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Abstract. The present paper addresses the notion of (u,v)-absorbing
primary hyperideals in commutative multiplicative hyperrings. A proper
hyperideal P of A is said to be a (u,v)-absorbing primary hyperideal if
210---0xy C P for xi,...,z, € A\U(A) implies either 1 0-- -0z, C P or
Zyt1 0+ 0xy C rad(P). The study investigates the links and characteris-
tics of (u,v)-absorbing primary hyperideals, presenting a general framework
for realizing their importance in hyperring theory. We give some arguments
and examples explaining the relationship between (u,v)-absorbing primary
hyperideals and other famous classes of hyperideals, such as maximal, prime
and primary hyperideals, despite being vastly different. Morevoer, we ana-
lyze how the (u,v)-absorbing primary hyperideals behave concerning images
and inverse images of hyperring homomorphisms, quotients and localizations.

1 Introduction and Preliminaries

The notions of prime and primary ideals take an important place in ring the-
ory. Many papers have been written on these concepts and their extensions.
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The research paradigm regarding generalizations of prime ideals shifted sig-
nificantly in 2007, when Ayman Badawi unveiled the idea of 2-absorbing
ideals in commutative rings [9]. Later, this concept was generalized by him,
his collaborators, and many other researchers [7, 8, 10, 26]. A recent pa-
per [18] is devoted to the study of notion of (u,v)-absorbing primary ideals.
A proper ideal I of a commutative ring R refers to a (u,v)-absorbing pri-
mary ideal if z1 - - - x,, € P where x1,...,x, are nonunit elements in R, then
X1 Ty €1 Or Tyyyq -+ Ty € Tad(l).

The idea of algebraic hyperstructures as a well established branch of
classical algebraic theory goes back to Marty’s research work [19] presented
at the 8 Congress of Scandinavian Mathematicians in 1934. So far, many
mathematicians has studied on hyperstructures [17, 20, 22, 25]. The hyper-
rings as a class of algebraic hyperstructures were introduced and studied by
many authors. In 1983, multiplicative hyperrings as a significant class of
hyperrings were presented by Rota [23]. In these hyperrings, the addition
is an operation and the multiplication is a hyperoperation. This type of
hyperstructurs has been widely studied and investigated in [2—4, 11]. More
exactly, a hyperoperation “o” on a non-empty set A is a mapping from
A x A into the family of all non-empty subsets of A denoted byP*(A).
If “o” is a hyperoperation on A, then we say that (A,o) is a hyper-
groupoid [14]. For any given element a € A and subsets A; and As of A,
Aj10Ay = Ug e, asca,010a2, and Ajoa = Ajo{a}. The hypergroupoid (A, o)
is a semihypergroup if o is associative that is Useyo-20a = Upggoyboz for any
x,y,z € A. The semihypergroup A is a hypergroup if Aoca =ao A = A for
any a € A [14]. Let (A, o) be a semihypergroup. @ # B C A is a subhyper-
group if Boa = aoB = B for each a € B [14]. If 1. (A, +) is a commutative
group, 2. (4, o) is a semihypergroup; 3. (—z)oy =z o (—y) = —(xoy) for
any r,y € A, 4. (y+z2)ox Cyox+zozxandzxo(y+z) Cxoy+zozfor
any z,y,z2 € A, 5. x oy = youx for any z,y € A, then the triple (A, +,0)
refers to a commutative multiplicative hyperring [14]. The multiplicative
hyperring A is strongly distributive if in (4), the equality holds.

For each subset ® € P*(Z) where (Z,+,-) is the ring of integers and
|®| > 2, there exists a multiplicative hyperring (Zg,+, o) such that Z¢ = Z
and aob = {a.x.b | x € ®} for all a,b € Zg [12]. An element e in A is
considered as an identity element if a € eoa for every a € A [2]. An element
x in A is called unit, if there exists y in A such that e € y o x. We denote
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the set of all unit elements in A by U(A) [2]. Furthermore, a hyperring A
is a hyperfield if each non-zero element in A is unit. @ # B C A refers to a
hyperideal if 1. x —y € B for any =,y € B, 2. rox C B for any x € B and
r € A [14]. A proper hyperideal B of A is a prime hyperideal if whenever
xz,y € Aand xoy C B, then = € B or y € B [12]. For any given hyperideal
B of A, the prime radical of B, denoted by rad(B), is the intersection of all
prime hyperideals of A containing B. If the multiplicative hyperring A has
no prime hyperideal containing B, then we define rad(B) = A [12]. We say
that a proper hyperideal B of A is a primary hyperideal if whenever x,y € A
and zoy C B, then x € Bory € rad(B) [12]. A hyperideal B of A is said to
be a C-hyperideal if (ajoago- - -0a,)NB # @ for all aj,...,a, € Aandn € N
imply ajcago---oa, C B. Notice that in a multiplicative hyperring A, we
have {a € A | a™ C B for some n € N} C rad(A). Proposition 3.2 in [12]
shows that the equality holds if B is a C-hyperideal of A. Furthermore,
a hyperideal B of A is a strong C-hyperideal if Zyzl(ofi:lmij) NB+# g
where Q;?i:lxij = X1 O - O Tik;, Til,...,Lik, € A and k;;n € N, then
Yoy (Of;lmw) C B. For more details you can see [13]. A proper hyperideal
B in A is maximal if for any hyperideal M of A with B C M C A, then
M = A [2]. We denote the intersection of all maximal hyperideals of A
by J(A). Also, the multiplicative hyperring A is local if it has just one
maximal hyperideal [2]. For any give hyperideals By and By of A, we define
(B2 : By) ={a€ A|aoBy C By} [2]. A multiplicative hyperring A with
identity e is hyperdomain if 0 € z oy for x,y € A, then x = 0 or y = 0.
The concepts of prime and primary hyperideals have been extended to
more nuanced concepts [15, 16, 21, 24]. These expansions have paved the
way for further discovery into more complex types of hyperideals. Despite
these developments, there is a need to explore other classes of hyperideals for
deeper understanding of commutative multiplicatve hyperrings structure.

In this paper, we aim to introduce the notion (u,v)-absorbing primary
hyperideals where u,v € Z with u > v. Indeed, this definition presents a
distinct viewpoint by including the radical of hyperideals in the definition of
(u, v)-absorbing prime hyperideals proposed in [6]. Among many results in
this paper, we give an example of a (u, v)-absorbing primary hyperideal that
is not a (u,v)-absorbing prime hyperideal (Example 2.4). Although every
(u,v)-absorbing primary hyperideal of A is a (w,v)-absorbing primary hy-
perideal of A for any w > u, Example 2.6 shows that the converse may fail.
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In Theorem 2.7, we conclude that the radical of a (u,v)-absorbing primary
C-hyperideal is a prime hyperideal. We obtain that in a local multiplicative
hyperring A with the maximal hyperideal M, P o M is a (u,v)-absorbing
primary hyperideal of A where P is a prime C-hyperideal of A in Proposition
2.8. In Theorem 2.12, we show that if there exists a (u+ 1, v+ 1)-absorbing
primary strong C-hyperideal of A or a (u+1, v)-absorbing primary strong C-
hyperideal of A that is not a (u,v)-absorbing primary hyperideal, then A is
a local multiplicative hyperring. Theorem 2.13 presents a case where (u, v)-
absorbing primary hyperideals are primary hyperideals. In Proposition 2.15,
it is shown that if Py,..., P, are (u,v)-absorbing primary C-hyperideals of
A such that rad(P;) = rad(P;) for all 4, j € {1,...,n}, then the intersection
of the P}s is a (u, v)-absorbing primary hyperideal. We give Example 2.16 to
show the condition “rad(P;) = rad(P;) for all ¢,j € {1,...,n}” in Proposi-
tion 2.15 is crucial. Moreover, we investigate the stability of (u, v)-absorbing
primary hyperideals in various hyperring-theoretic constructions.

Throughout this study, A denotes a commutative multiplicative hyper-
ring with identity element 1.

2 (u,v)-absorbing primary hyperideals

A proper hyperideal of P of A is said to be 1-absorbing primary hyperideal if
whenever z,y, z € A\U(A) and zoyoz C P, then zoy C P or z € rad(P) [5].
Now, we aim to generalize this concept to notion of (u, v)-absorbing primary
hyperideals and give some fundamental theorems and examples about them.
We begin with the definition.

Definition 2.1. Let P be a proper hyperideal of A and u,v € N with
u > v. P refers to a (u,v)-absorbing primary hyperideal if 10- - -ox,, C P for
T1,..., Ty € A\U(A), then either x10---0x, C Por zyr10---0my, C rad(P).

Example 2.2. (i) Assume that (Z[i],+,-) is the Gaussian integers ring.
Consider the multiplicative hyperring (Ag,+,0) where Ay, = Z[i], ® =
{-1,3} and for any a,b € Ag, aob={a-x-b | z € &}. In the hyperring,
P =27[i] = {—2x — 2yi,6x + 6yi | x,y € Z} is a (u,v)-absorbing primary
hyperideal of Ag for all u,v € N with u > v.

(ii) Consider the ring of polynomials Z[z] where (Z,+,-) is the ring of
integers. Let A = Z + 3zZ[z], a o f = {2af3,4a3} for each a, f € Z and
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P = 32Z[z]. In the hyperring, P? is a (3, 2)-absorbing primary hyperideal
of A.

Recall from [6] that a proper hyperideal P of A is a (u,v)-absorbing
prime hyperideal if 1 0---0x, C P for z1,...,x, € A\U(A) implies either
1002y CPorxyr10---0x, CP.

Remark 2.3. Every (u,v)-absorbing prime hyperideal of A is a (u,v)-
absorbing primary hyperideal of A.

The following example shows that the converse of Remark 2.3 may not
be true, in general.

Example 2.4. Consider the multiplicative hyperring (Zg, +, 0) where ® =
{2,3}. In the hyperring, P = (12) is a (4, 2)-absorbing primary hyperideal of
A. However, it is not a (4, 2)-absorbing prime hyperideal of A since 2303 =
{192, 288,432,648} C P but 202 ={8,12} ¢ P and 203 = {12,18} ¢ P.

Remark 2.5. (i) Every (u,v)-absorbing primary hyperideal of A is a (u +
1,v + 1)-absorbing primary hyperideal of A.

(ii) Every (u,v)-absorbing primary hyperideal of A is a (w, v)-absorbing
primary hyperideal of A for any w > u.

The next example is given to explain that the converse of 2.5 (ii) may
not be always true.

Example 2.6. In Example 2.4, the (4,2)-absorbing prime hyperideal P
is not (3,2)-absorbing primary since 2 0203 = {48,72,108} C P while
202=1{8,12} ¢ P, 203 ={12,18} ¢ P and 2,3 ¢ rad(P).

The following theorem shows that the radical of a (u,v)-absorbing pri-
mary C-hyperideal of A is a prime hyperideal of A.

Theorem 2.7. Let u,v € N with uw > v. If P is a (u,v)-absorbing primary
C-hyperideal of A, then rad(P) is a prime hyperideal of A.

Proof. Let P be a (u,v)-absorbing primary hyperideal of A and aob C
rad(P) for a,b € A. Let us assume that a,b € A\U(A). Then we get
aob™ C P for some n € N. It follows that a’ " loa™ob®v=1od™ C P. Take
any x € a" and y € b". Let 2,y € U(A). Then there exist 2/,3' € A such
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that 1 € zox’ and 1 € yoy'. Hence 1 € a™ox’ = ao(a™ loz’) and 1 € b"ox’ =
bo (b"Loy'). Therefore we have 1 € aop for some p € a" Loa’ and 1 € bogq
for some q € "1 o y/. This means that a,b € U(A), a contradiction. Thus
z,y ¢ U(A). Now, put 1 =+ =Zy_1 = Q, Ty =T, Tyyy1 =+ = Ty—1 = b
and x, = y. This implies that a1 ox = 21 0---0xy_10x, C P or
v loy =2y 10--0my 10z C rad(P) as P is a (u,v)-absorbing
primary hyperideal of A. Since P is a C-hyperideal of A, we conclude that
av*"=1 C P which means a € rad(P) or b*~*"~! C rad(P) which implies
b € rad(P). Consequently, rad(P) is a prime hyperideal of A. O

In the following proposition, we analyze when a product of two hyper-
ideals is a (u, v)-absorbing primary hyperideal.

Proposition 2.8. Let every hyperideal of A be C-hyperideal and u,v € N
with uw > v. If M is the only maximal hyperideal of A and P is a prime
hyperideal of A, then P o M is a (u,v)-absorbing primary hyperideal of A.

Proof. 1t can be seen that the idea is true in a similar manner to the proof
of Theorem 2.8 in [18]. O

Next, we investigate when (P : z) is a (u,v)-absorbing primary hyper-
ideal of A.

Proposition 2.9. Let P be a (u+ 1,v + 1)-absorbing primary hyperideal
of A where u,v € N with u > v and x € A\(PUU(A)). Then (P : x) is a
(u,v)-absorbing primary hyperideal of A.

Proof. 1t is seen to be true by using an argument similar to that in the proof
of Theorem 2.7 in [18]. O

The following lemma is needed in the proof of our next result.
Lemma 2.10. Let P be a strong C-hyperideal of A. Then so is rad(P).

Proof. Let P be a strong C-hyperideal of A and Z?Zl(()é?i:lxij) Nrad(P) #
@ for z;; € Aand k;,n € N. This means that there exists x € Z?Zl(in:lxij)ﬂ
rad(P). Then we conclude that 2! C P for some t € N. Since P is a strong C-
hyperideal of A and (Z?:l(Og?izlxij))tﬂP #+ &, we get (Z?:1(O§;1xij))t -
P and so Z?Zl(Ofi:lxij) C rad(P), as needed. O
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Let a € P where P is a strong C-hyperideal of A. We next handle the
case when a + 1 is a nonunit of A.

Theorem 2.11. Let P be a strong C-hyperideal of A such that a + 1 €
A\U(A) for some a € P and u,v € N with u > v. Then P is a (u,v)-
absorbing primary hyperideal of A if and only if xt1 0 --- 0z, C P for
X1,..., Ty € A implies that x10-+-0xy, C P or xyp10---0xy C rad(P).

Proof. (=) Let P is a (u,v)-absorbing primary hyperideal of A and z; o
croxy CPforxy,...,vy, € A Putt =min{i | 1 <i<w, x; ¢ U(A)}.
Clearly, we have 24410 -0z, C P C rad(P) if t > v+ 1. Assume that
t<wv. Puu X ={i|1<i<wz ¢UA}landY = {i |v+1<
i < u,x; ¢ U(A)}. We suppose that card(X) = m and card(Y) = n.
Therefore we get (Orexr o (a+ 1)""™) o (Ogeyzg o (a + 1) v~") C P.
Since P is a (u,v)-absorbing primary hyperideal of A, we conclude that
Okexzi o (a+1)"™ C P or Ogeyxr o (a+ 1)*~" C rad(P). On the
other hand, we have aol+1 C (a+1)""" = > 7. (“;m)a”_m_jolj for some
ICAandao+1C (a+1)*07" =370 7" ("‘;‘") a¥~v~""Jo1J for some
J C A. Then we obtain Qkexaro(aol+1) C Por Ogeyxro(aoJ+1) C
rad(P). Since rad(P) is a strong C-hyperideal of A by Lemma 2.10 and
a € P, we get Orexxr C P or OQgeyxr C rad(P) and so x10---0x, C P
OF Tyy1 0+ 0mxy C rad(P).

(«<=) It is obvious. O

Theorem 2.12. Let u,v € N with u > v. If there exists a (u+ 1,v + 1)-
absorbing primary strong C-hyperideal of A or a (u+1,v)-absorbing primary
strong C-hyperideal of A that is not a (u,v)-absorbing primary hyperideal,
then A is a local multiplicative hyperring.

Proof. Assume that P is a strong C-hyperideal of A that is not a (u,v)-
absorbing primary hyperideal. This means that z; o--- oz, C P for some
T1,..., 0y € ANU(A) but 100z, € P and xypq 0+ 0z € rad(P).
Let P be a (u+ 1,v + 1)-absorbing primary strong C-hyperideal of A. Take
any © € A\U(A). Since xox10---0xy C P and xytp10---0xy € rad(P),
we conclude that z oz o0---ox, C P. Take any y € U(A). We show that
r+yeU(A). Let e +y ¢ U(A). From (z+y)oxyo---ox, C P, it follows
that (z+y)oxjo-- oz, C P because zyi10---oxy, € rad(P). Since P is a
strong C-hyperideal and (zoxj0---oxy)+(yoxi0---0x,) NP # &, we obtain
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(xoxqo---omy)+(yoxyo---0x,) C P. Since zoxjo---ox, C P, we have
yoxio---ox, C P which implies z;0---0x, C P which is impossible. Hence
x+y € U(A) which implies A is a local multiplicative hyperring by Lemma
2.6 in [16]. Now, suppose that P is a (u + 1,v)-absorbing primary strong
C-hyperideal of A, x € A\U(A) and y € U(A). Again, we show that x+y €
U(A) and so we are done by Lemma 2.6 in [16]. Assume that z+y ¢ U(A).
From xj0---ox,0(x+y) C P, it follows that x,y10---ox,0(z+y) C rad(P)
as P is a (u+ 1, v)-absorbing primary hyperideal of A and z10-- -0z, ¢ P.
Since (24410 -+ 02y 0) + (Tyr1 0+ 0y 0y) Nrad(P) # &, we obtain
(Tyr1 0 0xy0x) + (Typ10---0xy 0y) C rad(P) by Lemma 2.10. This
implies that x,41 0+ 0oz, C rad(P) as xy410---0oxy 0ox C rad(P) and
y € U(A). This is a contradiction and so z +y € U(A). O

The next result gives a case where (u, v)-absorbing primary hyperideals
are primary hyperideals.

Theorem 2.13. Let P be a strong C-hyperideal of A such that A is not
a local multiplicative hyperring and u,v € N with u > v > 2. Then P is
a (u,v)-absorbing primary hyperideal of A if and only if P is a primary
hyperideal of A.

Proof. (=) Assume that A is not a local multiplicative hyperring and P is
a (u,v)-absorbing primary hyperideal of A. Therefore P is a (u —1,v —1)-
absorbing primary hyperideal of A by Theorem 2.12. Therefore we conclude
that P is a (u — v 4+ 1,1)-absorbing primary hyperideal of A. Now, let
aobC Pfora,be Abuta ¢ P. Soaob*™¥ C P. Since Pisa (u—v+1,1)-
absorbing primary hyperideal and a ¢ P, we obtain "~ C rad(P). Take
any z € b*V. Then 2" C P for some n € N. Since b"(*"%) NP #£ &, we
have b"(“=%) C P which means b € rad(P). Thus P is a primary hyperideal
of A.

(«<=) It is obvious. O

Theorem 2.14. Let P be a strong C-hyperideal of A and u,v € N with
u > v. If Pis a (u+ 1,v)-absorbing primary hyperideal of A, then P
is a (u,v)-absorbing primary hyperideal of A or A is a local multiplicative
hyperring with mazimal hyperideal M such that rad(P) = M.

Proof. Let P be a (u + 1,v)-absorbing primary hyperideal of A. Assume
that P is not a (u,v)-absorbing primary hyperideal of A. Then there exist
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z1,...,2y € A\U(A) such that z10---0oxy, C P, z10---0x, ¢ P and
Tys1 002y € rad(P). On the other hand, we conclude that A is a local
multiplicative hyperring by Theorem 2.12 as P is a (u + 1,v)-absorbing
primary hyperideal of A that is not a (u,v)-absorbing primary hyperideal
of A. Let M be the only maximal hyperideal of A and a € M. Since P is
a (u + 1,v)-absorbing primary hyperideal of A, zj0---0oxz, 0a C P and
z10---0xy ¢ P, we get xyp10---0xy0a C rad(P). By Theorem 2.7, rad(P)
is a prime hyperideal of A. Let x € 4410+ 0xy. If x € rad(P), then
Ty41 0 -+ -0z C rad(P), a contradiction. Then = ¢ rad(P). Since zoa C
rad(P), we get a € rad(P) which shows rad(P) = M, as required. O

Proposition 2.15. Assume that Py, ..., P, are (u,v)-absorbing primary
C-hyperideals of A where u,v € N with uw > v. If rad(P;) = rad(FPj) for all
i,j €{1,...,n}, then N1 P; is (u,v)-absorbing primary hyperideal of A.

Proof. Let Py, ..., P, be (u,v)-absorbing primary C-hyperideals of A. Then
rad(P;) is a prime hyperideal of A for all i € {1,...,n} by Theorem 2.7. Let
us assume rad(P;) = Q for alli € {1,...,n} where @ is a prime hyperideal of
A Put P=nN} P, Let x10---0m, C P for zy,...,z, € A\U(A) such that
xy0---oxy ¢ P. Then there exists t € {1,...,n} such that zj0---0x, € P,.
Since P, is a (u, v)-absorbing primary hyperideals of A and z10---0x, C P},
we conclude that z,yj0-- oz, C rad(P;) = Q = rad(P) by Proposition 3.3
n [12]. Thus P =N}, P; is a (u, v)-absorbing primary hyperideal of A. [

Note that the conditions “rad(P;) = rad(P;) for all 7,5 € {1,...,n}” in
Proposition 2.15 can not be ignored.

Example 2.16. Consider the multiplicative hyperring (Zg,+,0) where
® = {2,4}. The hyperideals (3), (5) and (7) are (3,2)-absorbing primary
C-hyperideals of A but rad((3)) # rad({5)) # rad({7)) and (150) = (3) N
(5) N (7) is not (3, 2)-absorbing primary hyperideals of A.

Now, we give a a characterization of (v+ 1, v)-absorbing primary hyper-
ideals of A.

Theorem 2.17. Let P be a C-hyperideal of A and u,v € N with u > v.
Then the followings are equivalent.

(i) P isa (v+ 1,v)-absorbing primary hyperideal of A.
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(i) Ifayo---oay, € P forallas,...,a, € A\U(A), then (P : ajo---oa,) C
rad(P).

(ili)) Ifajo---o0ay,oQ C P for some hyperideal Q of A and ay,...,a, €
A\U(A), then ayo---oa, C P or Q C rad(P).

(iv) If Pho---0P,0 P,y C P for proper hyperideals P, ..., P,41 of A,
then Pyo---0 P, C P or Py41 C rad(P).

Proof. (i) = (ii) Assume that P is a (v+1,v)-absorbing primary hyperideal
of Aand ajo- - -oa, € Pforallay,...,a, € A\U(A). Letb € (P : ajo- - -oay).
Soajo---oa,obC P. Assume that b € U(A). Then we have ajo---0a, C
ajo---oay,ol Cajo---oa,obob™! C P, a contradiction. Then b ¢ U(A).
By the hypothesis, we conclude that b € rad(P) as ajo---oa, ¢ P. Thus
we have (P :ayo---0ay) C rad(P).

(ii) = (iii) Assume that ajo---0a,0Q C P for some hyperideal @ of A
and ai, ..., a, € A\U(A) such that ajo0---oa, ¢ P. From a;o---0a,0Q C P,
it follows that @ C (P :aj0---0a,). Thus, we conclude that @ C rad(P)
by (ii).

(iii) = (iv) Let Pjo---0P,0P,;1 C P for proper hyperideals Py, ..., P,,
P,41 of A such that Pyo---o P, ¢ P. This implies that ajo---0a, £ P
for some a; € P,...,a, € P,. From ajo---0a, 0 Pyy1 C P it follows that
Py+1 C rad(P) by (iii).

(iv) = (i) Let aj o ---0ay0ayy; C P for ay,...,ay,apr1 € A\U(A).
Then we have (ai) o --- 0 {(ay) o {(ayt+1) C (a3 0---0ay o ayr1) € P by
Proposition 2.15 in [12]. By (iv), we conclude that (a;) o --- o (a,) C P or
(ay41) € rad(P). This implies that a; o---o0a, € P or ayt1 € rad(P).
Consequently, P is a (v + 1,v)-absorbing primary hyperideal of A. O

Assume that A is a hyperdomain with quotient hyperfield F. Recall
from [16] that a hyperdomain A is said to be a Dedekind hyperdomain if
every nonzero proper hyperideal of A is invertible, that is, for every nonzero
proper hyperideal P of A, Po P~! = A where P~! = {z € F |z0 P C A}.
Now, we examine when a C-hyperideal in a Dedekind hyperdomain is a
(u, v)-absorbing primary hyperideal.

Theorem 2.18. Let A be a Dedekind hyperdomain, P a C-hyperideal of A
and u,v € N with u > v. Then P is a (u,v)-absorbing primary hyperideal
of A if and only if rad(P) is a prime hyperideal of A.
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Proof. (=) Since P is a (u,v)-absorbing primary hyperideal of A, the
calim follows from 2.7.

(<=) Let rad(P) be a prime hyperideal of A. By the hypothesis, rad(P)
is maximal. Assume that z oy C P and y ¢ rad(P). Since rad(P) is
maximal hyperideal of A, then (y,rad(P)) = A. Then there exists a €
rad(P) and s € A such that 1 € yo s+ a. So, we obtain 1 = r + a for
some 1 € yos. Since a € rad(P), there exists n € N such that " C P.
Therefore we have 1 € (r +a)” C Z?;ol (?)r”‘j oa’ + a™. If follows that

re€xol Qmo(zg.‘:_ol (?)r”*joaj—i-a") C Z?:_ol (?)xor”*joaﬂ'_Fa;oa" -

Z;-:& (?)ajo (yos)"Joa’ +xoa™ C P which shows P is a primary hyperideal
of A. Thus we conclude that P is a (u,v)-absorbing primary hyperideal of

A. O

Recall from [16] that a hyperring is divided if for each prime hyperideal
of A, we have @ C (a) for every a € A\Q. The following theorem shows that
a C-hyperideal of a divided multiplicative hyperring A is a (u, v)-absorbing
primary hyperideal if and only if it is a primary hyperideal.

Theorem 2.19. Let A be a divided multiplicative hyperring, P a C-hyperideal
of A and u,v € N with uw > v. Then P is a (u,v)-absorbing primary hyper-
ideal of A if and only if P is a primary hyperideal of A.

Proof. (=) Let P be a (u,v)-absorbing primary hyperideal of A and aob C
P for a,b € A\U(A) but b ¢ rad(P). Since P is a (u,v)-absorbing primary
hyperideal of A, rad(P) is a prime hyperideal of A by Theorem 2.7. This
implies that a € rad(P) as aob C rad(P) and b ¢ rad(P). Take any
c € 71, Since A is a divided multiplicative hyperring and ¢ ¢ rad(P), we
get rad(P) C (c). Since a € rad(P), there exists r € A such that a € cor.
Let 7 € U(A). Then aor~! C coror~!. Since rad(P) is a C-hyperideal of
A and coror~tNrad(P) # @, we obtain ¢ € col C coror~! C rad(P), a
contradiction. Hence Let r ¢ U(A). Since P is a (u,v)-absorbing primary
hyperideal of A and a o b C b*"Lorob* ¥ C P, we conclude that
b*~lor C P and so a € P. Consequently, P is a primary hyperideal of A.
(«<=) It is straightforward. O

Recall from [14] that a mapping 1 from the commutative multiplica-
tive hyperring (A1, +1,01) into the commutative multiplicative hyperring
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(Ag, +2,09) is a hyperring good homomorphism if n(x +1 y) = n(x) +2 n(y)
and n(z o1 y) = n(x) o2 n(y) for every x,y € Aj.

Theorem 2.20. Suppose that A1 and Ao are two commutative multiplica-
tive hyperrings such that the mapping n from Ay into As is a hyperring good
homomorphism, n(z) ¢ U(A2) for each x € A1\U(A1) and u,v € N with
u > v. Then the followings are satisfied:

(i) If Py is a (u,v)-absorbing primary C-hyperideal of As, then n~'(P,)
is a (u,v)-absorbing primary C-hyperideal of A;.

(i)  If Py is a is a (u,v)-absorbing primary C-hyperideal of A; with
Ker(n) € Py and n is surjective, then n(Py) is a (u,v)-absorbing
primary C-hyperideal of As.

Proof. (i) Assume that P, is a (u,v)-absorbing primary C-hyperideal of
As. Now, let z1 01 --- oy 2, € n~Y(P) for x1,...,2, € A;\U(A;). Then
we have n(zq o1 -+ 01 x,) = n(x1) 09 --- 09 p(x,) C Py as n is a good
homomorphism. Since P; is a (u, v)-absorbing primary hyperideal of A3 and
n(w1),...,n(ay) & U(A2), we get n(z101---012y) = n(w1)02- - -02n(20) C Po
which means 21 01 --- o1 2, € 7 H(P) or n(xys1 01 -+ 01 Ty) = N(Tyi1) 02
- 09 n(zy) € rad(P2) which implies @41 01 -+- 01 2, C n~ 1 (rad(P)) C
rad(n~'(P,)). Hence, n~!(P,) is a (u,v)-absorbing primary hyperideal of
A
(ii) Suppose that P; is a (u,v)-absorbing primary C-hyperideal of A;
such that Ker(n) C P, and 7 is surjective. Now, assume that y; og - - - 09
Yy C n(Py) for yi,...,y, € A2\U(A2). Then there exists z; € A1\U (A1)
with n(z;) = y; for every i € {1,---,u} as n is surjective. Hence, we
have n(zq o1 --- o1 @) = n(x1) o2 -+ o2 N(zy) C n(P1). Now, take any
p € x1 01 -+ 01 xy. Then we get n(p) € n(xy 01 -+ 01 2,) C n(P1) and so
there exists ¢ € P; such that n(p) = n(q). Then we get n(p — ¢) = 0 which
means p — q € Ker(n) € P; and so p € P;. Therefore we conclude that
xyo1---01x, C Py as P; is a C-hyperideal. Since Pj is a (u,v)-absorbing
primary hyperideal of Aj, we obtain x101---01x, C P} OF Xy1101+ 012y C

rad(Py). This implies that y; o9 -+ 09y, = n(x1 01 -+ 01 ) C n(Py) or
Yyl 02+ 02 Yy = N(Xyq1 01 -+ 01 ) C n(rad(Py)) = rad(n(Py)). Thus,
n(Py) is a (u,v)-absorbing primary hyperideal of As. O

Now, we have the following result.
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Corollary 2.21. Let the hyperideal P of A be a subset of the C-hyperideal
Q of A, x+ P ¢ U(A/P) for all x € A\U(A) and u,v € N with u > v.
Then Q is a (u,v)-absorbing primary hyperideal of A if and only if Q/P is
a (u,v)-absorbing primary hyperideal of A/P.

Proof. Consider the good epimorphism n : A — A/P defined by n(a) =
a+ P. Now, the claim follows from Theorem 2.20. O

For any given multiplicative hyperring A, M,,(A) denotes the set of all
hypermatrices of A. Let I = (Iij)mxm, J = (Jij)mxm € P*(Mpn(A)). Then
I g J if and only if Iij g Jij [2]

Theorem 2.22. Let u,v € N with uw > v and P be a hyperideal of A. If
M, (P) is a (u,v)-absorbing primary C-hyperideal of My, (A), then P is a
(u,v)-absorbing primary C-hyperideal of A.

Proof. Let x10---0x, NP # & for x1,...,x, € A. Then we have

Z10-:-0XTy 0 0
0 o --- 0
. . N M, (P) # @
0 0 0
which means
z1 O 0 z, 0 --- 0
0 0 --- 0 00 --- 0
o. . .. o-cco | L. )N My, (P) # 2.
00 --- 0 00 --- 0
Since M,,(P) is a C-hyperideal of M,,(A), we obtain
zy 0 -+ 0 Zp 0 -+ 0
o 0 --- 0 O 0 --- 0
0 0 0 0 O 0
and so
X1 0---0Ty O O
0 0 0
C My (P)
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This means x1 0 --- oz, C P. Hence P is a C-hyperideal of A. Now, let
zyo---ox, C P forxy,...,x, € A\U(A). Then we obtain

x10---0mxy 0 -+ 0
0 0 0
. C M, (P)
0 0 0

Z10-r0xy O -+ 0 1 0 -+ 0 Ty 0 -+ 0
0 0 --- 0 00 --- 0 00 --- 0

. = . . . . 0---0 . . . .
0 0 --- 0 00 --- 0 00 --- 0

we conclude that

1 0 -+ 0 Ty 0 -+ 0
0 0 0 o 0 --- 0
QO+++0
0 0 0 0 0 0

rio---ox, 0 0
0 0 0
= . C M,,(P)
0 0 0
or
Tyr1 O 0 T, 0 0
0 0 0 0 0 0
O - (@]
0 0 0 0 0 0
Ty410-::0X,y, O 0
0 0 0
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In the first possibility, we get 1 o --- o0z, C P. In the second possibility,
there exists n € N such that

(wv+lo...oxu)n0 O xv_i_lo...oxu O O
0 o --- 0 0 o --- 0

= C My (P)
0 o --- 0 0 o --- 0

which implies (zy410---0xy)" C P and 8o xyy1 0 -+ 0oz, C rad(P). Thus
we conclude that P is a (u,v)-absorbing primary hyperideal of A. O

A non-empty subset S of A containing 1 refers to a multiplicative closed
subset (briefly, MCS) if S is closed under the hypermultiplication [2]. Con-
sider the set (A x S/ ~) of equivalence classes denoted by S~1'A such that
(x,7) ~ (y,s) if and only if there exists ¢ € S with toroy =tosox. The
equivalence class of (z,r) € A x S is denoted by T. The triple (S71A, @, 0)
is a commutative multiplicative hyperring where

gl = ToUtsor — fath | geroy,bEsox,cEros)

T0S8
tot="0=—{dlacxzoyberos}
The localization map 7 : A — S™'A, defined by a — 7, is a homo-
morphism of hyperrings. Furthermore, if I is a hyperideal of A, then S~!P
is a hyperideal of S~'P [21]. Next, we discuss the relationship between

(u,v)-absorbing primary hyperideals and their localizations.

Theorem 2.23. Assume that P is a C-hyperideal of A, S a MCS such that
PNS =9 and u,v € N with u > v. If P is a (u,v)-absorbing primary
hyperideal of A, then S™1P is a (u — 1,v — 1)-absorbing primary hyperideal
of STLA.

Proof. Suppose that 1 ©---© 4=t = 7220wt C STIP for ry, ..., 1y €

Tu—1 71007y —1 —

S and 21,...,2y—1 € A\U(A) but 2 - 0= ¢ S~1Q. Take any

F— and so

re€ryo---ory_1and x € x10---0xy 1. Therefore I €

2= ;’f—,l for some 7’ € S and 2’ € P. Then, we conclude that toxor’ = tox’or
for some ¢t € S. This implies that tox or’ C P. Since x € x1 0+ 0 xy_1,
we obtain toxor’ Ctoxjo---oxy,_1or’. Since P is a C-hyperideal of
Aand toxyo---omxy 101 NP # &, wegettoxyo---oxy 107 C P.

Take any w € tor’. ff woxjo---0x,_1 C P, then we get %®-~-®
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Ty—1 _ T10-:0Ty_1 _ WOTL10--0TLy_1 —1 . . .
T = Toror = woroor, & O P, a contradiction.  Since P is

a (u,v)-absorbing primary hyperideal of A, woxj; 0---0xy_1 C P and
woxyo--oxy_1 € P, we have z, 0 -+ 0 z,—1 C rad(P) which implies
OO Tuzl — TO%%u-l C §-1(pad(P)) = rad(S~'P). Consequently,

Tyu—1 TpO:+OTy—1

S~'Pisa (u—1,v — 1)-absorbing primary hyperideal of S~!A. O

Theorem 2.24. Let P be a C-hyperideal of A, S be a MCS withI'NS = @
where ' = {a € A | aob C P for some b € A\P} and u,v € N with
u>v. If STLP is a (u,v)-absorbing primary hyperideal of A, then P is a
(u,v)-absorbing primary hyperideal of A.

Proof. Assume that zyo0---ox, C P for xy,...,2, € A\U(A). Then we

have #&%u — 21 o) ... » Lo C S7'P. Since S7'P is a (u,v)-absorbing

primary hyperideal of A, we conclude that Z&%%w = 2L ... © % C §~1P
or LTy — Tl o). .9 Zu C rad(STIP) = S™'rad(P). In the first case,

we have § € S—LP for some a € z1 0 ---ox,. Therefore there exists p € P
and t € S such that § = ¥ and so sotoa =sopol for some s € S which
means sotoa C P. Take any r € sot. Since'NS =@ and roa C P, we
have a € P. Since P is a C-hyperideal of A and (x10---0x,) NP # &, we
obtain z10---ox, C P. In the second case, we get % € S~rad(P) for some
b € xyy1 0 0xy. Therefore there exists ¢ € rad(P) and ¢ € S such that
b= % and so sotob = sogol for some s € S which means sotob C rad(P).
Assume that ¢ € rob such that r € sot. Then there exists n € N such that
¢" C P. since P is a C-hyperideal of A and (rozyyj0---0xy,)" NP # &, we
get (roxyppo---0xy)" C P. Let « € r™ and B € (X410 -+ 0 xy)". Since
I'nS=9,a08 C Pand a ¢ I', we have § € P and so (zy410---0x,,)" C P
which means z,yj0---ox, C rad(P). Thus, P is a (u,v)-absorbing primary
hyperideal of A. O

3 Conclusion

In this paper, we introduced and investigated an expansion of 1-absorbing
primary hyperideals in multiplicative hyperrings called (u, v)-absorbing pri-
mary hyperideals where u,v € Z with u > v. We gave several specific
results explaining this new structure. We indicated that the concepts of
(u, v)-absorbing prime hyperideals and (u, v)-absorbing primary hyperideals
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are different, although every (u,v)-absorbing prime hyperideal is a (u,v)-
absorbing primary hyperideal. We analyzed when a product of two hyper-
ideals is a (u, v)-absorbing primary hyperideal. Furthermore, it was exam-
ined when (P : z) is a (u, v)-absorbing primary hyperideal. We presented a
condition by which the intersection of some (u, v)-absorbing primary hyper-
ideals is a (u,v)-absorbing primary hyperideal and then gave an example
showing this condition is crucial. We concluded that a C-hyperideal in
a Dedekind hyperdomain is a (u,v)-absorbing primary hyperideal if and
only if it’s radical is a prime hyperideal. Also, we investigated when a
C-hyperideal in a divided multiplicative hyperring A is a (u,v)-absorbing
primary hyperideal. Moreover, we studied the stability of (u,v)-prime hy-
perideals with respect to localization. The study can be continued for other
classes of hyperstructures.

4 Future work

In [1], Akray and Anjuman proposed the notion of v-absorbing I-primary
hyperideals in a multiplicative hyperring. As future work, we will study the
concept (u,v)-absorbing I-primary hyperideal as a generalization of (u,v)-
absorbing primary hyperideals.

Definition 4.1. Let P be a proper hyperideal of A and u,v € N with u > v.
For fixed proper hyperideal I of A, we say that P is a (u,v)-absorbing I-
primary hyperideal if z1 0---0x,, C P\IP for xy,...,z, € A\U(A), then
either 10+ -o0xy, C P oOr &yt 0-+-0xy C rad(P).
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