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A new approach to tensor product of
hypermodules

Seyed Shahin Mousavi

Abstract. As an essential tool in homological algebra, tensor products
play a basic role in classifying and studying modules. Since hypermodules
are generalization of modules, it is important to generalize the concept of
the tensor products of modules to the hypermodules. In this paper, in order
to achieve this goal, we present a more general form of the definition of
hypermodule. Based on this new definition, some of the required concepts
and properties have been studied. By obtaining a free object in the category
of hypermodules, the notion of tensor product of hypermodules is provided
and some of its properties are studied.

1 Introduction and preliminaries

In the 8th Congress of Scandinavian Mathematicians in 1934, Marty intro-
duced the hyperstructure theory, see [14], and stated that, the hypergroup
is the generalization of groups. Marty showed that the characteristics of
hypergroup can be used in solving some problems of groups, algebraic func-
tions, and rational fractions. Surveys of the theory can be found in [8, 10].
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In the past few years, the hyperstructure theory has been studied in connec-
tion with various fields. Connes and Consani [4-6] have shown that there
is a relationship between the hyperstructure theory to algebraic geometry
and number theory

In [15], an interesting definition of homomorphism between hypermod-
ules to get a free object presented. This new approach to the defini-
tion of homomorphism shows that, considering the appropriate morphism
of hypermodules is very important and helpful in the categorical study.
In [12, 17, 18], categories of hyper algebraic structures introduced and stud-
ied. The main purpose of presenting these categories was to obtain a free
object by creating adjoint pairs. In [16], a new approach to the categorical
study of hypermodules presented. Although the definition of hypermodule
in [16] is not useful for this paper, we use the approach presented in Sec-
tion 4 of that paper to define the homomorphism. This new definition of
the homomorphism between hypermodules is very useful for the main pur-
pose of this paper, which is to provide a definition of the tensor product of
hypermodules.

In [2, 9] the authors tried to provide a definition of the tensor product
of the (especial collections of) hyperstructures. In these references, the
proposed methods for the definition of tensor products are not desirable for
the following reasons.

In [2] the authors introduce and study tensor product of hypervector
spaces based on Tallini hypervector spaces. In [19], Tallini defines the hy-
pervector spaces as follows. Let K be a field and (V,+) be an abelian
group. A quadruplet (V,+,0, K) is hypervector space over K, whenever
o: K xV——P*V), is a map such that the following conditions hold
(for all z,y € V and a,b € K):

(Hy) ao(z+y) Caoz+aoy;

(Hy) (a+b)ox Caox+boux;

(Hg) ao (box) = (ab) o z;

(Hy) x€loux.

Note that P*(V') is the set of all the non-empty subsets of V. In fact, Tallini
generalize the scalar multiplication of the vector space and the authors in [2]
by focusing to the this special hyperstructures define tensor product. But
the important point in [2] is that for the hypervector spaces V' and W the
mapi: V x W ——V ®k W introduced in [2, page 713] is not a middle
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linear map. Because, by [2, Definition 16] middle linear maps are defined
for vector spaces. Therefore, the presented approach in [2] to define the
tensor product is not desirable.

In [9, Definition 1] the authors give the notions of left and right R-
operator for a general hyperring R as follows. Let (R,+,-) be a general
hyperring and X be a nonempty set. X is called a left R-operator if there is
an external hyperoperation o : R x X —— P*(X) satisfying (r1-r2) oz =
ri o (rgox), for every r1,ro € R and x € X. Dually, the right R-operator
is defined. In [9, Definition 2| the notion of (R;, R2)-cooperator as a left
Ri-operator and right Re-operator that satisfies the relation (r1 o ) org =
rio(xory), for ri € Ry,r9 € Ry and x € X is presented. Accordingly, in
the [9, Definition 4] for (Ry, R2)-, (R2, R3)- and (R1, R3)-cooperators X, Y
and Z, respectively, an (R;, R3)-map is defined asamap f: X x Y —— 7
that satisfies the relation B(zor,y) = B(z,roy) forz € X,y € Y and r € Rs.
Finally, in [9, Definition 5] for (R, Rg)-cooperator and (R2, R3)-cooperator
X and Y, respectively, the authors give the notion of tensor product of X
and Y over the hyperring Ry as a pair (P,v). In this definition P is an
(R1, R3)-cooperator and ¢ : X XY —— P is an (Rp, R3)-map such that

for each (Ry, R3)-cooperator Z and (Ry, R3)-map : X x Y —— Z, there

exists a unique (Ry, R3)-map B : P —— Z satisfying S ot = (. At the
end of [9] for future work the authors state the next step by defining the
tensor product based on the R-operators. What needs to be considered
here is that, even if R is a ring, the tensor product defined by R-operators
cannot be matched to the tensor product in the algebraic one. First of all,
let X be an (R, S)-cooperator by defining maps o : R x X — P*(X) and
o' 1 X x S — P*(X) satisfying the identities r oz = {z} and z o' s = {x}
for x € X,r € R and s € S, respectively. Similarly, consider a set Y
as (S, R)-cooperator. Let Z be any (R, R)-cooperator. It can be easily
seen that each map X x Y —— Zis a (R, R)-map. Now let (P, 1) be the
tensor product of X and Y over S. As before we can consider the set
X x Y as an (R, R)-cooperator. Thus, the identity map over X x Y is a
(R, R)-map and hence by definition of tensor product there exists a unique
(R, R)-map 3: P—— X x Y such that 304 = idxxy. This implies that
card (X xY') < card P. Therefore, if we assume R = S as the ring of integer
numbers Z, X = Q and Y = Z,, then the tensor product of Q and Z,, over
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7Z which described as above is an infinite set, while in the algebraic case is a
zero group. Therefore, the method used to define the tensor product in [9]
is not desirable.

In this article, we are looking to provide a suitable way to define a
tensor product for hypermodules. First, we will give some basic defini-
tions which will be used in the following sections, see [8] for more infor-
mation. A hypergroupoid is a non-empty set H together with a mapping
o:Hx H——P*(H). A semihypergroup is a hypergroupoid (H,o) such
that for all a,b and ¢ in H we have (aob)oc=ao (boc). Let (H,o) be
a hypergroupoid. An element e € H is called an identity if for all a € H,
a € aceNeoa. A quasihypergroup is a hypergroupoid (H, o) which satisfies
the reproductive law, i.e., for alla € H, Hoa =ao H = H. A hypergroup
is a semihypergroup which is also a quasihypergroup.

Suppose that (H,o) is a semihypergroup and X is a nonempty subset
of H. The semihypergroup generated by X is denoted by < X > and we
have, < X >=|J{z10...0x | z; € X,k € N}. A non-empty subset A of H
is called a complete part of H if for all n > 2 and for all (z1, z2, ..., z,) € H"
we have the following implication:

=1 i=1

If (H,o) is a semihypergroup and p C H x H is an equivalence, we set
A ; B < apb,Va € A,Vb € B,

for all pairs (A4, B) of non-empty subsets of H?. The relation p is called
strongly reqular on the left (on the right) if

xpyjaox;aoy(xpy:xoazyoa)

for all (z,y,a) € H®. Moreover, p is called strongly regular if it is strongly
regular on the right and on the left.

Theorem 1.1. (Theorem 31, [7]). If (H,-) is a semihypergroup (hyper-
group) and p is a strongly regular relation on H, then the quotient H/p is
a semigroup (group) under the operation:

p(x) ® p(y) = p(z), forall z € x-y.
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For all n > 1 define the relation 3, on a semihypergroup H, as follows:
afnbs Iz, ...,xy) € H" : {a,b} C Hml
i=1

and 8 = |J B, , where 81 = {(x,z) | x € H} is the diagonal relation H.

Let p* bel tile transitive closure of 5. If H is a hypergroup, then g = g%,
see [7, Theorem 81]. Let H be a hypergroup and 7 : H —— H/ be the
canonical projection. The heart of H, which is denoted by wyy, is the inverse
image through 7 of the identity of the group H/f3, that is, wy = 7T_1(€H/5).
If B is a non-empty subset of H, then wy o B = Bowy = ¥ (B), where
% (B) is the complete closure of B, see [7, Theorem 67].

A quasicanonical hypergroup (not necessarily commutative) is an alge-
braic structure (H,+) satisfying the following conditions:

(i) for every z,y,z € Hix + (y+ 2) = (z +y) + 2;

(ii) there exists an element 0 € H such that 0 + = = z, for all x € H;

(ili) for every z € H; there exists a unique element 2’ € H such that
0€ (z+2')N (2 + z) (we denote it by —z and call it the opposite of x);

(iv) z € x + y implies that y € —z + z and z € z — y.
We note that, if € H and A, B are non-empty subsets of H, then by —A,
A+ B, A+ and z + B we mean that —A = {—a | a € A}, A+ B =
U{a+blac Ajbe B}, A+x = A+{x} and x + B = {z} + B, respectively.
Also, for all z,y € H, we have —(—z) =z, —0=0, and —(z +y) = —y — .
A canonical hypergroup is a commutative quasicanonical hypergroup.

Remark 1.2. Let G be a canonical hypergroup and H be a canonical

H
subhypergroup which is a complete part. Define the relation = on G by
H

Ve,ye G, x=yiffx —y C H.

Thus Z is a strongly regular relation. Put G/H := G/g and [z] is the
equivalence class of x € G . Thus (G/H,®) is an abelian group. Let
x+'y = {[z]®[y]|} for every x,y € G. The canonical hypergroup (G/H,+')
is called quotient canonical hypergroup.



34 S.Sh. Mousavi

Let (M, +) be a canonical hypergroups and

k

M(0) == | J{D (ai —a;) | a; € G,k € N},

=1

that is, M(0) is the subset of M which is the union of all sums of type zero.
Thus wyr = M(0), see [7, Theorem 131]. Also we have

M(0)
Ve,ye M, x = ylﬁx—yCZ i — a;) for some k € N and a; € M.

M(0) i
= yand z € x —y,s0 z € Y (b — b;) for some b; € M.
i=1

Thusx€z+yCZ(b —b;) +y and hence x —y C Z(b b))+ (y—v).

Because, let ©

Numerous defimtlons of homomorphisms between hypergroups are given
in [7]. In the following we give a new definition of homomorphism between
hypergroups. This perspective on defining homomorphism is very helpful in
the categorical study of hypermodules and tensor product of hypermodules
presented in Sections 2 and 3.

Definition 1.3. Suppose that (H,o) and (H’,0) are two hypergroups. A
B-homomorphism f: H % . H'is a function f:H—— H'/B such that
for each x,y € H and z € x oy, f(2) = f(z) ® f(y).

Example 1.4. Let (H,o) and (H',0) be two hypergroups. In [7] a homo-

morphism from H to H' is defined as a function f : H —— H’ satisfies in
the following condition:

V(z,y) € H*, f(zoy) C f(z)o f(y).

If f(xoy) = f(x) o f(y), then f is called a good homomorphism. Suppose
that 7' : H' —— H'/f is the canonical projection on H’. Therefore the

function 7' f : H —— H'/[3' defines a [-homomorphism 7'f : H N H,

where f : H—— H’ is a homomorphism of hypergroups.
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Proposition 1.5. Let f : M L N be a B-homomorphism between canon-
ical hypergroups. If x € B(2'), then f(x) = f(').

k
Proof. Let  — a2’ C Y (m; — m;) and t € x — a’. Therefore for each i
i=1

k
there exists a; € m; —m; such that ¢ € > a;. Thus f(¢) =0 , and since
i=1 N

xet+a, f(x) = f(a). O

Following [13] a hyperring is an algebraic hyperstructure (R, +, -), which
satisfies the following axioms:

(1) (R,+) is a canonical hypergroup;

(2) Relating to the multiplication, (R,-) is a semigroup having zero as a
bilaterally absorbing element, that is, 0-x =« -0 =0, for all x € R;

(3) The multiplication is distributive with respect to the hyperoperation
“+” that is, z- (z+y)=z-z+z-yand (xr+y)-z2=x-24+y- %, for all
z,y,2 € R.

Let Ry and Rs be hyperrings. A mapping ¢ from R; to Rz is said to be
a good homomorphism, see [10], if for all a,b € Ry,

Bla+b) = (a) + (b), (ab) = (a)(b) and $(0) = 0.

Let (R, +,-) be a hyperring and U be the set of all finite sums of products
of elements of R. In [20] the relation v* on R is define by:

avy*b iff 321, ,2zp01 € R with 21 = a, zp41 = b and uy, -+ ,up, € U
such that {z,zi+1} C w;, for ¢ = 1,--- ;n. Then the relation ~v* is the
smallest equivalence relation on R such that the quotient (R/~*, ®,®) is a
ring which is called the fundamental ring, see [20, Theorem 1]. Note that
the sum @ and the product ® in R/~v* is defined in the usual manner:

7*(@) &7 (b) =7"(c) for all ¢ € y*(a) +77(b)
v (@) ©7"(b) = v*(d) for all d € v"(a) - 7" (D).

Proposition 1.6. Let (R,+,-) be a hyperring and R = R/~* be its funda-
mental ring. Then

(i) 1z =" (1r);

(ii) Or = v*(Or).



36 S.Sh. Mousavi

Proof. (i) Let a € R and d € v*(1g) - v*(a). Thus s € v*(1g) and t € v*(a)
exist such that d € s-t. So 3z1, -+, 2,41 and 327, -+ , 2, with 21 = s,
Znp1 = 1R, 20 = t, 2, = a and uy, -+ ,up,uf, -+ ,uy, € U such that
{ziyziv1} € u; and {zé,zg-ﬂ} C u; foreach 1 <:<mnand1l < j < m.

Without loss of the generality, we can assume m < n. Put

V1i<i<m, z!:=2; Vi<i<m-—1, u:=ul;
. "o . . "o .

Vm+1<1i<n, z;:=2,; Vm<i<n-—1, u; = z,;

" —— n .__ /

Zp 1 = a. upy =,

Thus for each 1 <@ < n, (2 -2) U (zip1 - 2i) € wi-uy, d € 21 - 2{ and
a € Znt1 - 2, . For every 2 <i < n choose an element w; € z; - 2] and put
wy = d and wp41 := a. Therefore {w;, w41} C u;-uf for each 1 <i <n
and hence ay*d. This implies that v*(1g) - v*(a) = v*(a).

(ii) The proof is similar to (i). O

Following [7, 21] a (left) hypermodule over a hyperring R is a canonical
hypergroup (M, +) together with a scalar single-valued operation “-”, that
is, a function which associates to any pair (r,z) € Rx M an element rz € M
such that for all (z,y) € M? and (r,s) € R?,

Q)r-(z+y)=r-z+r-y

(i) (r+s) - x=r-x+s-x;

(iii) (rs) -z =r-(s-x);

(iv) 0.z = 0.

In fact, scalar multiplication is a map - : R x M —— P*(M) such that
r - x is a singleton set. The important point to note is that the above
definition depends on the sets which we assign to A -z and r - N for each
AeP*(R), Ne P*(M),r € Rand x € M. While, in algebraic mode, that
is, when M is a module over a ring R, this ambiguity does not arise. These
sets are not specified directly by the map “”. So, it is necessary to define
them. It is agreed that A-x = {a -z |a € A} andr-N = {r-xz |z € N}. Of
course, this definition of hypermodule is restrictive, for example, it is not
easy to give hypermodule structure to the canonical hypergroups. While
each abelian groups takes a Z-module structure canonically. Therefore, we
need a more complete definition of hypermodule, which we will discuss it in
Section 2.
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2 The category of hypermodules

In this section, we generalize the definition of hypermodule, which is called
~hypermodule, and study some of its properties. By choosing the appro-
priate homomorphism between x-hypermodules, the category . —HM is
constructed, and at the end of this section it will be shown that there is an
adjoint pair between ;x—HM and a suitable category of modules.

Definition 2.1. Let (R, +,-) be a hyperring and (M, +) be a canonical
hypergroup. Also, let ,*,, : P*(R) x M —— P*(M) be a mapping such
that for each A, B € P*(R) and = € M satisfying the following conditions:

if AC B, then x,, (A,z) C %, (B,z); (sml)
R*]\/[({O}’x) = {0} and RXM ({1r},z) = {z}. (sm2)

A left R-hypermodule is a canonical hypergroup (M, +) together with

R*,y and an external composition .: R x M —— P*(M) with respect to
%, that defined by:

(1, @) =g ({7}, 7)

satisfying the following conditions:

In which for every A € P*(R) and N € P*(M), A.x :=,%,,(A,x) and

reN:= | r.z
z€N

From now on we say “M is a x-hypermodule” instead of “M is a left
R-hypermodule”. Let N be a non-empty subset of M. N is called a -
subhypermodule of M provided that N is a canonical subhypergroup of M
and r.y =,%,,({r},y) C N for all r € R and y € N. Therefore M(0) is a
wr-subhypermodule of M.
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There is a similar definition of a right R-hypermodule, or briefly -
hypermodule, with respect to ,, %, in which the elements of R are written
on the right.

Let R and S be hyperrings and M be canonical hypergroup. M is called an
(R, S)-bihypermodule, whenever

(a) M is a %,-hypermodule and is a gx-hypermodule;
(b) For all r € R,s € S and x € M we have (r.z).s=r.(x.s), i.e,

U s (U {s}) = U o (U} 2);

yER*]M({T},CC) Ze]w*s(mv{s})

Example 2.2. (1) Let (M, +) be a canonical hypergroup and (Z,+,-) be
the hyperring derived from the ring of integer numbers (Z, ®,-), that is,
m+n = {m@n} for every m,n € Z. Define ,x,, : P*(Z) x M —— P*(M)
by ,*,(A4,2) = |J nz, where

neA
r+zr+--- 4z ifn>0
n times
nx = { {0} ifn=0
(—z)+(—z)+---+(—2) ifn<O.
—n times

Thus ,*,, satisfies the conditions (sml) and (sm2). Considering the

7" M
external composition . : Z x M —— P*(M) with respect to ,*,,, that is,

M
n.x =, ({n},x). Therefore M is jx-hypermodule.

This example shows that every x-hypermodule (x,-hypermodule) is a
(R, Z)-bihypermodule ((Z, R)-bihypermodule).

(2) Let R be a hyperring. For the non-empty set X define the set 7, (X)

as follows:

F (X)) ={X R | f is vanish almost everywhere}.

In [15] it has been shown that (%, (X),+) is a canonical hypergroup such
that the hyperoperation “+” defined by

f+g:={he FKX)[ (Ve e X) h(z) € f(z)+9(x)}.
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Define a map ,x : P*(R) x F(X) —— P*(F,(X)) by:

Py (X)

i oy (A ) = {ge};m | (Ve € X),g(z) € U{af(x>}}-

acA

Thus ,* satisfies in the conditions (sml) and (sm2). Suppose that

R, (x)
i R x F(X) —— P*(F (X)) is the external composition with respect to
* that is, . f =, *§<X)({r},f) = {.f}, where f:X——Ris

R™F, (X))

defined by , f(x) = rf(x). For each r,s € R and f, g € F,(X) we have:

Z{kG}IE( )| (Vo € X),k(z) € | {af(x)

aer+s
={k e B(X) | (Vo € X),k(x) € (r + 5)f(2)}
={k e B(X) | (Vo € X),k(z) € rf(z) + sf(2)}

Let h € . f+ ,g. Therefore for every x € X we have h(z) € rf(z) +
rg(x) = r(f(z) + g(x)) and hence there exists a, € f(z) + g(x) such that
h(z) = ra,. Suppose that ¢ : P*(R) —— R is the choice function such that
c(A) € A, for all A € P*(R). Let A, be a finite subset of X such that for
each x ¢ Ay, h(xz) = 0 and put s, := c({t € f(z) + g(x) | h(z) = rt}), for
Sz T € Ay

17¢44h

Thus I € f + g and for each x € X, l(z) = rl(z) = h(z). This implies
that h € r.(f+g). Therefore r.f+r.g C r.(f+g). The proof of the converse
of the inclusion is easy. Thus 7. f +r.g =7.(f 4+ g). The verification of

k
the third axiom is not difficult. Now let f € (F,(X))(0),so f € > (fi — fi),
i=1

all z € Ap,. Definel : X —— R by l(z) :=

where f; € F,(X). Thus for z € X and r € R, rf(z) € Z(rfz(x) —rfi(x)).
1=1
k

Therefore [ € Z(sz — . fi) and hence r . (F,(X))(0) C (%,(X))(0). Let
g € R0).f = * (R(0), f) and Ay := {x € X | g(x) # 0}. Thus

R .F(X)
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Ay is a finite subset of X. If A; = (), then ¢ = 0 € (F,(X))(0). Let
Ay ={x1, -+, 2z}, so there exists a; € R(0) such that g(z;) = ajf(x;) for

each j € {1,--- ,n}. It can be assumed that a; € Z(Tz‘j — r;;) and hence
i=1

o) € 2(,,

hi(z) = {(Tijf)(xj) r=zjplsjsn

)(x;) — (rijf)(ﬂ”j)) for 1 < j < n. Define h; : X —— R by

for i € {1,---,k}. This implies

0 otherwise
that g € Z( — hi) and so g € (F,(X))(0). Therefore F,(X) is a *-
hypermodule

(3) Let (R, ®,-) be a ring and (M, ®) be a R-module. Also, let (M, +)
((R,+,-)) be a canonical hypergroup (hyperring) which is derived from
(M,®) ((R,®,-)), that is, x + y = {x ® y} for each z,y € M (z,y € R).
Define %, : P*(R) x M —— P*(M) by ,*,, (A,z) = {rz | r € A}.

i Rx M ——P*(M) be the external composition with respect to
r*y Which is defined by r .2 =, *,({r},z) = {rz}. Then M is a *-
hypermodule. This says that every R-module can be considered as a -
hypermodule in a natural way.

Remark 2.3. Let (%, (X),+) be the canonical hypergroup as in the Theo-
rem 2.2(2). For every r € R and f € F,(X) consider the scalar multiplica-
tion -: Rx F(X) —— F(X)byr-f:= f Thusr.f={r-f} Wesee
that by this scalar multiplication F,(X) does not apply to the definition of

the hypermodule provided in [7]. Because, from this perspective for each
AeP*(R) and f € F,(X) wehave A- f ={,f | a € A} and so,

(r+s)-fCr-f+s-f.

While in the Theorem 2.2(2), (r+5).f = r.f+s.f. Therefore the definition
of x-hypermodule M is completely related to the map ,x,,.

Proposition 2.4. Let M be a ,*-hypermodule. Then for each x € M,

(—1p) .z = {~a}.

Proof. Let z € (—1gr).x,s0 (—1g)«2 C (—1r) . ((—1g) . 2) = 1g.x = {x}.
Thus (—1g) .2z = {z} and hence {z} = (=1g) . ((—1Rr) . 2) = (—1g) . {z} =
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(=1g)+x. Since Og € 1+ (—1gr), 0 € lgvz + (—1g) vz = {z} + {z}. This
implies that 0 € x 4+ z and so z = —x. Therefore (—1g).x = {—=z}. O

Let (M,+) be a *- hypermodule (%5-hypermodule). Put (0) =M/ E(

and denotes the elements of (0) by [z] = ([z] MR) for each x € M. Thus
R
(W’ @) is an abelian group.

Proposition 2.5. Let R be a hyperring and R = R/~* be its fundamental
ring. If (M,+) is a ,*-hypermodule, then (%,@) 18 an R-module.

Proof. For a € R and z € M define v*(a) - [z] ~=[y] , wherey € a.x.
R
Let v*(a) = v*(d), [m]RM = [x']RM and ¢y € o/ v2’. Thus Jry,--- ,rpp1 € R
with 1 = a, 741 = @ and uqy, -+ ,u, € U such that {r;, 741} C wu; for
k
1<i<mnandalsox—2"C > (z; —x;). Thus we have
i=1
a+ry C up +us,
—1ri +7ir1 © —Uj—1 + Uit1, forall 2<i<n-1

/
—rp—a & —Up—1 — U

n
Therefore a — a’ C > (u; — u;) and so
i=1

n
a.x—a’.x'QZ( — u;) ac—i—Za i — Ti). (2.1)
i=1

n; M

Suppose that u; = Y [] rju for @ € {1,---,n} and hence we have
j=1k=1

U my

(i —ui) e = Y tji« (v — ), where tj; := [] rji;. Thus eq. (2.1) implies
Jj=1 k=1
n n; k

that y —y' C X (X tji«(x —2)) + Y d' o (2 —ai), 50 [y, = [v] -
i=1 j=1 =1 R R
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Therefore - : R x is a scalar multiplication and it is easy to

M M
M (0) M (0)
see that % is an R-module. O]

Suppose that (R, +, -) is a hyperring and (N, +) is a ,x-hypermodule. Define

R N ¢ P*(R) N]E[()) P*( (0)) by:
N(0)

R*% (A, [x]RN) = {[z]RN | z € xy({r},x) = r.x for some r € A}.
Note that if 2/ €, *,({r},z) = r.z, then [z]RN = [z’]RN. Considering
external composition. : R x N(O) PX( szfo)> with respect to ,*, that
defined by r./ [z ]R v {rhx ] ) = {[a;’]RN} such that ' € r.z. It

T

can be easily seen that (N(o) ,+') is px-hypermodule, where [z] +' [y] =
R R

{[x]RN ® [y]RN} for [x]RN, [y]R € N( 7- So we have the following definition.

Definition 2.6. Suppose that M and N are two x-hypermodules. A x-

homomorphism f : M —— N is a f-homomorphism f : M 5—> N between
canonical hypergroups M and N such that {f(z)} =r./ f(z) for all x € M,
reRand zer.x.

Remark 2.7. (a) If f: M —"— N is a x-homomorphism, then for each

v,y €M, f(2)@ f(y) C f(x)+ f(y) + N(0). Also, if g,h: M —*— N area
~-homomorphism such that h(x) C f(z) + g(z), then h(x) = f(z) ® g(x).

(b) There is a similar definition of homomorphism between
*,-hypermodules in which condition (ii) of Theorem 2.6 replace with f(z) =
f(x) «r for each z € xz.r. If M,N are (R,S)-bihypermodules, then
f:M—"— M’ is said to be a homomorphism of (S, R)-bihypermodules,
whenever f is both a gx-homomorphism and a x,-homomorphism.

(c) Let M and N be canonical hypergroups. Every S-homomorphism

f+M 5—> N is a jx-homomorphism between ,x-hypermodules as described
in the Theorem 2.2(1).

Let f: M —=— N and g : N —— K be two wr-homomorphisms. For each
x € M define,

ge f(x):=g(y), wherey € f(x).
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Thusge f: M —~— K is a *-homomorphism. Define 1p; : M —— J\(40)

by 1p(z) = [x]RM for ¥ € M. Soly : M —"— M is a jx-homomorphism

and for every +-homomorphisms f : M —~ 3 Nandg: K —~ M wehave
Ipyeg=gand fely = f. Therefore 1)/ is an identity ,*-homomorphism
on M. The collection of x-hypermodules together with x-homomorphisms
forms a category, which is denoted by x—HM.

Given two px-hypermodules M and N, the set of x-homomorphism
from M to N is denoted by Hompg(M, N). For each f,g € Hompg(M,N)
and z € M define (f B g)(z) := f(x) @ g(x). This turns (Homg(M, N),+)
into a canonical hypergroup, where f + g := {f B g}. This implies that
Homp(M, —) : x—HM —— CHg is a functor, where CHg is the category
of canonical hypergroups and whose morphisms are good homomorphisms.
By M (M, M) we means that M is a x-hypermodule (x;-

hypermodule, (R, S)-bihypermodule, respectively).

Proposition 2.8. Let R and S be hyperrings.
(i) If M, and N, then Homp(M,N) is a jk-hypermodule.
(ii) If +M and N, then Homp(M,N) is a *;-hypermodule.

Proof. (i) Let s € S and f € Hompr(M, N). For z € M put fs(z) := f(y),
where y € xvs. If ¢y € z.s, theny—9y C (z —z).s C M(0).s.
Since M (0) is a *;-subhypermodule of M, y —y’ C M(0) and hence f(y) =
f(y'). We can see that f; : M —— N is a x-homomorphism. Suppose that
H := Hompg(M, N) define jx,, : P*(S) x H——"P*(H) by ¢x,(A,f) :=
{fa | a € A}. Thus %, satisfies in the conditions (sml) and (sm2). Let
S X H*VP*( ) be the external composition with respect to %,

that is, s. f =, *,({s}, f) = {fs}. It is easy to see that H is a -
hypermodule
(ii) Let s € S and f € Hompg(M,N). For x € M put fs(z) == [y ,
R
where y € y, « s such that f(z) = [yf] . Let [yf] = [Z]RN and y € z.s.

Therefore y, — 2 C Z(zZ —z;) for k € N and 2z € N. Since N(0) is a *¢-

subhypermodule of N for each i € {1,--- ,k} we have (z; — z;) . s C N(0).
This implies that y —y" C (y, — 2).s € N(0) and hence [y] == [v] .
R R
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We can see that fs : M —— N is a x-homomorphism. Similar to part (a)
Homp(M, N) is a x,-hypermodule. O

Remark 2.9. (a) In the Theorem 2.8 the other cases for M and N are
similar to the classical one and their proofs are similar to (i) and (ii).
(b) From (i) and (ii) of the Theorem 2.8, we obtain the functors

Hompg(M,—) : —HM —— x—HM ; Hompr(M,—): x—HM —— x, — HM
respectively.

From now on, when we say f : M —— N is a morphism in ;x —HM we

* . .
mean f : M —— N is a px-homomorphism.

Proposition 2.10. Let M L> N be a morphism in x—HM. Then
(i) f is an epimorphism in x—HM if and only if N = Iy, where I :=
U f(z).

zeM

(ii) f is a monomorphism in x—HM if and only if Ke(f) = {0}, where
Ke(f) = {w e M| () = 0] |}

(iii) f is an isomorphism in x—HM if and only if f is both monomor-
phism and epimorphism.

Proof. (i) It is easy to see that Iy is a zx-subhypermodule of N and for each
I
ye€ N,y—yC f(0) CIf. Define the relation Lon N by

I.
Yy, €N, y=y iffy—y C1;.

I I
It can be easily proved that Lisa strongly regular relation and % =N/ < is

a px-hypermodule. Denote the elements of % by [y] for all y € N. Consider
the following diagram in x—HM

ML)N:Z;T]\;’

where for each y € N, p(y) = [y] and z(y) = [0]. Thus pe f = z e f and
hence N = I;. Conversely, let

MLN%K,
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be a diagram in * —HM such that ge f = h e f. Since Iy := |J f(z), for
xeM
each y € N there exists x € M such that y € f(z). Thus g(y) =ge f(z) =

he f(x) = h(y) and hence g = h.

(ii) It is obvious.

(iii) Suppose that f is both monomorphism and epimorphism, so by
(i) N =1y. Define g: N —— M by g(n) = [m]RM such that n € f(m) for
n € N. If n € f(m') for another m’ € M, then f(m) = f(m') = [n]RN. Thus
for each x € m — m/ we have f(x) = f(m)® (—f(m')) = [O]RN. Therefore
m—m' C Ke(f). Since Ke(f) = {0}, m = m' and so g is a well defined map.
It is easy to see that g is a x-homomorphism, feg =1y and ge f = 1j.
This implies that f is an isomorphism. The proof of the converse is obvious.

O
In the category , «—HM a sequence of two morphisms M L N5 K
is called exact whenever Iy = Ke(g).

Remark 2.11. For morphism f : M —— N in ;»—HM we have:

(a) 0—— M I, Nis exact if and only if f is a monomorphism;

(b) M L> N —— 0 is exact if and only if f is an epimorphism.

Theorem 2.12. Let (R,+,) be a hyperring and R := R/~* be its funda-
mental Ting. Then there is an adjunction from r M, the category of left
R-modules, to ;x—HM, that is, there is a triple

<F,Gp>rM— x—HM
where F and G are functors

F

_
M _ x—HM

while ¢ is a function which assigns to each pair of objects (M,®) € rM
and (N,+) € x—HM a bijection of sets

0= Pu e —HM(F(M,©), (N, +)) = o M (M, &), G(N, +))

which is a natural in M and N. Also G is full and faithful.
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Proof. Let (M,®) € M and (M, +) be the canonical hypergroup which
is derived from (M,®). So M(0) = {0}, see Theorem 2.2(3). Define
w*uy  PF(R) x M —— P*(M) by x,, (A,z) := {y*(a) -2 | a € A}. The-
orem 1.6 implies that ,x,, satisfying in the conditions (sml) and (sm2).
etv: Rx M —— P*(M) be the external composition with respect to
R*, which is defined by r.z = %,,({r},z) = {7*(r) - }. We can see that
(M, +)is a x-hypermodule. Now define the functor F : M —— x—HM
by
(M, ®) —— (M, +)

Jf lF(f)
(N,®) —— (N, +),

where for each z € M, F(f)(x) :={f(x)} = [f(x)]RN. Theorem 2.5 implies
that G : ;x—HM —— g M defined by

(Mjﬂ % ®)
(N, +) —— NL

where for each x € M, G(g)([z] ) = g(z) is a functor. It is easy to
R
see that G is full and faithful. For each g € x—HM(F(M,®), (N,+))

define (M, ®) 25 G(N, +) by (¢(9))(x) = g(x). Since (M, +) = F(M,®),
x+y = {x®y} for z,y € M and so ¢(g) is a R-homomorphism. Also we can
see that ¢ is a natural isomorphism and hence the proof is complete. O

3 Tensor product of x-hypermodules

In this section the free object on a set X in the category #—HM is introduced
and, by using it, the tensor product of the x-hypermodules is defined. Then
some of its properties are given, including having a universal property in a
particular category and its relation to Hom functor.
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From now on we show r.x by rz. Let R be a hyperring. Define the
functor Gr: x—HM —— Set by

M+——

N+——

where for each set [a:]RM € %, GR(f)([x]RM) := f(z). Note that if [z] =

R

['] , then there exists z € x — 2’ N Y (z; — ;) for some x; € M. Since
RM i=1

flz) = [O]RN, f(z) = f(2'). Thus Gg(f) is well defined. It is easy to see
that G is a forgetful functor and hence ;x—HM is concrete over Set.

Remark 3.1. By Theorem 2.2(1) for canonical hypergroup M, Gz(M) =
M/jB. So, if (M,4+) is a canonical hypergroup derived from an abelian
group (M, ®), then (z) = {z} and hence there exists a group isomorphism

(Gz(M),®) = (M, &) such that T(3(z)) = z.

Theorem 3.2. Let R be a hyperring. For each non-empty set X, the ,x
—HM-object F,(X) is free on X.

Proof. Let M € *—HM and ¢ : X —— G'r(M) be a morphism in Set.
Let tx : X —— GR(F,(X)) be the mapping that defined by ix(z) = {04},

1p fz=y

where 6, : X —— R is defined by d,(y) := forallz,y € X.

Or otherwise

Thus for any f € F(X), {f} = > f(x)0s, where Ay := {z € X |
CCEAf

f(z) # 0} is a finite subset of X. Consider the map ¢ : X —— Gr(M).

Deﬁne{b\:];(X)H% by

R @ f@yila) it A £0
B(f) = { =5

[0] if Ap = 0.

RM
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Now we show that 1 : F(X) —— M is a pk-homomorphism. For this rea-

son, let f,g € F,(X) and h € f+g. For each x € X since h(x) € f(x)+g(z),

Ap C Ay UA  and h(z)y(x) = f(x)(x) @ g(x)(x). We have two cases:
Case 1: If Ay # 0, then

D f@w@) + ) g@v@) € Y fla)(a) + Y g(@)i(x)

TEA TEA :I,‘EAf .Z’EAQ

={ D @)@} +{ P f@)w(a)}

TEA; TEAf
= (0N} + {¥(9)}
= {(f) @ ¥(g)}.

Thus { @ h(x)d(x)} = > h(x)y(x) C X0 f@)y(e)+ > 9(@)P(z) =

N mefh ziAh N /C\EGAh €A
{t(f) ®¥(9)} and hence ¥(h) = ¥ (f) ® ¥(g).

Case 2: If Ap, = 0, then for each x € X, 0 € f(z) + g(x) and hence
f(x) = —g(x). This implies that h(z)y(z) = [O]RM. Since Ay = Ay, ¥(f) =
—¥(g)- Thus ¢(h) = ¢ (f) © ¥ (g) = [0] ,,-

It is easy to see that for each r € R, f € 7,(X) and g € rf the equality
mZ( f/)\: QZ(g) holds. ThErefore J is a ﬁ*—homomorpllism and the equalities
Gr(Y) o tx(z) = Gr(WY)([0z]m) = Yo([0z]m) = ¥(0z) = ¥(X) hold for
each x € X. Thus GR({b\) otx = 1. Now let A : 5 (X)—"— M be a -

homomorphism such that Gr(\) otx = 1, so A(dz) = ¢(x) for each z € X.

Let h € F(X). T Ay £ 0, then Mh) = @ h(2)M(3) = @ hla)v(x) =

J(h) If Ay, = (), then h = 0, that is, for every z € X, h(x) = 0. Since

A is a px-homomorphism, A(h) = [0] ~ and by definition of ¢ we have
R

P(h) = [O]RM. Therefore A = ¢ and hence the proof is complete. O

Remark 3.3. Let (R,®,-) be a ring and (F(X),®) be the free R-module
generated by X. If (R, +,-) is the hyperring derived from the ring (R, @, -),
then %, (X) = F(X) and for each f,g € %, (X), f+g9={f® g}

Corollary 3.4. For each *x-hypermodule M there exist a free zx-hypermodule
F and an epimorphism F' —— M in »x—HM.
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Proof. Let X be a generating set of M. Define ¢ : X —— % by ¥(z) =

[x] ., for @ € M. Thus, Theorem 3.2 implies that there exists a unique
R

w*-homomorphism 0 F(X) —— M such that GR(QZ) otx = 1. Now

b A -~
consider the diagram Z,(X) —— M —} N in x—HM, such that Ae ) =
n

~ k
net. Let m € M and so m € ) ryx; for some r; € R and x; € X. Thus
i=1
k
the equality [m|y = € ri[x;] |, holds. Define h : X —— R by

i=1 R

W) = {m ifx € {xy, - ,z}

Or otherwise.

k ~ ~
Therefore [m|yr = @@ h(x;)w(x;) = (h). Since m € ¥(h), the equalities
i=1

A(m) = )\OQZ(m) = net) = n(m) hold. This implies that ¥ is an epimorphism
in x—HM. 0

Let M be a %,-hypermodule and N be a x-hypermodule, C' be a canoni-

cal hypergroup and Z be the hyperring derived from the ring of integer num-
bers, see Theorem 2.2(1). A middle linear B-map from M x N to C, which is

denoted by f : M x N - C, is a function f: M x N —— Gz(C) such
that for all z,x; € M, y,y; € N, r € R:

f(wvy) = f(xlvy) @ f(x27y)a ( for each w € 1+ ZEQ), (mhl)
f(@,0) = f(z,51) @ f(x,y2), (foreachl€ yi+y2); (mh2)
flu,y) = f(z,v), ( for each u € xr and v € ry).  (mh3)

Let (M, N) be the category whose object are all middle linear S-maps on
M x N. By definition, a morphism in .#y (M, N) from f: M x N M.

tog: M x N M, Disa B-homomorphism A : C —6> D such that h@ f =

g, where h@f is defined by h@f(z,y) = h(c) for some ¢ € f(z,y).
Note that if ¢ is another element in f(x,y), then 3(c) = B(c¢). Thus

c—c C Y (¢; —¢) for some n € N and ¢; € C. Therefore h(c) = h(c).

=1
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Definition 3.5. Let M be a x,-hypermodule and IV be a x-hypermodule.
Put £ :=< K >, where K is the union of all subsets of the following forms
(for all z,2' € M;y,y’ € N;r € R):

6(w,y) — 6(x7y) — (5(1,/71/) ( for each w € x + 2'); (ht1)
5(”) — 5($7y) — 5(3;7?/) (for each I € y+o'); (ht2)
S(uy) = O(z0)» ( for each u € zr and v € ry). (ht3)

Where the function d(, ) : M X N ——7Z is defined as in Theorem 3.2.

The quotient canonical hypergroup (F (M x N)/K,+) derived from the
abelian group (Z£ (M x N)/K,®) is called the tensor product of M and N,
it is denoted M®gN.

The equivalence [, )] € (M x N)/K is denoted by = ®g y.

Remark 3.6. In the Theorem 3.5,
n
(a) < K >=J{>_ ki | ki € K,n € N};

=1
(b) By Theorem 3.3 we have We (rxw) = (E(M x N))(0) = {0}. So
K = (< K >) and hence K is a complete part canonical subhypergroup
of E(M x N).
(c) Let M be a x,-hypermodule and N be a xhypermodule. By The-
orem 3.1 there exists a group isomorphism

(Gz(M ®r N),®) = (M @ N, ®).

Thus the map 2 : M x N —— M®gN defined by

(ﬂfay)'—>$®Ry

is a middle linear S-map and it is called the canonical middle linear 5-map;
(d) Every sets (htl) to (ht3) are a singleton set.
() If f '€ E(M x N), then {f} = 3 f(2.4)0(,), where A; =
(zy)eAs
{(z,y) € M x N | f(x,y) # 0} is a finite subset of M x N. Thus {[f]} =

S feaprery={ @ ferens}.

(Z‘,y)EAf (w,y)EAf
(f) M(0) ®r N = M @ N(0) = 0.
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(g) Let R be a ring. Let (M,+) be a %,-hypermodule and (N, +) be
a px-hypermodule derived from right R-modules (M, &) and left R-module
(N, @), respectively. Then M ®@r N = M &g N, where M ®@g N is the tensor
product of the modules M and N

Theorem 3.7. Let R be a hyperring and M be a *,-hypermodule and N

be a x-hypermodule. Then i : M x N M, M®rN s a universal object in
the category M (M, N).

Proof. Let C be a canonical hypergroup and ¢ : M x N M, € be a mid-
dle linear f-map. By Theorem 2.2(1), C' is jx-hypermodule and, by Theo-
rem 3.2, we have the commutative diagram

LMxN

Mx N—2 L 7(M x N)

]

where ¢ : FE(M x N) 7, Cis the unique ,*-homomorphism, which is

a B-homomorphism, such that Gz (1) e ¢ Lywny = %. Thus 1[1(5(“/) P(x,y)
for each (z,y) € M x N. Since ¢ is a middle linear S-map, the image
of every sets (htl) to (ht3) under ¥ is [0 ]ZC and so K C Ke(w). Consider

the mapping a : £ (M x N)/K —— Gz(C) that defined by a([f]) := @Z(f)

But {f} = ( %: f(2,9)8(z,y), where Ay = {(z,y) € M X N [ f(z,y) # 0}
€,y GAf

is a finite subset of M x N. If Ay # 0, then

@ f(x7y){z;(5(x,y)) = @ f(x,y)w(x,y)

(z,y)€A; (wy)€Af

If Ay =0, then O(f) = [O]ZC Hence

D flr,yye,y) if Ap#0
a([f]) =  @weds

[0]

o ifAfZ@
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For any f,g € E(M xN)/K, f+g = {h} such that for each (z,y) € M x N,
h(z,y) = f(z,y) + g(z,y). Also A, C Ay U Ay, If Ay # 0, then o([f]) ©

a([g]) = O(f) ® P(g) = P(h) = a([h]). If A, = 0, then h = 0 and hence
=g Thus A = A, and 50 a([h]) = a([f))@a(lg) = [0],.. But £(M x

N)/K = M @®grN and [6,,)] = v ®z y. Therefore a : M®RN*5>C is

a -homomorphism such that o4pi = 1. Let \: M@RNL> C be any
B-homomorphism such that \pi = ¢ and [h] € E(M x N)/K. Since
{h}= > h(z,y)d,), we have

(x7y)eAh
@ h(:c, y))‘([é(w,y)])
(iB,y)GAh

P ha,y) ) ®i(z,y)

(x7y)€Ah

P vz

(zvy)EAh

P @, y)o®i(z,y)

($7y>eAh

= a([h]).
Thus o = A and the proof is complete. ]

Lemma 3.8. Let M be a x,-hypermodule and N be a x-hypermodule. For
all v, 2" € M;y,y' € N we have:

(i) If [z], M, = [z ]]\/I , then 6( y) 6(93',21) CK;
(i) If [y ] =y ] , then 6(3.0) — Oz S K;
(iil) If ¢ E [ac] [ ]MR s then 6y — O(zy) — O(ar ) © K5
(iv) If s € [y] + [y ’] , then 0(z ) — O(zy) — O(ayy) € K.
Proof. (i) Since [9:] = [z ]M , there exists (z1,---,2,) € M* for some
k k
k € N such that x — Z( zi). Let z € x —2'N > (z; — 2;). Therefore
i=1 i=1

k
— 0y € K. Also z € Z:lz; such
1=

x € 2’ 4 z and hence 6y ) — I(zr )
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k
that z{ € z; —z; for each 1 < ¢ < k. Thus 5(Z,y) - (Z (5(21_ y)> C IC and
i=1

zi € zi + z;. Therefore Oziy) — O
This implies that ¢, ,y € K. So

2y) — O(zy) © K and hence o1 ) € K.

(ii) The proof is similar to (i).
(iii) Let z, € [x],, and 2] € [2'],, such that ¢ € z; + 2. Therefore
Sty) — O(ary) — Oty © K and (i) implies that 0(z, ) — 6(zy) € K and

5(1,/171/) — 5(:5’,1;) g IC. Thus
Sty) ~ (@) T Ot y) € Oty) T 0(esy) Tl y) T Otar,y) T ) T Bt ) ~ Ot y)
=0y =@ ~ 0@l ,y) ~ Gy ~8@y) — Ot ) ~ 9@ )
cK.
(iv) The proof is similar to (iii). O

Corollary 3.9. Let R be a hyperring and M, M’ be a x,-hypermodule
and N,N' be a x-hypermodule. If f: M —— M' is a %,-homomorphism

andg: N—=N'is a gx-homomorphism, then there is a wunique

B-homomorphism M®@rN £, M'®rN' such that
TORYFH——Ty ®R Yy,
where xy € f(x) and yg € g(y) for allz € M,y € N.

Proof. Define ¢ : M x N —— M'@rN' by ¢ (x,y) := x§ ®r y4 such that
zy € fz) and yg € g(y). Let p € f(z) and ¢ € g(y), so [zy],, =[],
and [yg]RN/ = [q]RN/. Theorem 3.8 implies that z; ®g yy = p ®r Y, and

P ®r Yg = p ®r ¢. Thus 1) is well defined (that is, independent of choice x ¢
and y,). Now we show that ¢ is a middle linear S-map.
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(mhl) If w € 2 + 2/, then f(w) = f(z) ® f(y). So there exists p € f(x)
and p’ € f(2') such that wy € p+p’. Since [l‘f]Mé = [p]Mé and [l‘}]Mé =

]y wr @R Yy =P @R Yy DD’ @R Yy =5 @R Yy © T} @R Yy-
(mh2) It is valid as (mh1).
(mh3) Let u € 2r and v € ry. Thus [uf]Mé = [p]Mé and [UQ]RN’ = [q]RN,,
where p € xyr and ¢ € ry,. Therefore uy ®r yy = p &g yg = vy g q =
Ty ®R vg-

So 1 induces a unique S-homomorphism 12 : M®gN o ®rN’ such
that @Z(m ®rY) = Tf ®R Yg- O

The unique S-homomorphism M®&gN m ®rN’ in the above corollary
is called the induced map by f and g and it is denoted by f ® g.

The part (i) and (iii) of the following theorem uses tensor product to
extend scalars.

Theorem 3.10. Let R and S be a hyperring and given hypermodules oM,
M/ *N, R*N/’ P*R’ P’:R’ R*Q*S’ R*Qis'

*R’ R

i) M®gN is a *-hypermodule.
S
(i) Let f: M —=— M’ be a homomorphism of (S, R)-bihypermodules.

S*

Ifg: N—=N' isa g*-homomorphism, then

f®g: M&rN —— M'®@pN’,
that is the induced map by f and g, is a gk-homomorphism.
(iii) P ®r Q is *;-hypermodule.

(iv) Let h : P—"— P’ be a %,-homomorphism. Ifk: Q —"— Q' is a ho-
momorphism of (R, S)-bihypermodules, then

h®k:P@&rQ—— P @& Q'
that is, the induced map by h and k, is a x4-homomorphism.

Proof. (i) Let s € S. Define ¢)5 : M x N —— M@&gN by s(z,y) := 2 ®r y
for some z € sx. If 2/ € sz, then z—2' C s(x—x). Since (x—2x) C M(0) and
M(0) is a g-subhypermodule of M, s(z —x) € M(0). Thus z — 2" C M(0).
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k
Let 21 € 2 — 2/, s0 21 € > (2 — z;) for some z; € M. This implies that
i=1
[Z]M - [Z/]MR ® [21]]\{ and [ZI]MR - [O}MR' Therefore [Z]IVIR - [z/]]WR and
by Theorem 3.8(i) we have d(, ) — d(.r,y € K. Thus 2 ®r y = 2’ ®r y and
hence 15 is well defined (that is, independent of choice z € sx). Now we
show that 1 is a middle linear S-map. Let z,x; € M, y,y; € N, r € R.
(mhl) If w € 1 + x2, then ¢Ys(w,y) = 2z ®r y, ¥s(z1,y) = 21 ®r y and
Ys(x2,y) = 22 ®r Y, where z € sw C sx1 + sz, 21 € sx1 and 23 € sxa. Thus
z € 2| + z4 for some z] € sz1 and 25 € sxo. As above [zi]MR = [21]a,»
[Zé]J\/IR = [ZQ]MR and hence 2 @ry = 2] ®rY D 22 @rY = 21 ®rR Y © 22 @R Y.
(mh2) If I € y1 + y2, then Ys(z,1) = 2 ®r [, Ys(z,y1) = 21 &g Y1 and
Vs(x,y2) = 20@R Y2, where z, 21, z9 € sx. Therefore [Z]MR = [#]
and hence 2 @rl = 2 ®r Y1 © 2 ®r Y2 = 21 ®r Y1 D 22 ®R Y2
(mh3) If w € zr and v € ry, then ¥s(u,y) = 21 ®r y and Ys(z,v) =
29 ®Rv, where 21 € su and zy € sx. Therefore z; € (sz)r, and so there exists
Z' € sx such that z; € z'r. Thus [z’]MR = [22],,- Since 21 @ry = 2 ®r v

and 2 ®rv = 20 ®r v, 21 ®rY = 22 AR V.

My T [ZQ]MR

So s induces a unique S-homomorphism @; : M®&gN L) M®rN such

that @/Z);(x ®rY) = 2z ®r y, where z € sz.
Define % : P*(S) X (M®&;N) —— P*(M®gN) by

S™(M@gN)

o (A 1] = {0a([f]) | 5 € A}.

Thus * e, v, Satisfies in the conditions (sml) and (sm2). Suppose that

S X (M&rN) —— P*((M®gN) is the external composition with re-
that is, for [f] = @ f(z,y)x®ry € M&N we
(zy)eAs

have s. [f] =gx e, 0 ({5} [F1) = {05 (IfD)} = {( E)BA f(z,y)z®ry}, where
T,Y)EAf
z € sx. It is easy to see that this external composition, yields M®rN as a

s~-hypermodule.

(ii) It is enough to show that for each s € S,z € M and y € N,
{f@®g(z®rYy)} = s(f ® g(x ®r y)), where z € sz. Which is equivalent
to prove that zy ®g y; = 2’ ®g y, such that 2z’ € sxy. Since f is a g*-

homomorphism, [z] = f(z) = [@] ., for some z' € sxy. Therefore
S S

spect to S*¥(MepN)
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M=

[zf] , =1[a'] , =[] ,andhencez;—2"C 3 (x;—a7) for some z; € M.

M’ M M =
This implies that zy — 2 € M'(0) and so [zf] , = [2],,, . Thus z; ®@r y, =
R R
2 ®R yg-
The proof of (iii) and (iv) is similar to (i) and (ii), respectively. O

Remark 3.11. Suppose that M is a %,-hypermodule. Therefore M (0) is a
~-hypermodule by a canonical way and hence Theorem 3.10 implies that
Mer — : x—~HM —— CHg is a functor.

Theorem 3.12. (Adjoint Isomorphism for Hypermodules) Given hyper-
modules oM, N and K, where R and S are hyperrings. Then there
18 a natural isomorphism:

TN M, K

: Homp(N, Homg(M, K)) —— Homg(M®gN, K)

Proof. Let f € Hompg(N,Homg(M,K)) so f(y) = [fy]RH = {fy}, where
H := Homg(M, K)andy € N. Define ¢y : M x N —— % by ¥ (z,y) ==

fy(z). To prove that ¢; is a middle linear S-map we only check the condition
(mh3). Let w € xr and v € ry. Thus {f(v)} =r. f(y) = r.’[fy]RH ={[g] .}

such that g € r. f, = {(fy),}, where (fy), : M — K is deﬁnedey
(fy).(2) = fy(q) such that ¢ € rz, see Theorem 2.8(a). Therefore f, = (f).
and hence ¢¢(z,v) = fo(z) = (fy),(x) = fy(u) = Ys(u,y) as desired.

Thus there exists a unique S-homomorphism 171} : M®rN —— K such that
@Qi =1ys. Now, let s € Sand [f]= @ f(r,y)r®rysos.[f]=
(zy)eAs

{( 6)9 f(x,y)z ®r y}, where z € sx. Also @/b}(z ®rY) =Yr(z,y) = fy(2).
x,y EAf

Since f: M —— K is a j-homomorphism, s ./ {Z)}(w ®ry) = s fylz) =
{fy(2)}. This implies that {¢f(z ®ry)} = s.'¥s(z ®ry) and hence ¢y is a
gx-homomorphism. Define 7, . (f); = ;. It is easy to see that 7, .

natural and bijective map and it is a good homomorphism between canonical
hypergroups. O

is
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