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1 Introduction

It is well known that an outer measure is classically defined as a function
p s P(X) — [0,00] satisfying countable subadditivity, monotonicity, and
null emptiness. In this paper, we introduce a pointfree generalization of
outer measures by replacing the power set P(X) with an arbitrary o-frame
L. Specifically, we study functions p : L — [0, 00] satisfying appropriate
lattice-theoretic analogues of the classical outer measure axioms. Recall
from [20] that a measure on a o-complete lattice L (L has countable joins)
is defined as a map p: L — [0, 0o] satisfying:

1 p(1g) =0,

2. monotonicity: z <y = u(x) < u(y),

3. modularity: p(x) + p(y) = p(z Vy) + plx Ay),
4

. o-continuity: u(\/ ;) = sup u(z;) for every ascending chain (z;)ien
‘€N €N
in L.

In the literature, these functions are typically called o-continuous valua-
tions [11, 20]. Building on this definition, [8] introduces pointfree Lebesgue
integration on o-locales by considering measures on S(L), where S(L) de-
notes the coframe of all o-sublocales of L; note that S(L) is a o-complete
lattice. It is important to emphasize that, within pointfree topology, S(L)
serves as the natural counterpart to P(X) in classical measure theory. For
more applications of the coframe S(L) to real-function analogues, we refer
to [7, 13, 14].

In this article, building upon Definition 3.1 and inspired by the measure-
theoretic framework of [20], we take a general bounded distributive lattice
L as our starting point, replacing the classical powerset P(X). We define an
outer measure simply as a function p: L — [0, co] satisfying the three basic
axioms of null-preservation, monotonicity, and o-subadditivity. Additional
structure, such as requiring L to be a o-frame or even a Boolean o-frame,
is then introduced only when necessary to obtain stronger results. This
stepwise approach makes transparent the precise role each condition plays,
thereby providing a pointfree generalization of the classical outer measure
theory developed in [2, 10, 15].

Our main contributions are:
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A systematic definition of p-measurable elements in a bounded dis-
tributive lattice L, generalizing the classical Carathéodory measur-
ability condition. We prove (Lemma 3.7) that the collection of all
measurable elements forms a sublattice closed under complements.

e A fundamental result (Theorem 3.9) showing that the restriction of u
to the o-frame M, of measurable elements is o-additive.

e When L is a Boolean o-frame, we establish (Proposition 3.12) that
the measurable elements form a Boolean o-frame.

e A remark (Remark 3.13) demonstrating, through counterexamples,
that the Boolean hypothesis in Proposition 3.12 is essential for M,
to be closed under countable joins.

e Question 3.15 asks whether every Boolean o-subframe H C L arises
as M, for some outer measure p on L, a problem that remains open.

e The categorical behavior of the function wy,: Out(L) — Boo(L) (de-
fined by p — M,,) is examined in Remark 3.18.

This work bridges order-theoretic and measure-theoretic perspectives,
extending classical results while maintaining constructive rigor. Our ap-
proach reveals new connections between lattice theory and measurable struc-
tures.

2 Preliminaries

A lattice is a partially ordered set (L, <) in which every pair of elements
has both a supremum (join) and an infimum (meet). A lattice L is called
distributive if it satisfies the following distributive laws:

xV(yANz)=(xVy AzVz),
xA(yVz)=(xAy)V(rAz)

for all x,y, z € L. Furthermore, in this paper by a bounded lattice, we mean
a lattice that contains both a top element (greatest element) and a bottom
element (least element). We denote the top element and the bottom element
of L by T and L respectively. An element a € L is called complemented if
there exists b € L such that aAb = 1 and aVb = T. In this case, b is called
the complement of ¢ and is usually denoted by a®.
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For further reading on distributive lattices and related concepts, we
recommend the following fundamental references: Gratzer’s comprehensive
treatise [12] provides the foundational theory of lattices, while Davey and
Priestley [9] offers an accessible introduction to lattice theory and ordered
structures. For specialized treatment of distributive lattices, the monograph
by Balbes and Dwinger [4] is particularly valuable. Those interested in the
topological aspects may consult Johnstone’s work [16] on Stone spaces and
their connection to distributive lattices.

We recall some definitions and results from the literature on frames
and o-frames. The foundation of this paper is the o-frames. For further
information, see [18] on frame-theoretic concepts and [5, 6] on o-frames.
Also, we briefly review outer measures; for more details, see [2].

A frame (resp. o-frame) is a complete (resp. o-complete) lattice L in
which the distributive law

:EA\/S:\/{m/\s:SES}

holds for all x € L and S C L (resp. countable S C L). Note that o-frames
are a generalization of frames.

An outer measure on a set X is a function p : P(X) — [0, oo] satisfy-
ing:

hd :U’((Z)) =0,

e ACB = u(A) < u(B),

e U An) < > u(A,) for any countable collection {A,}.
n=1 n=1

A set E C X is measurable with respect to p if it satisfies the Carathéodory
condition:

p(A) = w(ANE)+ p(ANES) forall AC X.

For complete details, we refer the reader to [2].

3 Outer measure on a lattice

In [20] (Definition 2.1), the notion of a measure on a o-complete lattice
is introduced. Moreover, Definition 2.2 of the same work establishes the
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property of countable additivity for [0, co]-valued functions on lattices. In
our current work, while drawing upon classical terminology from [2] and
maintaining maximal consistency with [20], we introduce the following def-
inition:

Definition 3.1. Let L be a bounded distributive lattice and & C L be a
subset of L. Let pu: S — [0, 00] be a function. We call pu:

(i) Null-preserving: L € S and p(L) =0.

(ii) Monotone: If a < b then p(a) < u(b).

oo
(iii) o-Subadditive: For every sequence {anfnen in L, if \/ a, exists in

~ - n=1

S, then u( V an) < > plan).
n=1 n=1

(iv) o-Additive if for every sequence {a,}nen of pairwise disjoint ele-

(0.)
ments (i.e., a; A aj = 0 for i # j) such that \/ a, exists in S,
n=1

’ (\/ ) =5 o)
n=1 n=1
(v) Subadditive: For every a,be€ S,ifaVvbe S, ulaVvb) < pu(a)+ ud).
(vi) Subtractive: For every a,b € S with b < a where b is complemented
and u(b) < oo, if a Ab° € S, then

pla AB) = p(a) — p(b).

(vii) Additive: For every disjoint a,b € S,if a Vb € S, then u(a VvV b) =
p(a) + p(b).

(viii) Modularity: For every a,b € S, if aVb,aAb € S, then p(a)+u(b) =
p(a Vv b) + p(a AD).

A function p: & — [0, 00] is called an outer measure if it satisfies prop-
erties (i)-(iii) (Null-preserving, Monotone, and o-subadditive).

The following proposition establishes the relationship between the prop-
erties of modularity, additivity, and subadditivity.

Proposition 3.2. Let L be a bounded distributive lattice, S be a sublattice
of L and p: S — [0,00] be a null-preserving function.
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(i) Modularity implies both additivity and subadditivity.

(ii) Additivity implies subtractivity.

(iii) If p is additive and monotone, and if a,b € S are complemented in
L with (a ANb)° € S, then

(@) + p(b) = pla v b) + u(a A D).

(iv) If S = BL (the Boolean subalgebra of all complemented elements of
L), and if u is monotone, then p is modular.

Proof. (i) To prove subadditivity:
u(aVh) < p(a v b) + pla nb) = p(a) + ().
For additivity, assume a A b = L. Then we have:
plaVvd)+0=p(aVvb)+ puland) = pla)+ ub).

(ii) Let p be an additive function and a,b € S with b < a where b
is complemented and p(b) < oco. Since a A b° and b are disjoint, by the
additivity of p and distributivity of L:

p(a) = p(a Vv b) = p((a Ab%) Vb) = pla A b°) + p(d),

Given that p(b) < oo, we deduce that:
pla A b) = pla) — p(b).

To prove (iii), first note that if u(a A b) = oo, then by the monotonicity
of u, we have p(a) = oo, u(b) = oo, and p(a VvV b) = oco. Consequently, the
equation u(a) + pu(b) = p(a vV b) + p(a Ab) holds trivially, as both sides are
infinite. So, we can assume that p(a Ab) < co. Hence, by the distributivity
of L, we have the decomposition:

aVb=(aN(aNb))V (A (aNb))V (aND).

Since the elements (a A (a A b)¢), (bA (a Ab)°), and (a A b) are pairwise
disjoint, by additivity we have:

p(a Vv b) (@aN(@ND))+p(bA (aND)) 4+ u(a AD)
(@) = p(a Ab) + pu(b) — pla A b) + pula AD)

(@) + p(b) — pla Ab),

W
W
W
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and consequently, u(a V b) + pu(a Ab) = p(a) + p(b), which establishes
the required modularity property. (iv) This follows immediately from (iii)
above. O

Definition 3.3. Let L be a bounded distributive lattice. A complemented
element m € L is called p-measurable if for every a € L,

u(a) = pla Am) + pla Ame).

Lemma 3.4. Let L be a bounded distributive lattice and p: L — [0, 00] be
an outer measure. A complemented element m € L is p-measurable if and
only if for every a € L,

p(a) = pla Am) + p(a Ame).

Proof. The forward implication (=) follows directly from the definition of a
measurable element. Therefore, it suffices to prove the converse implication
(«<). Since L is distributive, we have the decomposition

a=(aAm)V (aAm°).
By the subadditivity of u, it follows that
p(a) = p((a Am)V (a Am€)) < pla Am) + p(a Ame) < p(a).
Consequently, we obtain the equality
(@) = p(a Am) + pla Ame).
This establishes the p-measurability of m. O

Definition 3.5. A complemented element a € L is said to be a null element
if p(a) =0.

Proposition 3.6. Let L be a bounded distributive lattice and p: L — [0, 00]
be an outer measure. Every null element of L is p-measurable.

Proof. Let m € L be a null element (i.e., u(m) = 0). For any a € L, by
subadditivity and monotonicity of pu:

p(a) < pla Am) + pla Am®) < p(m) + pla) = pla).

The equality p(a) = p(aAm)+p(aAme®) follows, proving the p-measurability
of m. ]
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Let p : L — [0,00] be an outer measure. The set of all y-measurable
elements of L (which are, by definition, complemented in L) is denoted by
M,,.

Lemma 3.7. Let L be a bounded distributive lattice and p : L — [0, 00] be
an outer measure. Then M, is closed under complements, finite joins, and
finite meets.

Proof. 1t is clear that M, is closed under complements. Now, let m1,mo €
M, and consider m = mq V mo. By the distributivity of L, we can write:

m=my V (ma2 Amg).
For any a € L, the following inequalities hold:

pla Am) < pla Amy) + pla Am§ Amsa),
wla Am€) = p(a Am§ Ams).

Hence, we obtain the following inequalities:

wlaAm) +planme) < [ulaAm) + pl(a Ams) Ama)] + p((a A mS) Ams)
= (@ Am) + (o A m§) Ama) + pl(a A mS) AmS)

pla Amy) 4+ pla Ams)  (since mo € My,)

p(a) (since my € My,).

By Lemma 3.4, this implies that m is py-measurable. For meets, observe
that: mi Amg = (m§ vV m§)¢ € M, since M,, is closed under finite joins
and complements. It completes the proof. O

Lemma 3.8. Let L be a bounded distributive lattice, and let p: L — [0, o0]
be an outer measure. For any finite collection of pairwise disjoint p-measurable
elements {m;}*_, and any a € L, we have:

k k
L (\/(a A mﬁ) = Z wla A mg).
i=1 i=1

Proof. We prove the lemma by induction on k. The case k£ = 1 is trivial.
Now assume the result holds for some k£ > 1, and let my, ma,...,mgy1 be
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pairwise disjoint py-measurable elements. We compute:

) <k\71(a A mi)) =u (a A k\71 mz>

i=1
k+1
:,u<a/\(\/ mi)/\mk+1>+u(a/\( mi)/\szrl)
i=1 ;
k
:u(a/\mkle)—i—u(a/\‘\/ m;

k
= u(a ANmgr1)+ Y. pla Am;)  (by the induction hypothesis)
i=1
k+1

= > nlaAnmy).
i=1
Thus the equality holds by induction. O

Theorem 3.9. Let L be a o-frame and pv: L — [0, 00] be an outer measure.
Then p is o-additive on M,,.

oo
Proof. Let {my} be a pairwise disjoint sequence of M,,. Put m = \/ my.
k=1
To prove o-additivity on M, assume that m € M. Since p is o-subadditive,

we have

p(m) <> plmy).
k=1

For the reverse inequality, Lemma 3.8 implies that for every k£ > 1:

k k k
> p(mi) = plm Am) = p <m r\/ m) < p(m).
i=1 i=1 i=1
Taking the limit as k — oo yields:
> ulmi) < p(m).
i=1
Therefore, we conclude:
pm) = u(ms),
i=1

which completes the proof. O
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Corollary 3.10. Let L be a o-frame and p: L — [0,00] an outer measure.
Then  is subtractive on M,,.

Proof. This follows immediately from Theorem 3.9 and Proposition 3.2(ii).
[

Remark 3.11. The o-additivity of a function, as given in Definition 3.1(iv),
is a conditional property: the equality u(\/ an) = Z p(ay) is required only

for those disjoint sequences whose join \/ an already lies within the domain

S. Theorem 3.9 applies this definition to the restriction p|aq,. Its proof
explicitly assumes that the join m = \/my of the given disjoint sequence

in M,, is itself in M,,, which is precis’:ely the condition to apply the def-
inition. Consequently, Corollary 3.10 also relies only on this conditional
property and does not assert the general closure of M, under countable
joins. Therefore, Theorem 3.9 and Corollary 3.10 do not logically require
the assumption that M, is closed under countable joins. Consequently,
their validity does not depend on Proposition 3.12 (in which, under the
Boolean hypothesis, we prove that M, is closed under countable joins and
hence a Boolean o-frame). Hence, the Boolean hypothesis is not required
for either theorem or corollary.

Proposition 3.12. Let L be a Boolean o-frame equipped with an outer
measure j1: L — [0,00]. Then the set M,, of all p-measurable elements is
closed under both countable joins and countable meets.

oo
Proof. Let {m;};en be a countable subset of M,,, and let m = \/ m;. We
i=1
construct a sequence of pairwise disjoint elements ¢; as follows:

e Set t1 =my

. c
i
e For i > 1, define tj+1 = mitq1 A (\/ mj> .
J

By Lemma 3.7, each t; belongs to M, and the ¢; are pairwise disjoint
by construction. We now prove by induction that for all £ > 1:
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For the case (k = 1) the equality holds trivially. Assume the equality holds
for some k > 1. Then:

k+1 k
V t, = <vti>\/tk+1
=1 =1

(i) (e (4))

k+1

k
Thus, we have m = \/ t;. For each k > 1, define the partial join s = \/ t;.

=1 =1
By Lemma 3.7, each s is p-measurable.

Now, let a € L. Applying Lemma 3.8 to the pairwise disjoint measurable
family (¢;)F_, yields:

k k
pula A sg) = p (\/(a A t,)) = Z pla A tg).
i=1 i=1
Hence, for every k > 1,
(a A sg)+ plansy)

3 plant)) + (e ns)

p(a)

I
=

NgES

v
NN

<.
Il
—

pla A tz)) + pu(a Ame).

<
I
—

Taking the limit as £k — oo and using the o-frame property of L, we
obtain:

1=

(SZ(a A ti)) + u(a A me)
Z,u(a/\ §7 ti> + p(a A me)

ua) = (5 ntant)) +utanm
> p

i=1
= p(a Am) + p(a Ame).

Thus, m is p-measurable by Lemma 3.4. Therefore, M, is closed under
countable joins. Moreover, using the Boolean o-frame structure of L, we
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show that M, is also closed under countable meets. For this, let {a;}ien
be a countable family in M. Since L is a Boolean o-frame, each a; has

a complement af, and the countable join \/ af exists in L and belongs to
€N
M,,, because M, is closed under countable joins and complements. Define

b= (\/ ag>c € M,.

1€EN

We claim that b = A a;. To verify this:
1€EN
e For each i € N, we have af < \/ af, and taking complements yields
€N
C
b= ( \V af) < af® = a;. Hence b is a lower bound for the family.
1€N
e Suppose d € L satisfies d < a; for all i € N. Then af < d° for each
i, and therefore \/ af < d°. Taking complements again gives d <

. ieN
( V af) =1b.
ieN

Thus b satisfies the universal property of the meet, so b = A a;. Since
€N
b € M,,, we conclude that M, is closed under countable meets. O

Remark 3.13. The Boolean hypothesis in Proposition 3.12 is essential.
Without it, the set of measurable elements may fail to be closed under
countable joins, as the following examples illustrate.

1. Example: The Zero Measure. Let ¢ : L — [0,00] be the zero
measure (i.e., ((a) = 0 for all a € L). Let L be any o-frame in
which the complemented elements are not closed under countable joins
(for instance, the o-frame L constructed in Example 2 below has this
property). Under the zero measure (, every complemented element
of L is trivially (-measurable. However, taking a countable family of
complemented (hence (-measurable) elements whose join exists in L
but is not complemented yields an immediate counterexample to the
conclusion of Proposition 3.12.
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2. Example: The Cardinality Measure. Consider the specific o-
frame:

L={ACNU{o0}|o0€e A = Ais cofinite}.

The partial order on L is given by set inclusion, and the join (respec-
tively, meet) of any countable family in L is its union (respectively,
intersection), which again lies in L. Equip it with the cardinality
measure p(a) = |a|. For any singleton m = {n} C N, its complement
m® = (N\ {n})U{cc} is in L. For every a € L, the sets a N'm and
aNme® are disjoint and their union is a. By the additivity of cardinality
over disjoint sets, we have:

pla) = la| = [anm| +lam = planm) + pla nme).

Therefore, each singleton {n} is p-measurable. Their countable join

is U {n} = N, which is an element of L but is not complemented.
neN
Consequently, it cannot be p-measurable, providing a concrete coun-

terexample.

Both examples underscore that the Boolean structure (guaranteeing that
joins of complemented elements remain complemented) is indispensable for
the validity of the proposition.

Corollary 3.14. Let L be a Boolean o-frame and p: L — [0, 00] be an outer
measure. Then M, forms a Boolean sub-o-frame of L.

Proof. This follows immediately from Lemma 3.7 and Proposition 3.12. [

We now raise the following question, which we do not answer in this
paper:

Open Question 3.15. Let L be a Boolean o-frame and H C L be a Boolean
o-subframe. Does there exist an outer measure p: L — [0,00] such that
M,=H?

Example 3.16. To illustrate the possible relationships between M, and
Boolean subalgebras of L, we consider two extreme cases:
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1. Let H be the smallest Boolean subalgebra { L, T}. We can construct
the following trivial outer measure:

Define 6: L — [0, o0] by:
=1
5a) = {O, a

1, a# 1
for each a € L.

Trivially, the only J-measurable elements in L are L and T. Thus we
obtain My = {L, T} for this special case.

2. Let H = L. Now, consider the zero function ¢ : L — [0, 00| given
by ((a) = 0 for all @ € L. Clearly, every complement element is
(-measurable. Therefore, M = H = L.

In the following proposition we show that outer measures are preserved
under o-frame maps, and that the collection of measurable elements is pre-
served under surjective o-frame maps.

Proposition 3.17. Let f: L — M be a o-frame map, and p: M — [0, 0]
be an outer measure. Then:

(i) po f: L — [0,00] is an outer measure.

(ii) If f is surjective, then fIMof] = M,.

Proof. (i) The composition p o f is clearly null-preserving and monotone.
To verify o-subadditivity, let {a,}nen be a sequence in L. We have:

wo s (V) =u(V ste)

n=1

ii) Assume f is surjective. First, let m € M,y C L and take b =
o
f(a) € M. Then:

p A f(m)) +pubA f(m)) = p(f(a) A f(m)) + p(fla) A f(m))
—#( (a Am®)) + pu(f(a Am))
=po flanm®) +po fla Am)
= po f(a)
= u(b)
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This shows f(m) € M,.
Conversely, suppose f(m) € M. For any a € L:

po flaAm®) +po flaAm) —u( (a Am®)) + p(f(aAm))

u(f Ea; f(m)9) + pu(f(a) A f(m))
7

Hence m € M,.s, completing the proof. O

Remark 3.18. Let Out(L) be the set of all outer measures on L, and
Boo(L) be the set of all Boolean subalgebras of L. By Corollary 3.14, the
assignment p — M, defines a function wr: Out(L) — Boo(L). Note that
Question 3.15 asks whether the map wy is surjective. In any case, this
function is not injective. To see this, let k # 1 be any fixed positive real
number. Given p € Out(L), define ku: L — [0,00] by (kp)(a) = k - p(a).
Then:

e ki is clearly an outer measure, and
o M W= M]w.

Thus wr, (1) = wr(kp), proving that wy, is not injective.

Although wy, does not preserve order, it exhibits interesting categorical
behavior. For technical terms from category theory we refer to [1]. Consider
the category BooocFrmSur of Boolean o-frames with surjective o-frame
maps. We define two functors:

1. The contravariant functor Out: BoocFrmSur — Set given on ob-
jects by L + Out(L), and on morphisms by f + Out(f), where
for any o-frame map f: L — M, the function Out(f): Out(M) —
Out(L) is defined by Out(f)(p) = po f.

2. The covariant functor Boo: BoocFrmSur — Set given on objects
by L — Boo(L), and on morphisms by f — Boo(f), where for any
o-frame map f: L — M, the function Boo(f): Boo(L) — Boo(M)
is defined by Boo(f)(B) = f[B] = {f(z) : = € B}.

Now, by Proposition 3.17, for any surjective o-frame map f: L — M,
we have f[M,.f] = M, which implies

Boo(f) owr, o Out(f) = ways-
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This identity means that the following diagram commutes for every mor-
phism f in BooocFrmSur:

Out(M) —2L Boo(M)

Out( f)J( TBOOU)

Out(L) —;— Boo(L)

Thus, despite the functors having opposite variance, the family (wr)r satis-
fies the required compatibility condition and therefore constitutes a natural
transformation from the contravariant functor Out to the covariant func-
tor Boo. In categorical terms, one may view w as a natural transformation
between functors defined on BooosFrmSur when Out is regarded as a func-
tor on the opposite category, but the diagram above makes the relationship
explicit.

Remark 3.19. The present work contributes to the ongoing development of
measure theory in pointfree and categorical settings, a research programme
that includes several related but distinct approaches. In particular, there
exists a family of works, including [17] by Ki{z—Pultr and [3] by Ball-Pultr,
that develop a categorical approach to abstract o-algebras (i.e., Boolean
algebras with countable joins) and the Daniell integral. Specifically, [17]
presents a categorical treatment of integration without points. The work of
Simpson [20] investigates measures on o-locales and their extension to o-
sublocales, with applications to randomness. More recently, Bernardes [8]
develops Lebesgue integration for simple functions on o-locales, building
upon Simpson’s framework. Pultr’s lecture notes [19] provide a detailed
exposition of Daniell’s approach to the Lebesgue integral. While all these
investigations share a common pointfree motivation, they differ fundamen-
tally in their objectives and methodology.

Our work concentrates specifically on the structure of measurable ele-
ments arising from an outer measure on a o-frame, following the classical
Carathéodory approach. We begin with minimal assumptions (bounded dis-
tributive lattices) and progressively introduce additional structure, o-frames
and Boolean o-frames, only when necessary to obtain stronger results. This
stepwise, meticulous approach allows us to isolate precisely which conditions
are required for each property of the measurable elements, thereby offering a
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complementary perspective that enriches the broader understanding of mea-
sure theory in pointfree settings. The resulting analysis provides insights
that, together with the existing literature, contribute to a more comprehen-
sive picture of the subject.
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