in any higher
category theory
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F
M, M M,
mo mi
! !/
M} = M
M

The category of cubical (0, 00)-magmas is denoted by (0, c0)-CMag,

3.1.2 The category of cubical (0,c0)-categorical stretchings

A (0, 00)-stretching is given by a quadruple:

E:(]E()aElaFMaFC)

such that Eg, E; are cubical categorical stretchings (defined in [21]) given
by:

Eo = (M(), C07 To, (0[7’ 7]Z+1,j)n€N;jE{1 ,,,,, n}y (0[71 7]Zﬁ17j)n€N;j6{1 .4.,n};'ye{—,+})

and

E, = (Ml, Cy,m, (1[ ; _]Z+1’j)n€N;jE{1 ..... n}s ( [ ) _]Zﬂl,j)HGN;jE{l ~~~~~ ”}5"/6{—74‘})
F

where (M, Fyr, M1) is an object of (0, 00)-CMag, and Cyp ——— C4
is a strict cubical co-functor, such that the following square is commutative
in CSets:

Fr

My My
™0 ™1
Cy o C4

A morphism of (0, co)-stretchings:
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E = (Eo,El,FM,Fc) s B = (Eé),E/l,F]/W,Fé)

is given by the following commutative diagram in CSets:

Fi
M s M|

2
M

0 ST
T
™0 F(,
! Nal

0 7

% /

Feo
Co C1

such that (mg, m1) is a morphism of (0, co)-CMag,, (mqg, ¢p) and (my, c1)
are morphisms of co-CEtC. The category of (0, 00)-stretchings is denoted
(0, 00)-CEtC.

Consider the forgetful functor:

(0, 00)-CEtC v » CSets x CSets

defined on objects by:

E= (E()aElaFMaFC) — (M(]:Ml)

It is not difficult to show that the category (0, 00)-CEtC is projectively
sketchable and that its sketch contains the projective sketch of CSets x
CSets. Thus this functor has a left adjoint °F which produces a monad
TO = (T9 A%, 1°) on the category CSets x CSets.

Definition 3.1. Cubical weak oco-functors are algebras for the monad T°
above.

Thus a cubical weak oco-functor is given by a quadruple (Cp, C1,vo,v1)
such that if we note T%(Cp, Cy1) = (T (Co, C1), TP (Co, C1) then we get its
underling morphisms of CSets:
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Tg(Co,Cl) L) C() Tlo(C(),Cl) # Cl

and these morphisms of CSets put on (Cp,C1) a structure of cubical

weak oco-functor Cjy —r , defined by:

F =y 0 Fyr 0 A)(Co, C)

with:
Co
A3(Co,Ch)
T(?(C:(;,Cl) E » TP (Co, Ch)
v v
50 > Cy

U1 OF]M O)\g

3.2 The category of cubical weak co-natural transformations
Now we describe a monad on the category

(CSets)? = CSets x CSets x CSets x CSets

whose algebras are our models of cubical weak oco-natural transforma-
tions. In [19] we defined globular co-natural transformations by using the
structure given by an adapted category of globular stretchings, namely the
category of (1, o00)-stretchings. Here we use similar technology by defining
first the category of cubical (1, 00)-stretchings which contains the underlying
structure needed to weaken cubical strict co-natural transformations. This
last monad T! (see below) gives some 2-cubes in 3.2.3 and a first flavor of
an expected cocubical object of operads described in the end of this article.
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3.2.1 The category of cubical strict co-natural transformations

Cubical strict natural transformations were introduced in [18]. Here we
give the evident strict and higher version of it. A cubical strict co-natural
transformation is given by a 2-cube in co-CCAT:

F
Coo Cip
H T G
Co,1 e Cia

whose 0-cells correspond to four cubical strict oo-categories Cp g, Co 1,
C1,0, C1,1, whose 1-cells correspond to four cubical strict co-functors F', G,
H, K, and whose only 2-cell 7 corresponds, for all O-cells a in Cpg, to a
1-cell:

7(a)

G(F(a)) K(H(a))

such that for all 1-cells a % b of Cyo we have the following

commutative diagram:

G(E() —— 5 K(H({)

A morphism between two cubical strict oo-natural transformations 7
and 7’ is given by a 3-cube in co-CCAT:
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/ F’ /
Coo Cio
€0,0 c1,0
.|
Cop " Cip o
J '
. T G
! !
Co1 % Cia
co,1
1,1
Co,1 e Cia

such that CL(]F = FIC()’(), Cl,lG = G/CL(), C(),lH = H/CO’(] and Cl’lK =
K'cp1. The category of cubical strict co-natural transformations is denoted
(1,00)-CTrans, and we obtain an internal 2-cube in CAT:

02’ 1
1,2 [oh}
— —
(1, 00)-CTrans oo-CFunct CCAT

—_— _—

7'12,1 o
%

712,2

Proposition 3.2. The internal 2-cube of CAT just above can be structured
in a strict cubical 2-category

Proof. Consider the following object 7 € (1, 00)-CTrans:

F
Co,0 Cip
H T G
Con e Ci1

such that o7 (1) = F, U%Q(T) =H, 7'1271(7') = K and 77,(7) = G, and
such that 0(1) and 7'01 are clearly defined.
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Definition of the classical reflexivity:

(1, 00)-CTrans % 0o-CFunct # CCAT
22
1%71(}7) is given by:
Co,o F Cip
10,0 13.(F) 4 Ly
Coyo = Ci0

and is such that 1%71(F)(a) = 19(F(a)) for all O-cells a € C(0),

and also 13 ,(F) is given by:

Leg,
Coo Coo
1
F L3o(F) 4 F
CLU 1 CI,O
C1,0

and is such that 1%72(F)(a) = 19(F(a)) for all 0-cells a € Cp0(0).

Definition of the connections:

oco-CFunct

(1,00)-CTrans

1509

1;1_(F) is given by:
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F
Co,o » Ch0
1,—
F Lyy (F) Leso
Cio T > Cl0
C1,0

and is such that 1§I(F)(a) = 19(F(a)) for all O-cells a € Cp(0),

and 1%T(F) is given by:

leg o
Co : » Co,0
1+
0.0 Ly (F) 4 B
Cop = » C1,0

and is such that 1§T(F)(a) = 19(F(a)) for all O-cells a € Cp(0).

The following shape of 2-cells:
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F
Co,0 C10
H T G
Con e Ci1
H' P ll el
Co2 = C1,2

allows to define the composition p of ; 7:

F
C'o,o Cl,O
H'oH poi 7| G'oG
Co,2 = Ci2

by the formula:

(poiym)(a) = p(H(a)) o G'(7(a))

and the following shape of 2-cells:
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F F

Cop Cip

H T G pl

0071 Cl,l /
K K

allows to define the composition p of 5 7:

F/oF
Co Cap
2
H poiaT{ G
C C
0,1 7N 2.1

by the formula:

(poiz7)(a) = K'(7(a)) o p(F(a)).

Cap

)

The proof that these datas put a structure of cubical strict 2-categories
on the internal 2-cube of the proposition is left to the reader.

3.2.2 The category of cubical (1,c0)-magmas

A cubical (1, 00)-magma is an object with shape:

O]
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Fr
M070 MI,O
Hyy v Gn
M, M
0,1 or 1,1

such that:

(Moo, Far, Miyo), (M0, G, Maa), (Moo, Har, Mo,1) and (Mo,1, Kar, M)

are objects of (0,00)-CMag,, and such that 7/ is a map:

Mo (0) ™ My 1(1)

which sends each 0-cells a of My to an 1-cell Tas(a) € My1(1) such
that:

so(rar(a)) = Gar(Far(a)) and t(7ar(a)) = Kar(H(a))

We prefer to avoid heavy notations and shall denote usually just by 7/
such object of a category (1, 00)-CMag,, where we have to think this greek
letter 7 as the variable usually used for natural transformations and the
subscript M in it just means "Magmatic”.

Given 1) and 7, two objects of (1,00)-CMag,, a morphism between
them is given by a commutative diagram in co-CSets:
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M/ il M/
0,0 1,0
Fyr
Mo / M /
‘/H]W 7_/ G]M
M
Hyyr v Gm
M, _ M,
mo,1 M
1,1
Mo, o M,

such that (mo,0,m1,0), (Mm1,0,m1,1), (Mo,0,Mo0,1), (Mo,1,Mm1,1) are mor-
phisms of (0, 0c0)-CMag,. It is important to note that commutativity of this
diagram means also the equality mj 1 o Tar = 7}, 0 mg 0.

We obtain an internal 2-cube in CAT:

911
U%g o)
(1, 00)-CMag, (0, 00)-CMag, oo-CMag,
7'12,1 o
7'12,2

Proposition 3.3. The internal 2-cube of CAT just above can be structured
in a cubical reflexive 2-magma

Proof. The proof is easy and basic datas have been already defined in 3.2.
O

3.2.3 The category of cubical (1, c0)-categorical stretchings

A cubical (1, 00)-categorical stretching is given by a commutative diagram
in co-CSets:
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MO,l > M1 1
Hyy ‘ v = Gy
Fr
M070 o > Ml,O -
1,0
0,0 Ko
0,1 » U111
H,
/ TC = /
c
Co Cip

Fo

such that (mo,0, Far, Fo,m10), (71,0, G, Ge, 1), (mo,0, Hyr, He, mo,1)
and (mo,1, Ky, K¢, m1,1) are objects of (0,00)-CEtC, and also 7/ is an ob-
ject of (1,00)-CMag, and 7¢ is an object of (1,00)-CTrans. It is important
to note that commutativity of this diagram means also that the equality
1,1 © Tar = T¢ © mo,0 holds. Such cubical (1, 00)-categorical stretching can
be denoted (7as,7¢). Given an other cubical (1, 00)-categorical stretching

/ /.
(TMvTC)'
Ky
/ N /
p M;, M,
M / M
/ / ™ = /
0,0 Do » M
’ 0.1 ’ T
7"/1,0
™0 K¢
, ' N2l
H/ Co1 » C
C 7_6 = /
c
! i
C'0,0 7 Cl,O
c

amorphism (7a,7¢) — (7}, 7¢) of such cubical (1, co)-categorical

stretchings is given by:

e a morphism of (1,00)-CMag, underlied by (mg,m1,0,m0,1,M1,1), a
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morphism of (1, 00)-CTrans underlied by (co,0, ¢1,0, €o,1,€1,1):

/ Fy /
MO,O MI,O
Fyr ‘
Moo p Mo ,
lHM 7_J/\/[ U Gy
Hyr ™ b el
/ /
My, K M
T’V ]\/I/
1,1
Mo Kor M1
F/
! c !
CO,O ¢ C11,0
€0,0 1,0
Feo ‘
Co0 Cip )
[LI'C / Ge
o 4
)ee TC u GC
c / /
Co1 70 > C14
€o,1 c
1,1
Con Ko Ci1

e the following morphisms:

((m0,0a CO,O)? (ml,()a Cl,O))7 ((ml,()a 61,0)7 (ml,la Cl,l))a ((m0,0a CO,O)7 (mo,la 60,1))

and ((mo,1,co,1), (m1,1,¢1,1)), of (0,00)-CEtC:
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M P M
0,0 1,0
Fyp
Moo - M o o
0,0 1,0
1,0
0.0 F!
y / C !/
Coo 1,0
€0,0
1,0
Cop o Cip
H/
! M !
M070 M071
Hyy
Moo - My o
0,0 0,1
0,1
0,0 , H’C ,
0,0 0,1
€0,0
0,1
Co,0 Ho Co,1
G/
/ M /
Mj g Mi
mi,0 mi,1
Gm
Mo - M .
1,0 1,1
11
.0 G’
, ’ C /
Clo Cla
C1,0
1,1
Cip Ci1

Go
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Kl
/ M /
My, r My
Ky
Mo - M1 o
0,1 1,1
m,1
0,1 K!
C! ¢ o
0,1 1,1
C0,1
11
Co1 Xo Cin

We denote (1, 00)-CEtC the category of cubical (1, co)-categorical stretch-
ings.
Consider the forgetful functor:

(1, 00)-CEtC 2 (CSets)?

defined on objects by:
(7, 70) —— (Moo, M1,0, Mo1, M,1)

This functor has a left adjoint”: 'F, which produces a monad T' =
(T, M1, u') on the category (CSets)?.

Definition 3.4. Cubical weak natural co-transformations are algebras for
the monad T' above.

Thus we obtain a 2-cube in the category Adj of pairs of adjunctions
defined in [19]:

"We carry on the use of Foltz theorem: indeed we are in the situation where the
category (1, 00)-CEtC is projectively sketchable and contains the projective sketch of the
category (CSets)*.
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U%,l
U%,z Ué
(1, 00)-CEtC (0, 00)-CEtC 0o-CEtC
7.2 Tl
1,1 0
712.,2
lpH|lu 0p|H|0y F|H|U
U%,l
U%,Q ‘7(1)
(CSets)* (CSets)? CSets
2 1
Ti1 70
7'12,2

which allow to obtain a 2-cocube in the category Mnd of categories
equipped with monads defined in [19]:

91,1
o? 1
1,2 5]
((CSets)*, T1) ((CSets)?, T9) (CSets, W)
7'12,1 T(%
7'12,2
And finally it gives the following 2-cube in CAT:
‘7%,1
‘7%,2 0’(1)
T!-Alg TO-Alg W-Alg
2 1
T To
712,2

Proposition 3.5. The internal 2-cube of CAT just above can be structured
in a cubical weak 2-category with connections.
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Proof. The details of the proof are quite long but not difficult. For example
basic datas of such structure are similar to those built in 3.2. ]

We finish this article by drawing the cocubical shape of monads for all
cubical weak higher transformations that we hope to describe in a future
work. For clarity we change the denotation of the monads W, TY and T!
described in this article with: W9 := W, W! := T% and W? := T!:

n
Sp—1,1
>.
3 n
52,3 Sn—1,i
2 =3 B
S S
1,2 2,2
2 3 ” n ’
8(1) . 511 52,1 . Sn—1,n—1
0 4 1 2 4 3 n—1 n
W , W W , W W W
t9 2 t3 tn
1 1,1 2,1 n—1,n—1
> >
2 3
12 152
3 n
153 ta—1,i
>.
—
tn
n—1,1

For example W3-algebras are cubical weak co-modifications®. This cocu-
bical object of monads should be a cocubical object of operads [25] and we
believe that it is in fact a W%coalgebra or at least a B%—coalgebra in the
sense of [24] where BX-algebras are the operadic models of cubical weak
oo-categories described in [24]. If this cocubical object is a WY-coalgebra
then it means that the cubical weak oo-category with connections of cubi-
cal weak oo-categories with connections exists, by using this technology of
cubical stretchings. Thus this result opens the perspective of an accurate
approach of the cubical weak oco-topos of Grothendieck with connections
and to the cubical weak co-stacks with connections.
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