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On epimorphisms and structurally regular
semigroups

A.H. Shah* S. Bano, S.A. Ahanger, and W. Ashraf

Abstract. In this paper we study epimorphisms, dominions and related
properties for some classes of structurally (n, m)-regular semigroups for any
pair (n,m) of positive integers. In Section 2, after a brief introduction of
these semigroups, we prove that the class of structurallly (n,m)-generalized
inverse semigroups is closed under morphic images. We then prove the main
result of this section that the class of structurally (n,m)-generalized inverse
semigroups is saturated and, thus, in the category of all semigroups, epimor-
phisms in this class are precisely surjective morphisms. Finally, in the last
section, we prove that the variety of structurally (o,n)-left regular bands is
saturated in the variety of structurally (o, k)-left regular bands for all positive
integers k and n with 1 < k < n.

C Introduction and preliminaries

A morphism « : S — T in the category of all semigroups is called an epi-
morphism (epi for short) if for all morphisms 3,v with a8 = a7 implies
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B = . In any category C, one can easily verify that every surjective mor-
phism is epi but the converse is not true in general. In the category of
semigroups, there do exist non-surjective epimorphisms; for example, the
inclusion i : (0,1] — (0, 00), where both intervals are multiplicative semi-
groups, is an epimorphism. In semigroups, epimorphisms are studied via
dominions whose notion was first introduced by Isbell in [6].

Let U be a subsemigroup of a semigroup S. We say that U dominates
an element d € §' if for every semigroup 7' and all morphisms 8,v: S — T,
uf = wy for all w € U implies df = dy. The set of all such elements
is called the dominion of U in S and is denoted by Dom(U,S). It is a
subsemigroup of S containing U. A subsemigroup U of a semigroup S is
said to be closed and epimorphically embedded in S if Dom(U,S) = U and
Dom(U, S) = S, respectively. A semigroup U is said to be saturated if
Dom(U, S) # S for every properly containing semigroup S . It can be easily
seen that « : S — T is epi if and only if the inclusion map i : Sae — T is epi
if and only if Dom(Sa,T) =1T.

If C is a class of semigroups, then every epi from a member of C is onto
if C is closed under morphic images and each member of C is saturated. A
semigroup U is said to be C — saturated if for all S € C with U as a proper
subsemigroup of S, Dom(U, S) # S. Let C; and Cs be classes of semigroups
with C; C Cy. We say that Cy is Co — saturated if every member of C;p is Co-
saturated. A class C of semigroups is said to be saturated if every member
of C is saturated.

Isbell provided the most useful characterization of semigroup dominions
which is called as the Isbell’s Zigzag Theorem and is as follows:

Theorem C.1. ([5], Theorem 8.3.5) Let U be subsemigroup of a semigroup
S and d € S. Then d € Dom(U, S) if and only if d € U or there exists a
system of equalities for d as follows:

d = apy ap = r1aq
a1y1 = a2y2 Tiaz = Traas3
(C.1)
a2;—-1Yi = G2iYi+1 LiQ25 = Ti+10A2+1

A2m—1Ym = A2m TmnQ2m = d
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where a; € U(0 <@ < 2m) and z;,y; € S(1 <i < m).

The above system (C.1) of equalities is called as the zigzag of length m
in .S over U with value d. In whatever follows, by zigzag equations, we shall
mean a system of equations of type (C.1). We further mention that the
bracketed statements shall mean the statements dual to other.

Following results are also useful for our investigation:

Theorem C.2. (|7], Result 3) Let U be a subsemigroup of a semigroup S.
Take any d € S\ U such that d € Dom(U,S) and let (1) be a zigzag of
minimal length m over U with value d. Then z;,y; € S\ U(1 <i < m).

Theorem C.3. ([7], Result 4) Let U be a subsemigroup of a semigroup S
and Dom(U,S) = S. Then for any d € S\ U and any positive integer k,
there exist by,ba,...,by € U and di, € S\ U such that d = byby-- - bdy
[d = dpbrby_1 -+~ b1]. In particular, d € S* for every positive integer k.

An element z of a semigroup S is said to be (von Neumann) regular if
there exists an (inverse) element y in S such that xyz = x and yxy = y and
semigroups consisting entirely of such elements are called regular. The set
of all inverses of a regular element x is denoted by V(x). An element x of
S is said to be an idempotent if z? = x. The set of all idempotent elements
of a semigroup S will be denoted by E(S). Semigroups consisting entirely
of idempotent elements are called bands. A band is called as a normal band
if it satisfies the identity azyb = ayxb. A band is said to be left [right]
regular if it satisfies the identity raz = za [rax = ax|. Inverse semigroups
are the regular semigroups with unique inverses, or equivalently, they are
regular semigroups with commuting idempotents ( [5], Theorem 5.1.1). A
generalised inverse semigroup is a regular semigroup S whose idempotents
form a normal band; that is, E(S) is a subsemigroup of S satisfying the
identity efgh = egfh [2].

The following countable family of congruences on a semigroup S was
introduced by Samuel J. L. Kopamu in [8|. For each ordered pair (n,m) of
non-negative integers, the congruence 6(n,m) is defined as

0(n,m) = {(a,b) : zaw = zbw, for all z € S™ and w € S™},
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where S = S and S° denotes the set containing the empty word. In partic-
ular,

0(0,m) = {(a,b) : av = bv, for all v € S},

while 0(0,0) is the identity relation on S.

The concept of structurally regular semigroups was first given by Kopamu
in [9]. He gave its characterization, presented some examples and explored
its relationship with other known generalizations of the class of regular semi-
groups. A semigroup S is said to be structurally regular if there exists some
ordered pair (n,m) of non-negative integers such that S/0(n,m) is regu-
lar. The class of structurally regular semigroups is much larger than the
class of regular semigroups. In fact it is different from each of the following
well known extensions of the class of regular semigroups: eventually regular
semigroups, locally regular semigroups, nilpotent extensions of regular semi-
groups and weakly regular semigroups (see [9], for details). Clearly every
regular semigroup is structurally (structurally (0,0)) regular.

As in [8], for any class C of semigroups, H(C), S(C), S,(C), Pf(C) and
P(C) denote, respectively, the classes of homomorphic images, subsemi-
groups, regular subsemigroups, finite direct products and direct products
of members of C. A class C is said to be an ezistence variety or an e-variety
if it is closed under H(C), S.(C), and P¢(C). Let RS denote the e-variety of
all regular semigroups. A class C is said to be a pseudovariety if and only if
it is closed under H(C), S(C), and P¢(C). Let Fin denote the pseudovariety
of all finite semigroups.

For any class V of regular semigroups, we say that a semigroup S is a
structurally (n,m)-V semigroup if S/0(n,m) belongs to V. In particular,
a semigroup S is said to be structurally (n, m)-generalised inverse [inverse,
band/ if S/0(n,m) is generalised inverse [inverse, band|. More precisely, for
any class V of semigroups and any (n,m) € N} x N{%} we define class
of semigroups V"™ = {S : §/8(n,m) € V}. Now, we have the following
result.

Theorem C.4. (8], Theorem 4.2) We have the following statements about
certain types of varieties of semigroups:

(a) If V is a variety of semigroups, then so is V(™).
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(b) If V ia an existence variety of regular semigroups, then the class
RS NV™™M) s also an existence variety.

(c) If V is a generalized variety, then so is Pm)

(d) If V is pseudovariety, then so is Fin N Y"m),

An element a of a semigroup S is said to be an (n, m) — idempotent if it
is 0(n,m) related to a?; that is, if za?w = zaw for all z € S™ and w € S™.
We denote the set of all (n, m)-idempotents of S by

Blamy(S) = {0 € 8 : (a,0?) € 6(n,m)}
={a €8S : zaw = za*w Vz € S",w € S™}.

Note that, to say that a is an (n,m)-idempotent in S is equivalent to say
that, af(n,m) is idempotent in S/0(n,m), so By, m)(S) = E(S/0(n,m)).
Also, since every idempotent of S is clearly an (n,m)-idempotent of S, so
E(S) € Eum)(S). A semigroup S is strucuturally (n,m)-band if every
element of S/0(n,m) is idempotent, that is, every element of S is (n,m)-
idempotent.

The next result gives the more useful characterization of structurally regular
semigroups.

Theorem C.5. (|9], Theorem 2.1) Let (n,m) be an ordered pair of non-
negative integers. For any semigroup S, S/0(n,m) is reqular (and hence, S
is structurally regular) if and only if for each element a of S, there exists d
in S such that

! / ! /
zaa aw = zaw and za aa w = za w, for all z € S™ and w € S™.

The condition that for each element a there exists b such that zaw = zabaw
for all z in S™ and w in S™ implies that there exists an element a* = bab
such that zaw = zaa*ew and za*w = za*aa*w. Therefore the set

Vs(a;n,m) = {a* € S: (aa*a,a),(a*aa*,a*) € O(n,m)}

is non-empty. We refer to each element of the set Vg(a;n,m) as an (n,m) —
inverse of a. Clearly V(a) C Vg(a;n,m) and S is structurally (n, m)-regular
if every element of S has an (n, m)-inverse in S. Note that, if a* is an (n,m)
inverse of a in a semigroup S, then aa™ and a*a are in E, n,,)(5).
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C Epis and structurally (n, m)-generalized inverse semigroups

In [2], Higgins proved that epis are onto for generalized inverse semigroups
generalizing the well known result of Howie and Isbell [4] that inverse semi-
groups were absolutely closed. A corollary of Higgins result showed that nor-
mal bands were saturated. This result generalizes the result of Schebilch [11]
that normal bands were closed. In this section, we prove that epis are onto
for structurally (n,m)-generalized inverse semigroups by showing that such

semigroups are saturated, thus extending the above mentioned results of
Higgins [2] and Schebilch [11].

Let U and S be any semigroups. Then
0%(n,m) = {(a,b) € S x S : zaw = zbw Yz € S",w € S™},
0Y (n,m) = {(a,b) € U x U : zaw = zbw ¥z € U",w € U™}.

Before proving the main result of this section, we first prove that the class of
structurally (n,m)-generalized inverse semigroups is closed under morphic
images.

Proposition C.1. If « : U — S be an onto homomorphism. Then [ :
U/0Y (n,m) — S/6%(n,m) given by (ufY(n,m))B = (ua)d®(n,m) is also
an onto homomorphism.

Proof. Clearly the natural homomorphism v : S — S/6%(n,m) is onto. So,
av : U — S/6%(n,m) is onto. Now, for any (u,u’) € Y (n,m), we have

ub? (n,m) = u'0Y (n,m)
S (Y (n,m))B = (607 (0, m))B
= (ue)8(n,m) = (u'a)8° (n,m)
= uav = u'av.
This implies that (u,u) € (av) o (av)™'. Therefore Y (n,m) C ker(av).

Thus, by ([5], Theorem 1.5.3), we have a commutative diagram

U—* 5 5/65mn,m)

|

U/0Y (n,m)
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such that imgB = im(av) = S/60%(n,m). Hence j is onto, as required. [
From Proposition C.1, we have the following immediate corollaries.

Corollary C.2. Any morphic image of structurally (n,m)-reqular semi-
group is structurally (n,m)-regular.

Proof. The proof follows from Proposition C.1, as homomorphic images of
regular semigroups are regular. O

Corollary C.3. Any morphic image of structurally (n,m)-generalized in-
verse semigroup is structurally (n,m)-generalized inverse.

Proof. The proof follows from Propsition C.1, as homomorphic image of
generalized inverse semigroup is generalized inverse semigroup ([2], Result

2). O

Following result gives a more useful characterisation of structurally (n,m)-
generalized inverse semigroups.

Theorem C.4. A semigroup S is structurally (n,m)-generalized inverse
semigroup if and only if S is structurally (n,m)-reqular and for any e, f, g

and h € E(mm)(S),
zefghw = zegfhw for all z € S™, w € S™. (C.1)

Proof. Suppose S is structurally (n, m)-generalised inverse semigroup. Then
S/0(n,m) is generalized inverse and, thus, regular. So, for any e, f,g,h €
Enm)(8S), we have ed(n, m), f0(n,m), g0(n, m) and h6(n, m) are in E(S/0(n,m))
such that

ed(n,m) fO(n,m)gh(n,m)hl(n,m) = ed(n,m)gl(n, m)f0(n, m)h6(n,m).
This implies that (efgh,egfh) € 0(n, m) and so
zefghw = zegfhw for all z € S™, w € S™,

as required.

Conversely, if S is structurally (n,m)-regular and satisfies (C.1), then
S/0(n,m) is clearly generalized inverse semigroup and, so, S is structurally
(n, m)-generalized inverse semigroup. O
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Also, by (]10], Corollary 2.2), it follows that a semigroup S is structurally
(n,m) inverse if and only if S is structurally (n,m)-regular and for any

e, f € E(n,m)(S)v
zefw = zfew for all z € S", w € S™.

In Lemma C.5, U is a structurally (n, m)-regular proper subsemigroup of a
semigroup S such that Dom(U, S) = S. For any semigroup S, S (1) denotes
the semigroup S with identity adjoined.

Lemma C.5. For any z,y € S\ U and u,v € UM

zuavy = zuaa*avy, and rua*vy = zua*aa*vy for all a € U.

Proof. We outline the proof of only the first equality as the proof of the
second equality follows on the similar lines. Since z,y € S\ U, by Theorem

C.3, we can write
! !

rT=x 2z, Yy=wy (C.2)

for some 2,y € S\U and z € U",w € U™. Now

zuavy = = zuavwy  (by equalities (C.2))
— 2 zuaa*avwy (since U is structurally (n,m)-regular)

= zuaa*avy  (by equalities (C.2)),
as required. O
In order to prove the main result of this section, we first prove the follow-
ing lemmas in which U is a proper structurally (n, m)-regular subsemigroup
of a semigroup S satisfying
zseftw = zsfetw (C.3)
forall z € U™, w e U™, s,t € S and e, f € By, m)(U).

Lemma C.6. If a* € Vs(a;n,m) and e € E, ,)(U), then aea®, a*ea €
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Proof. For any z € U™, w € U, we have
z(aea®)?w = za(ea*a)ea*w
= zaa™aeea*w (by Equation (C.3))
= zaea w (since U is structurally (n,m)-regular).

Thus aea”™ € Ey, 1) (U) and similarly a*ea € Ey, 1) (U). O

Lemma C.7. If any d € S\ U has zigzag equations of type (C.1) in S over
U of length m, then for each r =1,2,...,m —1,

* * * * * *
Uy = A3,02r— 105, _02,—3 * ** 050101020304 - * A3 _102r € Epy 1) (U). (C.4)

Proof. We will prove this by induction on . For » = 1 and for all z €
U, we U™, we have
2(ug)?w = z(abaratas)*w
= zasa1ajaw (as ayaraiag € By, ) (U) by Lemma C.6)
= ZUgW.
Thus the result holds for » = 1. Assume inductively that the result holds

for r = k < m — 1; that is, ug, € B, )(U). We shall show that the result
holds for r = k + 1. Now

2
2(Us(py1)) W
* * * * * * 2
= 2(ad) 1 202k+1a2),026—1 * - - A5A10) A2A304 - - - Qo) A2p42) W
* * * * * * 2
= 2(agg 4 902k+1(a5026—1 - - - A30101G2 - - - Q)1 A2k ) Aoy 11 A2k+2) W
* 2
= Z(a§k+2a2k+1U2ka2k+1a2k+2) w
_ * * * *
= 20%)4+9(Q2k4+1U2k )4 1) (A2k+2055 4 2) (A2k4+1U2k A2 1 1) Q2820
* * * *
= 2031 2(A2k+20%)12) (A2k+1U2k A4 1) (A2%41U2k A3 1 1) A2k 4 2W
*
(by (C.3) as agki1U2kasp 41 € E(nym)(U) by Lemma C.6
together with inductive hypothesis)
_ * * * *
= Z(a2k+2a2k’+2a2k+2)(a2k+1u2ka2k+1)(a2k+1u2ka2k+1)a2k+2w
ES * 2
= 204 4 2(A2k+1U2k D) 1) A2k42W
(as U is structurally (n,m)-regular)
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* * *
= 20341 9(A2k4+1U2k A3 1) Q242w (8S A2k41U2kA2p 11 € Eym)(U)
by Lemma C.6 together with inductive hypothesis)
* * * * * k *
= 2(ad) 1 202k+1a21,02k—1 - - * (50101 A2A304 - - * Ad),_1 A2k A 4 1 A2k+2)W

= ZUQ(k+1)w.

Thus the result also holds for » = k + 1 and, so by induction, the result
follows. O

Lemma C.8. If any d € S\ U has zigzag equations of type (1) in S over U
of length m and ug, = a3,a2,-1035,_502,—3 - - a5a1a]a20304 - - - @5, a2y
€ Enmy(U) (1 <7 <m— 1), then the following are in E, n,)(U):

(i) v2j = a3;a2j-1uzj—2a3; qaz; (2<j < m);

(ii) Wz = CLQj.HUQjCszJrl (1 <] <m— 1).

Proof. We will prove the lemma for case (i); the other case follows by ap-
plying Lemma C.7 and Lemma C.6, respectively. We prove it by induction
on j. For j =2 and for all z € U™, w € U™, we have

2(v4)?w = z(ajazusaias)’w
= z(ayazugazaq)(ayasugazas)w
= zay(agugaz)(asay)(asuzaz)asw
= za)(aqa})(agugal)(agugaz)asw (by (C.3) as asay, azugal
€ E(y,m)(U) by Lemma C.6)
= z(ajaqa})(agugasz)(asugaz)asw
= za)(azuza3)a(azuzas)asw (as U is structurally (n,m)-regular)
= za}j(azugal)?agw
= zay(azuzaz)aqw (as azuga3 € B, ) (U) by Lemma C.6)
= z(ajazugaias)w

= ZU4W.

Thus the result is true for j = 2. Assume that the result is true for j = k
(2 < k <m). Then, we have

Vok = A3, Qk—1Ugk 205102k € Ep ) (U).
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From this, we show that the result also holds for j = k + 1. Now

2(V(g1))*w
= 2(a5), 4 G2k 41U2kO3p 41 A2k42) W
= 2(03p 1202k 11(a5pak—1 - - a3araias - - a3y, _yasy) a3y 1azkr2) w
(as ugg = a5pa9k—1 - - 5010702 -+ - A1 02))
= 2(ab) 4 000k-41(a34 A0k 1 Uk 205y, A2k ) Uj sy Aok y2) w0
(as ugk—2 = a3p_oG2k—3 " - 3010702 " - - AY),_302k—2)
Z(a§k+2a2k+1v2ka§k+1a2k+2)2w
= 2351 9(A2k+1V2k Q%) 11) (A2+205k 4 2) (A2k+1V2k )1 ) A2k 2W
= Za§k+2(a2k:+2a§k+2)(@2k+1U2ka§k+1)(a2k+102k@§k+1)a2k+2w
(by (C.3) as agky1v2k05; 41 € By m)(U) by Lemma C.6
together with inductive hypothsesis)
2(a%p4902k+20351 ) (2K +1V2k A5+ 1) (A2%41V26A2p 1) A2k 20
= zaby,. o (a2k 1102605 1) ask 2w (as U is structurally (n, m)-regular)
= 2y 2(A2k 4102k A0 4 1) A2k 2W (88 Ak 41V2kA5g 11 € Enm)(U) by
Lemma C.6 together with inductive hypothsesis)
203, 4 902k 41 (A5 A2k — 1 U2k 2051 G2k) A2 4 1 A2k42W
= 2054 902k+1(05), 02k~ 100}, _202k—3  * * 3010102 - - - Aa), 302k 205, _102k)
A1 102k 2W
2(Adp4 2 A2k +1U2k A 41 A2k42)W
= 2Ug(k41)W-

Therefore, the result also holds for j = k41 and, so by induction, the result
follows. [

Lemma C.9. If Dom(U,S) = S, then for any x,y € S\ U and for any e, f
m E(mm)(U),

zuefy = zufey [refvy = xfevy| for all u,v € U.

Proof. Suppose that Dom(U, S) = S. Since z,y € S\ U, by Theorem C.3,
we can write x,y as
x =xzb, y=cwy, (C.5)
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for some z € U, w € U™, b,c € U and z,5 € S\ U. Now

zuefy = zzbuefcwy  (by equalities (C.5))
= zzbufecwy  (by Equation (C.3))
= zufey. (by equalities (C.5))

Theorem C.10. Let U be a structurally (n, m)-regular proper subsemigroup
of a semigroup S such that zseftw = zsfetw for all z € U, w € U™,
s,t €S ande, f € Egpmy(U). Then Dom(U, S) # S.

Proof. Suppose on the contrary that Dom(U, S) = S. Take any d € S\ U.
Then by Theorem C.1, there exists a zigzag of type (C.1) in S over U with
value d of minimum length m. In order to prove the theorem, we first prove
the following lemma.

Lemma C.11. For eachk=1,2,...,m, d = (]_[f:_o1 a2i0%; 1 )02k —1Yk-

Proof. We will prove this by induction on k. For k = 1, we have

d = agy
= z1a1y1 (by zigzag equations)
= r1a1aja1y; (by Lemma C.5 as z1,y; € S\ U)

= apajary1 (by zigzag equations).

Thus the result is true for k& = 1. Assume, inductively that the result is
true for k = j for 1 < j < m. We now show that the result also holds for
k = j+ 1. For this, we have
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j-1
d= (H azias;,1)azj—1y; (by inductive hypothesis)
=0
j—1
* *
= agajasay(] [ aziasii1)az;1y;
=2
j—1
= xlala’{agag(H aziay;,1)azj—1y; (by zigzag equations)
=2
j-1
= mlalaTagagagag(H a2ia5;41)a2j—1yj(by Lemma C.5 as z1,y; € S\ U)
i=2
j—1
= xlagagala’{agag(n a2i05;41)a2j—1y; (by Lemma C.9 as x1,y; €
=2
S\ U and aiaj,aza3 € E, 1 (U))
j-1
= iEQCLg(CL;CLla){aQ)CL;(H azia5;,1)a2j—1y; (by zigzag equations)
i=2
j—1
*
= xgaguza’g(H a2i05;,1)a2j—1Yy; (as uz = aya1a7az)
i=2
j—1
= wy(agupaf)asal(] [ aziab;i)azi1y;
=3
j-1
= $2w2a4a1a4a§(H a2ias;,1)azj—1y; (by Lemma C.5 as xg,y; € S\ U)
=3
j—1
= x2a4a2w2a4a§(H az;iag;1)azj—1y; (by Lemma C.9 as x9,y; €
=3
S\ U and aga}, w2 € B, 1 (U))
j-1
= $3a5(a2a3u2a§a4)a’5‘(ﬂ agi05;41)a2j—1y; (by zigzag equations)
=3
j—1
= x3a5v4a§(H a2 1)azj—1y; (by Lemma C.8 (i))
=3

= TjA2j-1V25-209;_102j-1Y;
X . .
= Tjagj-1V2j—205;_102;Yj+1 (by zigzag equations)

= xjagj,l(a§j72a2j73u2j,4a§j,3a2j,2)a;jflazjy]#l (by Lemma C.8 (1))
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* * * * *
xja?jfl(023‘72“21‘*3@23'74“2%5 Tea1ag a2j—5a2jf4a2j73a2j72)

*
QA5 -1025Yj+1
*
= l’j<a2j71’u2]‘72a2j71)a2]‘yj+1 (by Lemma C?)

= xjwj_2a2;Yj+1 (by Lemma C.8 (ii))

= Tjwaj2a2;a5;a2;y;j+1 (by Lemma C.5 as zj,y;+1 € S\ U)

= xjanazngj,gagjijrl (by Lemma C.9 as Ty, Yj+1 es \ U and

Waj-2, a2ja3; € By my(U))

» . .
= Tj11a2j+105;Waj—2a2;yj+1 (Dy zigzag equations)

= @j1a2j+1(a5;a2j-1u2j—2a5;_1a2;)yj+1 (by Lemma C.8 (ii))

= xj102j+102;y5+1 (by Lemma C.8 (i))

= .’L’];Ha2j+1a§j+1a2j+17)2jyj+1 (by Lemma C.5 as LTj+1,Yj+1 es \ U)

Tj11a2j41V2j0554102j+1Yj+1 (by Lemma C.9 as xj41,y;41 € S\ U

and vaj, a3;1102j+1 € Epm)(U))

. . .
= Tjagjv2;jas;1a2j+1Y5+1 (by zigzag equations)

= xjagjagj(agj_lugj_2a§j_1)agja§j+1a2j+1yj+1 (by Lemma C.8 (l))

* * ..
Tjagja5;Waj2a2ja3;1a2;+1Yj+1 (by Lemma C.8 (ii))
* *
xjwzj_gagjagjagjagjﬂa2j+1yj+1 (by Lemma C.9 as Tj,Yj+1 es \ U

and wa;j—9, a2ja5; € Ey 1) (U))

= xngj_zagja§j+la2j+1yj+1 (by Lemma C.5 as Tj,Yj+1 es \ U)

* * .s
= Tjagj-1Ugj—2a5;_102ja5;,102j+1Yj+1 (by Lemma C.8 (ii))

* * . .
= Tj_1a2j-2U2j—203;_102;a5;1102j+1Y;j+1 (by zigzag equations)

pu— - : * - .. * .. * . * . * . .
= Lj—102j-209; 20253 """ A147 "+ Agj_302j-209; 10250251 102j4+1Yj+1

= 903—1@2]—2@2]'—2(a2j—3“23—4a2j—3)(123—2%]'—1a23a2j+1a2j+1y1+1

= Lj-1025j-209; oW2j-402j—209; 10250951 102j+1Yj+1

* * *
Tj1w2j-4(A2j-2a3;_oG2j-2)a5;_1a2;a5;1a2j+1Yj+1 (by Lemma C.9
*
as Tj—1,Yj+1 € S \ U and a2j—209; o, W2j—4 € E(n,m)(U))

* *
xj_1ng_4a2j_2a2j,lagjazjﬂagjﬂyj+1 (by Lemma C.5 as Tj—1,Yj+1 es \ U)
J

* *
Tj_102j-3U2j—4a3;_3( H 2004 1) 325 +1Yj+1
i=j—1

J
* *
$2a3u2a3(H a2z‘a2¢+1)a2j+1y]‘+1
i=2
J
* * . .
xlaqua3(H a5 1)a2j+1Yj+1 (by zigzag equations)
i=2
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J
= xlagaéalaTaQag(H a2i05;41)02j4+1Yj+1 (as up = asaiajaz)
=2
J
= xlala’f(agazag)az‘;(n a2 1)a2j+1Yj+1 (by Lemma C.9 as 1,
i=2
Yj+1 € S\ U and a1aj, az2a5 € Ey, ) (U))
J
= $1G1GT(H a2ia%;1)a2j+1Yj+1 (by Lemma C.5 as z1,yj11 € S\ U)
i=1
J
= aoa“{(H a2ia5;1)a2j+1yj+1 (by zigzag equations)
i=1
J
— . * . -
= (H 2i03;41)A2j41Y;j+1-
i=0

This shows that the result also holds for £k = j + 1. Hence by induction
the lemma follows. ]

Now to complete the proof of the theorem, letting & = m in Lemma
C.11, we have

m—1
d=(]] a2iasis1)a2m-19m
i=0
m—1
= (H a2ias;,1)a2m (by zigzag equations).
i=0

Thus d € U, a contradiction. Hence Dom(U, S) # S, as required. O

Theorem C.12. For any pair (n,m) of positive integers, the class pm)
of structurally (n, m)-generalized inverse semigroups is saturated.

Proof. Suppose that U € V(™™ and S be any semigroup containing U
properly such that Dom(U, S) = S. Let s,t € S and e, f € Em,m)(U). If
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s,t € U, then for all z € U™, w € U™, we have

zseftw = zss*seftw
(as eftw € U™ and U is structurally (n, m)-regular)
= zss"seftt"tw
(as ss*sef € U™ and U is structurally (n, m)-regular)
= zss*sfett"tw
(as U is structurally (n, m)-generalised inverse)

= zsfetw (as U is structurally (n, m)-regular).

Now, if s € '\ U, then by the Theorem C.1, there exist a € U, x € S such
that s = xa. Similarly if ¢ € T\ U, then, again, by the Theorem C.1, there
exist b € U, y € S such that t = by. By Theorems C.2 and C.3, we can have
x = Tu and y = vy for some u € U™ and v € U™. Then, we have

zseftw = z(za)ef(byw)
= z(za)ef(by)w
= zzu(aefb)vyw
= zzu(aa*aefbb*b)vyw (as U is structurally (n,m)-regular)
= zzua(a*aefbb")bvyw
= zzua(a*afebb™)bvyw
(as U is structurally (n,m)-generalised inverse)
= zzuafebvyw (as U is structurally (n,m)-regular)
= (za)fe(by)

= zsfetw.

Thus zseftw = zsfetw for all z € U™, w € U™ and s,t € S. Therefore, by
Theorem C.10, we deduce that Dom(U, S) # S for all S containing U as a
proper subsemigroup. Hence U is saturated, as required. [

One can easily see that for any pair (n,m) of positive integers, struc-
turally (n,m)-inverse semigroup is also structurally (n,m)-generalised in-
verse semigroup. So, we have the following corollaries.

Corollary C.13. The class V"™ of structurally (n, m)-inverse semigroups
is saturated for each pair (n,m) of positive integers.
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Corollary C.14. The class V™™ of structurally (n,m)-normal bands is
saturated for each pair (n,m) of positive integers.

Corollary C.15. In the category of all semigroups, for each pair (n,m)
of positive integers, any epi from a structurally (n,m)-generalised inverse
semagroup 1S surjective.

C Epis and structurally (0, k)-bands

In [1], Alam and Khan proved that the variety of left [right] regular bands is
closed. In this section, we show that the varieties of structurally (o, n)-left
regular bands are saturated in the varieties of structurally (o, k)-left regular
bands for any k£ and n with 1 < k < n. This partially generalizes the result
of Alam and Khan and Corollary C.14 of previous section.

One can easily see that for each k and n with 1 < k& < n, the class of
structurally (0,n) semigroups is contained in the class of structurally (0, k)
semigroups.

A semigroup S is said to be structurally (0, k)-band, if S/0(0, k) is a band;
that is, for any a in S, we have

aw = a?w for all w € S*.

A structurally (0, k)-band B is said to be structurally (0, k)-left regular band,
if B/6(0, k) is left regular band; that is, for any a,z € S, we have

raw = razw for all w € BF.

Dually, a structurally (k,0)-right regular band may be defined.

Note that, by Theorem C.4, the class V(™ of structurally (0, n)-left regular
bands is a variety for each positive integer n. Also V(™ C V() for each
positive integers k£ and n.

In the following lemma, U and S are any (0,n)-bands with U as a proper
subband of S such that Dom(U, S) = S.

Lemma C.1. For any z,y € S\ U and a € U, zay = xa’y.
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Proof. Since z,y € S\ U, by Theorem C.3, we may write y as
y=wy (C.1)
for some w € U™ and y € S\ U. Now
zay = rawy (by Equation (C.1))
= zaawy (as U is structurally (0,n)-band)
= za’y (by Equation (C.1)),
as required. O

In the next lemma, U is a structurally (0, n)-left regular proper subband
of a structurally (0, k)-left regular band S such that Dom(U, S) = S.

Lemma C.2. Let z,y € S\ U and let wu e U. Then
zauy = xaxuy for all a € U.

Proof. Since y € S\ U, by Theorem C.3, we have

y=wy (C.2)
for some w € U* and j € S\ U. Now

zauy = zavwy (by Equation (C.2))
= zazuwy (as S is structurally (0, k)-left regular band)

= zaxuy,
as required. O

Theorem C.3. For each positive integers k andn with 1 < k < n the variety
VO) of structurally (o, n)-left reqular bands is saturated in the variety V(OF)
of structurally (o, k)-left regular bands.

Proof. Suppose on the contrary that the variety of structurally (o,n)-left
regular bands is not saturated in the variety of structurally (o, k)-left regular
bands, (k < n). So, there exists a structurally (o, n)-left regular band U and
a structurally (o, k)-left regular band S containing U as a subband and such
that Dom(U, S) = S. Take any d € S\ U, then by Theorem C.1, d has a
zigzag of type (C.1) in S over U of minimum length m. In order to prove
the theorem we first prove the following lemma.
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Lemma C.4. For eachk=1,2,....,m, d= (Hf;ol a2;) a2k —1Yk -

Proof. We will prove this by induction on k. For k = 1, we have

d = apy1

= z1a1y1 (by zigzag equations)

=zja1a1y; (by Lemma C.1 as z1,y; € S\ U)
= apa1y1 (by zigzag equations).

Thus the result holds for k& = 1. Assume, inductively that the result holds
for K = j with 1 < j < m. We now show that the result also holds for
k =7+ 1. For this, we have

j—1
d= (H az;)azj—1y; (by inductive hypothesis)
i=0
j—1
= $1CL16L2(H azi)az;yj+1 (by zigzag equations)
i=2
j—1
= xlalxlag(H ag;)az;yj+1 (by Lemma C.2 as z1,yj41 € S\ U)
i=2
j—1
= mlalxgag(H az;)az;jyi+1 (by zigzag equations)
i=2

2 i1
= (H xz‘a2i—1)a4(H a2z‘)a2jyj+1
i=1 =3
2 j—1
= (H $i02i71)$2a4(1_‘[ a2;)a2;Yj+1
i=1 =3
(by Lemma C.2 as z2,yj41 € S\ U)
2 j—1
= (H $ia2i_1)x3a5(H az;)az;yj+1 (by zigzag equations)
i=1 i=3
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3 j—1
= ([Twiazi-)(] ] azi)azjyjr
=1 =3

J
= ([ zia2i-1)az;y;41
=1

j
= (H Tia2i—1)xja2;Yj+1 (by Lemma C.2 as z;,yj+1 € S\ U)

i=1
J
= (H Tia2i—1)Tj1102j+1Y+1 (by zigzag equations)
i=1
J
= ([ [ wiazi—1)zj1102 11025419511
i=1
(by Lemma C.1 as zj11,yj41 € S\ U)
J
= (H Tia2i—1)T;ja2;a2j41Yj+1 (by zigzag equations)
i=1
j—1
= (H Ti02i—1)T {025 —102jA2j4+1Yj+1
i=1
(by Lemma C.2 as zj,y;+1 € S\ U)
j—1
= (H LiA2i—1)Tj—102j—202;02;+1Yj+1 (by zigzag equations)
i=1
Jj—1 J
= (H xia2i—1)( H a2;) 025 +1Yj+1
i=1 i=j—1
(by Lemma C.2 as z;,y;4+1 € S\ U)
Jj—2 J
= (H Tia2;—1)Tj—1025-3( H a2i)02j41Yj+1
i=1 i=j—1
Jj—2 J

= (H l’ia2i71)$j72a2j74( H a2i)a2j+1yj+1 (by zigzag equations)
i=1 i=j—1
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Jj—2 J
= ([[mia2i-0)( [T a2i)azjsryji
i=1 i=j—2
(by Lemma C.2 as z;_1,yj4+1 € S\ U)

2 J
= (H xia2i71) (H a2¢)a2j+1yj+1
i=1 i=2

J
= x1a1x2a3(H a2;)02j41Yj+1
i=2
J
= xlalmlag(H az;)azj+1yj+1 (by zigzag equations)
=2
J
= xlalag(H agi)a2j+1yj+1 (by Lemma C.2 as X1, yj+1 S S \ U)
i=2
J
= CL[)CLQ(H az)azj+1yj+1 (by zigzag equations)
=2

J
= (H 2:)a2j41Y;j+1-
i=0
This shows that the result also holds for £ = j + 1. Hence by induction the
lemma follows. O

Now to complete the proof of the theorem, letting £ = m in Lemma C.4,
we have

m—1
d=(]] a2i)azm-1ym
i=0
m—1
= (H ag;)asm (by zigzag equations)
i=0
m

= [T
i=0
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Thus d € U, a contradiction. This completes the proof of the theorem. [
Dually, we may prove the following:

Theorem C.5. For each positive integers k and n with 1 < k < n. The
variety V™0 of structurally (n,0)-right regular bands is saturated in the
variety V®O) of structurally (k,0)-right regular bands.
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