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Abstract. We generalize the separation axioms Ty, T) and T to LG-
spaces and show that the most important results about these concepts can
be extended in LG-spaces.

1 Introduction

One of the objectives of topological studies is the investigation of non-metric
spaces, which are structures that lack algebraic tools. Undoubtedly, alge-
bra provides a powerful framework for the study of such structures. As
is well known, a topological space can be regarded as a frame. From this
perspective, topological spaces may be studied using algebraic methods.
Two approaches have been developed to study topological spaces within
the framework of frame theory. In both approaches, topology is examined
independently of points; hence, these are referred to as point-free topologies.
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In the first approach, which has a longer history and has been more
extensively explored, a topology is considered purely as a frame. This view-
point was initiated in [7] and [15], and subsequently extended by some
authors such as C.H. Dowker, D. Papert, J. Isbell, B. Banaschewski, etc.
In the second approach, given that a topology is a subframe of the power
set frame, it is studied as a subframe of a frame. The initial idea of this
method was introduced in [17] and [18], and was first extended and formally
presented in [1] under the name LG-topology and fundamental notions such
as interior, closure, subspace, product space, and related concepts were in-
troduced. Continuity and its associated notions were later developed and
studied in [2] and [6]. Similar to the LG-space structure, another struc-
ture is introduced in [9] and [10]. This structure is called a topoframe.
Topoframes are studied in several articles. In particular, in [22], the sepa-
ration axioms of topoframes are studied. The difference between LG-spaces
and topoframes is that in a topoframe every open element has a complement
but in an LG-topology need not have a complement.

In this article, we aim to investigate basic separation axioms Ty, 11, 15,
and related topics in LG-spaces.

In the next section, we recall certain preliminary notions, many of which
have already been introduced in previous studies. We also review specific
propositions that are required in the present work. In Section 3, two prereg-
uisites for the separation axioms Ty, 11, and T3 are presented and examined,
together with some equivalent conditions. In fact, the necessary requirement
for an LG-topology to satisfy one of the separation axioms introduced in
the subsequent sections is that these prerequisites hold.

Section 4 introduces the separation axiom Ty, provides its equivalent
conditions, and demonstrates that the concept, as defined, extends the cor-
responding axiom in classical topology. Section 5 is devoted in a similar
manner to the separation axiom 7T;. We present certain equivalent condi-
tions for 77 in the context of topology and investigate how these conditions
are related within LG-topology. Section 6 introduces the separation ax-
iom 75, and once again we show that this axiom extends the classical T»
separation axiom in topology.

Finally, in the last section, we study the relationship between the sepa-

ration axioms under consideration and the notions of subspace and product
space. We then determine which of the discussed properties remain invari-
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ant under various mappings.

2 Preliminary

Two elements a and b of an ordered set are called parallel, denoted by a || b,
whenever ¢ € b and b € a. We say a and b are disjoint or orthogonal if
aAb=0. The set of all disjoint elements from a is denoted by a’. If S is
an ordered set, T' is a subset of S, and = € S, then the hull (respectively,
core) of x with respect to T', denoted by hp(z) (respectively, cp(x)), is
{t € T : z <t} (respectively, {t € T : t < x}). Recall that a subset T of
a lattice L is called a meet-dense (respectively, join-dense) subset of L if
x = Nhp(z) (respectively, x = \Jep(z)) for every x € L. A lattice is called
complete if each subset of the lattice has the supremum. Thus each complete
lattice has the greatest element 1 and the smallest element 0. A frame F
is a complete lattice in which for each a € F' and {b;};cs of elements of F'
we have a A (\;c7bi) = V;er(aAb;). For every element a of a frame F' the
pseudocomplement of a, denoted by a*, is \/ a*. An element b of a frame F
is called the complement of a € F', if a Vb =1 and a A b = 0. Clearly, the
complement of an element a, if it exists, is unique and is denoted by a®. If
the complement of a exists, it is readily seen that a® = a*. If each element
of a frame has a complement, then the frame is called a Boolean frame. A
subset of a frame is called a subframe of the frame if it is closed under the
finite meet and the arbitrary join.

Let F' be a frame. We say 7 C F' is a lattice generalized topology
(briefly, LG-topology) if 7 is a subframe of F. Then (F,7) is called a lattice
generalized space (briefly, LG-space). Often, we use the symbol F; instead
of (F,7). Clearly, if 7 C P(X) is a topology on X, then 7 is an LG-topology,
(P(X),7) is an LG-space. A frame F is said to be spatial if there exists
a topological space (X, 7) such that F is isomorphic to the lattice of open
sets of X. FEvery element of an LG-topology 7 C F is called open and
every element of 7% = {t* : t € 7} is called a closed element of F. It is
readily seen that for each subset F of 7%, AF € 7*. For every element
a of F, the interior and closure of a are defined a® = \/{t : t < a} and
a = N{f € 7 : a < f}, respectively. Suppose that F; is an LG-space,
then F. is called a topoframe if each element of 7 has a complement in
F. Clearly, if (X,7) is a topological space then P(X); is a topoframe.
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If F. is an LG-space and a € F, then (F,,7,) is an LG-space, in which
F,=la={zeF:z<a}and 7, = {t Na :t € 7} If {(Fi,n)}ier
is a family of LG-spaces then 7, = {(tij)icr : Vi € I t; € 7, and t; =
1 for all except finitely many i € I'} and 7, = {(t;)icr : Vi € I t; € 73} are
subframes of ' = [[,.; F;. (F,7p) and (F,7,) are called the product and
box LG-space

Definition 2.1. An LG-space F; is called Boolean LG-space whenever F'
is a Boolean frame.

Clearly, every Boolean LG-space is a topoframe, and it is easy to provide
an example that shows not every topoframe is necessarily a Boolean LG-
space.

We can conclude from [12, §2.6 Corollary] that for any frame 7 there is
a frame F' such that F is a Boolean LG-space.

Now suppose that F; is a topoframe, BF = {a € F : a™* = a} = F*
and for each A C BF,

Vas(Va) o paeps

Then, by [9, Proposition 5.2 and Corollary 5.3], BF; is a Boolean LG-space.
Suppose that F1 and F» are two partially ordered sets. We say g : Fo —
Fy is a right adjoint of f : F} — F if

fla)<b & a<gb).

In this case, f is called a left adjoint of ¢ and we denote f by ¢* and g by
f«. We say f is arbitrary join (respectively, meet) preserving if f( \/A) =
\V/ f(A) (respectively, f(AA) = A f(A)), for all A C Fy. We recall the
following facts that one can show easily.

(a) f is left adjoint of ¢ if and only if fg < I, and I, < gf.
(b) If f is a left adjoint map, then ff.f = f and f.ffi = f«.

(c) If Fy and F; are bounded lattices and f is left adjoint, then f(0) =0
and f.(1) = 1.

(d) If F; and F, are complete lattices, then f (respectively, g) is left
adjoint (respectively, right adjoint) if and only if it preserves arbitrary
joins (respectively, meets).
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(e) If f is left adjoint, then the following are equivalent.

(i) f is onto.
(i) ffs=Ip.

(iii) f« is one-to-one.
(f) If f is left adjoint, then the following are equivalent.

(i) f is one-to-one.
(i) fof = Ip.

(iii) f« is onto.

A left adjoint map f is called the RL-adjoint whenever f, is a left-adjoint
map. This notion has been first introduced in [18] as GOH and then is called
RL-adjoint in [2]. It is clear that if F; and F5 are complete lattices, then f
is RL-adjoint if and only if f. preserves arbitrary joins.

Lemma 2.2. Assume that Fy and Fy are lattices and f : Fi — Fy is an
RL-adjoint map. Then the following statements hold:

(a) fux < f if and only if f is onto.
(b) f < fux if and only if [ is one-to-one.
(¢) f = fux if and only if f is an order isomorphism.

Proof. (a)=. Suppose that y € F,. Taking x = f.(y), we show that
f(z) =y. Since fi(y) = z, it follows that f(z) <y. On the other hand, we
can write

fily) =2 = y< ful) < fl2)
Hence y = f(z).

(a)<=. Suppose that a € F} and A, = {y € > : fi(y) < a}. We know
that fix(a) = max(A4,). Thus, it is enough to show that f(a) is an upper
bound of A,. Assume that y € A,. By the assumption, z € F} exists such
that f(x) =y. Then

f@)<y = a<fily)<a = y=[f(2) < flo)

(b)=-. Suppose that f(a) = f(b). By the hypothesis, we have f(a) =
f(b) < fux(b). Thus f.f(a) < b and since a < fif(a), it follows that a < b.
Similarly, b < a and therefore a = b.
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(b)<. Suppose that a € F}. Since f is one-to-one, we have f.f(a) = a
and so f(a) < fu(a).
(c). It is an immediate consequence of parts (a) and (b). O

Let (F1,71) and (F3, m2) be two LG-spaces. An arbitrary join preserving
map f : F} — F; is called o-continuous (respectively, c-continuous) if f,(t) €
71 (respectively, fi(t*) € 77), for all ¢t € 1. The o-continuous map is called
weakly continuous and OLG in [2] and [6], respectively, and c-continuous is
called CLG in [6]. Also, f is called open (respectively, closed) if f(t) € m
(respectively, f(t*) € 75).

We conclude this section by presenting the following unproven proposi-
tion.

Proposition 2.3. Suppose that (Fy, 1) and (Fa,72) are two topoframes and
f: F1 — F5 is an RL-adjoint map. Then f is o-continuous if and only if f
18 c-continuous.

3 Pre-separation and strongly pre-separation axioms

In this section, we introduce and study the conditions that are necessary
for separation axioms.

Definition 3.1. Suppose that F'is a frame.

(1) We say F' has the primary separation property (abbreviated, ps-property)
whenever for every two nonzero distinct elements a and b of F, there
are nonzero elements z < a and y < b such that z Ay = 0.

(2) We say F' has the strong primary separation property (abbreviated,
sps-property) whenever for every two nonzero distinct elements a and
b of I, there are nonzero elements ¢ < a and y < b such that tAy =0
and either xt L aAboryLaAb.

In the following proposition, the conditions equivalent to the ps-property
and sps-property are presented.

Proposition 3.2. Suppose that F' is a frame. The following statements
hold:
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(a) F has the ps-property if and only if for each elements 0 < a < b in F,
there exist nonzero elements x and y in F' such that x < a, y < b and
z Ay =0.

(b) The following statements are equivalent

(i) F has the sps-property.
(ii) For each nonzero elements a < b in F, there exist x,y € F such
that 0 < x<a,0<y<b yLa, andx ANy =0.
(iii) For each nonzero elements b £ a in F, there exist x,y € F such
that 0 < x < a,0<y<b yLa, andx ANy =0.

Proof. (a)=-. This is evident.

(a)<=. Suppose that a and b are two distinct elements of F. If aAb =0,
then, by taking © = a and y = b, we are done. Now we suppose that
c=aNb# 0. Clearly, without loss of generality, we can assume that ¢ < a.
By the assumption, there are nonzero elements x < a and y < ¢ < b such
that x Ay = 0.

(b). The proof of this part closely parallels the proof of part (a). O

In the above proposition condition “b £ a” cannot replaced by a | b.
Also, we note that it is clear every frame with the sps-property has the ps-
property, but the converse need not be true. The following example shows
these facts.

Example 3.3. Let F' = {0, {1},{2},{1,2},{1,2,3}}. It is easy to see that
F is a frame with the ps-property but does not have the sps-property. In
addition, a = {1} and b = {2} are the only two nonzero parallel elements
of F. If we take x = a and y = b, then we have x < a, y < b, y € a, and
x ANy =0.

The following proposition and Proposition 7.2 show that the class of
frames with ps-property is sufficiently large compared to the class of clas-
sical topologies. Of course, given that the product of spatial frames is not
necessarily a spatial frame, these classes are strictly larger than topological
Hausdorff spaces.

Recall that if (X, 7) is a topological space and a,b € X, then we say a
and b can be separated by open sets if there exist open sets U and V such
that a e U, be V,and UNV = 0.
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Proposition 3.4. (a) If (X, 1) is a Hausdorff topological space, then T is
a frame with the sps-property.

(b) Let (X,7) be a Ty topological space which has no any isolated point
and
A ={(a,b) : a and b can be separated by open sets}.

Then T is a frame with the ps-property if and only if A =X x X.

Proof. (a) Suppose that (X, 7) is a Hausdorff topological space, U,V € T,
and () # U C V. Hence, there exist © € U and y € V' \ U and so there are
W1, Wy € 7 such that z € Wy, C U,y € Wo CV and Wy NWs = (). Clearly,
Wy ¢ U. Thus, Proposition 3.2(b) concludes that 7 has the sps-property.

(b)=. Let Uy x Uz be a nonempty open set in X x X. First, assume
Uy # U,. Then, by the assumption, there exist Wy, Wy € 7 such that
@#ngUl,(b#WQQUQ, and Wi N Wy = 0. Clearly,@;«éwl x Wy C A
and so (Uy x Ua) N A # (.

Now suppose that U; = Us. Since X has no isolated point, there are
distinct elements a and b in U; = Us. Since X is Ty, without loss of
generality, open set V exists such that a € Vand b ¢ V. Set V3 = U1NV # ()
and Vo = Us. Then V; and V5 are distinct. Thus, similar to the first case,
(Vi x Vo) N A # () and therefore (Uy x Uy) N A # ().

(b)<=. Let U and V be two distinct nonempty open sets in 7. By
hypothesis, (U x V)N A # (). Therefore, there exist (x,y) € U x V such
that x and y can be separate by open sets. Hence, there are W1, Wy € 7
such that z € W, C U, y € Wy CV, and Wy N Wy = (). O

Part (b) of Proposition 3.2 prompts the question: which frame F' pos-
sesses the property that for every elements 0 = a < b, there is 0 £ y < b in
F such that y Aa = 0, or equivalently, a* Ab # 07 The following proposition
answers this question.

Theorem 3.5. For any frame F, the following statements are equivalent.

(a) If b £ a are two nonzero elements of F', then a* ANb # 0.

(b) For every nonzero elements b € a in F there is 0 # y < b such that
yANa=0.

(¢) For every nonzero elements a < b, there exists 0 # y < b such that
yAa=0.
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(d) For every a € F, we have a = a**.
(e) For everya € F, if a* =0, then a = 1.
(f) F is Boolean.

Proof. (a)=(b). Put y = a* A b. By hypothesis, we have y # 0 and clearly,
O<y<band yAa=0.

(b)=(c). This is clear.

(¢)=(d). On the contrary, suppose that a < a**. By the assumption,
0 # y < a*™ exists such that y Aa™ = 0. So y < a* A a™ = 0, which is a
contradiction.

(d)=(e). Suppose that a* = 0. Thus, a = a™ = 1.

(e)=(f). For each a € F,

(ava* )" =a*Na™ =0 = aVa =1

Hence a* = a®. This shows that F'is a Boolean algebra.
(f)=(a). On the contrary, assume that there exist a,b € F such that
b aand a* ANb=0,s0b< a™ =a’ = a, which is a contradiction. O

The following corollary is an immediate consequence of the above propo-
sition.

Corollary 3.6. FEvery Boolean frame has the sps-property.

4 Generalizations of the separation axiom 7; in LG-spaces

In this section, we extend the first separation axiom, namely the Ty separa-
tion axiom, to LG-topologies.

Definition 4.1. Suppose that F. is an LG-space and a and b are two
distinct nonzero elements of F'.

(1) We write aTp1b (respectively, aTpob), if there exist nonzero elements
r<aand y < bof F, and ¢ in 7 such that t < tand y At =0
(respectively, y <t and z At = 0).

(2) We write aTyb, if either aTy1b or aTpabd.

(3) We say that F; is Tp; (respectively, To2) at a, if aTpic (respectively,
aTpac) for each other nonzero element ¢ of F.
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(4) We say that F: is Ty at a, if a is aTpb for each other nonzero element
beF.

(5) We say that F; is Ty if F; is Tp at each nonzero element.

It is clear that if F' has not the ps-property, then any LG-space F- is not
Tp. Also, each P(X) has the sps-property and there are some topological
spaces which are not Ty, so there is a large class of LG-spaces having the
sps-property which are not 7j.

Lemma 4.2. Let F; be an LG-space with the ps-property and a monzero
element a in F. The following statements are equivalent.

(a) F is Ty at a.

(b) For every nonzero element b distinct from a, there are nonzero ele-
ments r < a and y < b such that x Ny = 0.

(¢) For every nonzero element b disjoint from a, there are nonzero ele-
ments ¢ < a and y < b such that x Ny = 0.

Proof. (a)=-(b). According to the assumption, there are nonzero elements
r<aand y <bin F and ¢t in 7 such that z <t and y At =0, so y < t¥,
hence x Ay < t At* and therefore z Ay = 0.

(b)=-(a). By the assumption, = £ 7, thus there is some ¢t € 7 such that
y<trand z Lt*. Set vy =x At,then 0 # 21 <a, 21 <tandyAt=0. It
shows that aTgpb.

(a)=-(c). This is clear.

(¢)=(b). Since F has the ps-property, there are nonzero disjoint ele-
ments ¢’ < a and b’ < b. By the assumption, there are x < d’ < a and
y < b < bsuch that z Ay = 0. O

Now, using the previous lemma, we state the conditions equivalent to
the Ty separation axiom.

Theorem 4.3. Suppose that I is an LG-space. The following statements
are equivalent.

(a) FT 18 T().

(b) For every pair distinct nonzero elements a and b in F there are t in
7 and nonzero elements x < a and y < b in F such that y < t and
zAt=0orx<tandyANt=0.



Some lower separation axioms in LG-topologies 11

(¢) For every pair distinct nonzero elements a and b in F there aret € T
and nonzero elements x < a and y < b such that bAt # 0 and x At =0
oraANt#0 andyANt=0.

(d) For every pair nonzero distinct elements a and b there are nonzero
elements x < a and y < b in F such that T # 7.

(e) For each pair nonzero distinct elements a and b of F', there are nonzero
elements r < a and y < b, and t € T such that either x Nt # 0 and
bAt*#0 oryANt#0 and a Nt" #£ 0.

Proof. (a)=-(b). This is clear.

(b)=-(c). By the assumption, either 0 # y < bAtor 0 # = < a At
which completes the proof.

(¢)=(d). By the assumption, without loss of generality, suppose that
there exist t € 7 and 0 # x < a such that b At # 0 and x At = 0. Taking
y = bAt, we conclude that 0 # y < b and z < t*. Thus, T < t* and so
y AT = 0. Therefore, T # 3.

(d)=-(e). By hypothesis there exist 0 # = < a and 0 # y < b such that
T # 3. Without loss of generality, assume that T € . Thus, z £ ¥ and so
there exists t € 7 such that y < t* and x € t*. Therefore, x At # 0 and
0#y<bAL'.

(e)=(a). Suppose that a and b are two nonzero distinct elements in F.
By hypothesis, without loss of generality, there exist 0 # 1 < a and t € T
such that z1 At # 0 and bAt* # 0. Taking x = 21 At and y = bAt*, clearly,
0#£#x<a, 0£y<b x<t, and y At =0. Hence, aTp1b. O

In the above theorem, if F' has the ps-property, then we can replace
“distinctness” of the elements a and b with “disjointness” in items (b), (c),
(d), and (e); also “distinctness” of the elements a and b can be replaced by
the condition “a < b” in item (c).

In the following proposition, we show that the Ty separation axiom in
LG-topologies is a generalization of Ty separation axiom in general topolo-
gies.

Corollary 4.4. Let (X, 7) be a topological space. Then (X, T) is a Ty topo-
logical space if and only if (P(X),T) is a Ty as an LG-space.
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Proof. This is straightforward, by Theorem 4.3(d) and the fact that X is a
Ty topological space if and only if for every pair distinct elements z and y,

{2} # {y}. O
5 Generalizations of the separation axiom 7; in LG-spaces

At this stage, we introduce the T3 separation axiom.

Definition 5.1. Suppose F; is an LG-space and a and b are two distinct
elements of F.

(1) We write aT1b if there exist nonzero elements < ¢ and y < b in F
and s and ¢ in 7 such that x < s, y <t, s Ay=0and x At =0.

(2) We say F: is T1 at a whenever aT1b for all other nonzero elements
beF.

(3) We say F; is Ty if F: is T} at each nonzero element.

Clearly, for each pair of elements a and b of an LG-space, aT7b if and only
if bT1a. Also, aT1b implies aTpb and bTpa. Thus, each T; lattice generalized
topological space is Tp.

Proposition 5.2. Suppose that F; is an LG-space. The following state-
ments are equivalent.

(a) F—r 18 Tl.

(b) For each pair distinct nonzero elements a and b of F we have aTy1b
and aTpob.

(¢) For each pair distinct nonzero elements a and b of F' we have aTy1b.

Proof. (a)=(b) and (b)=-(c). These implications are clear.

(c)=(a). Suppose that a and b are two distinct nonzero elements of F.
Since alj1b, there are nonzero elements z1 < a and y; < bin F and s in 7
such that 1 < s and s A y; = 0. Since y1Tp121, there are nonzero elements
x <21 and y <y and ¢ in 7 such that y <t and At = 0. Then, clearly,
r<s,y<t, e Nt=0and s Ay =0. This shows that F; is T7. O

The following theorem presents some conditions equivalent to the T3
separation axiom.
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Theorem 5.3. Suppose that F; is an LG-space. Then the following are
equivalent.

(a) FT 18 Tl.

(b) For each pair nonzero distinct elements a and b of F', there are nonzero
elements x < a and y < b such that t N\y=0 andy AT = 0.

(¢) For each pair nonzero distinct elements a and b of F', there are nonzero
elements © < a and y < b such that T|[y.

(d) For each pair nonzero distinct elements a and b of F', there are nonzero
elements t < a andy < b and s and t in T such that xtAs =0, yAs # 0,
cAt#0and y ANt =0.

(e) For each pair nonzero distinct elements a and b of F', there are nonzero
elements x < a andy < b and s and t in T such that zAt # 0, bAt® #£ 0,
yAs#0 and aNs*#0.

Proof. (a)=-(b). Suppose that a and b are two distinct elements of F'. By
the assumption, there are nonzero elements * < a and y < bin F and s and
t in 7 such that

<t _ . _
= TAYKtEAL = zAy=0

yAt=0 = y<t*

yss — « -
= YANT<sAs = yAT=0

zANs=0 = x<s*

(b)=(c). By the assumption there are nonzero elements x < a and y < b
such that 2 Ay =T Ay = 0. On contrary suppose that T || 7. Without loss
of generality, we can assume that T < 7. Then

0=z AyY=(xAT)ANY=zAN(TANY) =xANT=z

which is a contradiction.

(¢)=(d). By the assumption, there are nonzero elements z < a and
y < b such that T || . Thus, § € T and T £ 7, so there exist s and ¢ in 7
such that x < s*, g £ s*, y < t* and T £ t*. Hence, yAs#0, x As =0,
xAt#0and y At =0.
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(d)=-(e). By the assumption, there are nonzero elements =z < a and
y < band s and t in 7 such that tAs =0, yAs# 0, yAt =0 and z At # 0.

Then
T
Y

(e)=(a). Suppose that a and b are two nonzero distinct elements of
F'. By Proposition 5.2, it suffices to show that aTy;b. By our assumption,
there are nonzero elements z < a and t € 7 such that z At # 0, bAt* # 0.
Taking x = z At and y = b A t*, it follows that z < a and y < b are nonzero
elements, z <t and y At = 0. Therefore, aTyb. ]

NN

s = 0Fzx=zAs*<aAs" = aAs"#0
t" = 0#y=yAt*<bAt" = bAL"#0

In the above theorem, if F' has the ps-property, we can replace “distinct”
by “disjoint”.

Clearly, the T} separation axiom introduced in the context of LG-topology
is an extension of the same axiom in general topology. Moreover, in the fol-
lowing remark we provide some known conditions through general topology
context that are equivalent to the 77 separation axiom.

Remark 5.4. Suppose that (X, 7) is a topological space and F = P(X).
We know that the following are equivalent.

e X is a 17 topological space.
(CO-1) F: is a T lattice generalized topological space.

(C1-1) For each pair of nonzero distinct elements a and b of F, there are
nonzero elements z < a and y < b such that t Ay =0and y Az = 0.

(C1-2) For each pair of nonzero disjoint elements a and b of F, there are
nonzero elements z < a and y < b such that t Ay =0and y Az = 0.

(C2-1) For each pair of nonzero distinct elements a and b of F, there are
nonzero elements x < a and y < b such that = || 7.

(C2-2) For each pair of nonzero disjoint elements a and b of F, there are
nonzero elements x < a and y < b such that = || 7.

(C3-1) For every nonzero element a in F' there is a nonzero element z < a
such that 7 < a.
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(C3-2) For every nonzero element a in F' there is a nonzero closed element
r < a.

(C4-1) For every 1 # a € F, there is an element 1 # = > a such that z° > a.
(C4-2) For every 1 # a € F, there is an open element 1 # z > a.

(C5-1) For each pair of nonzero elements a < b of F', there is a closed element
x < b such that = £ a.

(C5-2) a=\V{t":ter,t"<a}, forallacF.

(C6-1) For each pair of nonzero elements a < b of F', there is an open element
a < t such that b £ t.

(C6-2) a=AN{teT:a<t} forallaeF.

In the above theorem, we see that (C0-1), (C1-1), (C1-2), (C2-1), and
(C2-2), are equivalent and it is easy to show that (Ci-1) and (Ci-2) are
equivalent, for all 3 < i < 6, for each LG-space with the ps-property. The
following proposition states how the above conditions are related to each
other in this case.

Proposition 5.5. Suppose that F, is an LG-space and F' has the ps-
property. Then the following statements hold:

(a) (C6) = (C4).
(b) (C5) = (C3).
(c) (C3) = (C1).
(d) If F is Boolean, then (C3), (C4), (C5), and (C6) are equivalent.

Proof. (a). Suppose that 1 # a € F. Then, by the assumption, 1 # a =
A{t € 7:a <t} and therefore there is an open element 1 # t > a.

(b). Suppose a is a nonzero element of F. Then, by the hypothesis,
0#a=\{t":tert*<a} and therefore a closed element t* exists such
that 0 # t* < a.

(c). Suppose that a and b are two nonzero disjoint elements of F. By
the assumption, there are closed elements < a and y < b, then T Ay =
Ay <aAb=0. Similarly, x A7y = 0.

(d). By parts (a), (b), and (c), it is sufficient to show (C3) < (C4),
(C3) = (C5), and (C5) < (C6). Note that in this part, we have 7* = 7¢ =
{t¢: ter}.



16 A.R. Alibabad, M. Badie, M.H. Hajian

(C3) = (C4). Suppose that 1 # a € F. Thus a® # 0 and thus, by the
assumption, t € 7 exists such that 0 £ t¢ € 7" and t° < a. Hence 1 At e 7
and a < ¢.

(C4) = (C3). Suppose that 0 # a € F. Thus a® # 1 and so, by the
assumption, 1 # t € 7 exists such that a© < ¢t. Hence 0 # t¢ € 7" and
t¢ < a.

(C3) = (C5h). Let 0 # a € F. On contrary, suppose that \/{t°: t¢&
7, t°<a} =b < a Setxz = b Aa. Clearly, x # 0. Thus, by the
assumption, ¢ € 7 exists such that 0 # t¢ <z = ° A a. Thus, t¢ < a and so
t® < b. Hence, t° < b A b° =0, which is a contradiction.

(C5) < (C6). Clearly, we can write

Va € F\ {0}, a:\/{thtET, t° < a}

&  VaeF\{0}, a®=N\f{t: ter a°<t}
& WeF\{1}, b=A\{t: ter b<t} O

We know that in general topology a space is T} if and only if each element
of P(X) is an intersection of open sets. In the following proposition, we show
that one implication of the above fact holds for topoframes.

Proposition 5.6. Suppose that F; is a topoframe and for each a € F, there
is a family {tx}aca of elements of T such that a = N\, tr, then Fy is Ty.

Proof. Let a and b be two nonzero distinct elements of F'. Thus either a £ b
or b £ a. Suppose that b £ a. According to the assumption, a = A, tx,
for some family {t)}rea of elements of 7. Therefore, there is a A € A such
that b £ ty. Set y = bAt§ # 0 and x = a, then x < a, y < b, x < ),
bAty =0, and thus aTp1b. If a € b, then, similarly, we can show that aTy2b.
This shows that F; is Ty and therefore F' has the ps-property. Thus, we
can assume that a and b are nonzero disjoint elements, hence a € b and
b £ a, and therefore, analogously, alpb and bTpa. This shows that F; is a
T space. O

Considering the properties of LG-topology, we introduce and study a
new type of separation axioms, and subsequently show that this condition
is equivalent to the Ty separation axiom for general topology context.
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Proposition 5.7. Let F- be a Boolean LG-space. The following statements
are equivalent

)

b) 7* is a join dense subset of F.
)
)

.
Nh-(x) #1, for every 1 £ x € F.
\ ¢ (z) #0, for every 0 #x € F.

Proof. (a)<(b). We proved this in Proposition 5.5(d).

(a)=-(c). Suppose, on the contrary, that h.(z) = {1}, for some 1 # x €
F. Thus, A\ h;(z) =1 # x, which is a contradiction.

(¢c)=(d). Suppose that 0 # x € F. Hence, x° # 1 and by the assumption
we have h.(z¢) # {1} and so ¢« (z) # {0}.

(d)=-(a). Suppose that y = Ah,(z). On the contrary, assume that
x < y. Thus, z¢ Ay # 0 and so, by the hypothesis, there exists t € 7 such
that 0 # t¢ < ¢ Ay. Therefore, x < t and y© < . Since x < t, it follows
that y < t. Hence, 1 =y Vy° <t and so t = 1. Consequently, t¢ = 0 and
this is a contradiction. O

Lemma 5.8. Let F' be a Boolean algebra, x € F and A C hp(x). Then
x = N\ A if and only if for every nonzero element b disjoint from x there are
nonzero elements y < b in F and ag in A such that y A ag = 0.

Proof. (=). Suppose that 0 # b € 21, so b < 2¢ = Vea ¢ and thus
b=V,cabAa® Hence ag € A exists such that y = b A af # 0. Clearly,
y < b is a nonzero element of F', ag € A, and y A ag = 0.

(«). Suppose, on the contrary, that x < AA. Thus, we can easily see
that b = z¢ A (AA) # 0. Since b A x = 0, the assumption implies that a
nonzero element y < b in F and ag in A exist such that y A ag = 0. Hence,
y A (AA) = 0 and this contradicts 0 # y < b=z A (AA). O

Proposition 5.9. If 7 (respectively, 7*) is a meet dense (respectively, join
dense) subset of a Boolean LG-space F, then Fy is T}.

Proof. Suppose a and b are disjoint nonzero elements of F'. According to
the assumption a = Ah;(a) and b = Ah-(b). Then, by Lemma 5.8, there
are 0 #y < b, s € hr(a), 0 # v < a and t € h(b) such that s Ay =0
and t Az = 0. Therefore, 0 £z < a,0£y<b or<s,y<t, sAy=0,
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and t A x = 0. This shows that F is a T} space. The proof of other case is
similar. O

6 Generalizations of the separation axiom 7, in LG-spaces

In this section, we introduce the last separation axiom in this paper, namely
T5, in LG-topology, and present the conditions equivalent to it.

Definition 6.1. Suppose that F. is an LG-space and a and b are two
distinct elements of F'. We write alsb if there are nonzero elements x < a
and y < band s € hy(z) and t € h-(y) such that s At = 0. F; is called T
or Hausdorff if for each nonzero distinct elements a¢ and b we have aTyb.

It is clear that aT5b if and only if bT5a. Moreover, a15b implies a17b;
for each distinct elements a and b of an LG-space. Hence, each Hausdorff
LG-space is T7.

Lemma 6.2. Let F;: be an LG-space and a and b are two nonzero elements
of F. Then a £ b if and only if there are nonzero elements x < a and
t € he(x) such that t AN\b=0.

Proof. Clearly, we can write

agb & TJter; b<t* and a (£t
& dter JxeF; b<t" and z=aAt#0
& dter dxe#0; bAt=0 , z<a and z <t
& F0#x<a FHeh(x); bAt=0. O

Theorem 6.3. For every LG-space F;, the following statements are equiv-
alent.

(a) Fr is Hausdorff.
(b) For every nonzero distinct elements a and b of F' there are two disjoint

elements s and t such that a As #0 and b A\t # 0.

(¢) For every nonzero distinct elements a and b in F', there are nonzero
elements x < a, y < b, s € hy(x) and t € h-(y) such that sAy =0
and t Az = 0.
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(d) For every nonzero distinct elements a and b in F, there are nonzero
elements x < a, y < b and s € hy(x) such that s Ay = 0.

Proof. (a)=-(b). Suppose that a and b are two distinct elements of F. By
the hypothesis, there are nonzero elements < a and y < b and s € h,(x)
and t € h-(y) such that s A\t =0. Then 0 # 2z <aAsand 0 #y <bAL

(b)=-(c). Suppose that a and b are two distinct elements of F. By the
hypothesis, there are disjoint elements s and ¢ of 7 such that t =aAs#0
and y =bAt#0. Then s € h,(z) and ¢t € h,(y) and

sAt=0 = t<s" = t<s" = tAz<tAs=0 = tAz=0

Similarly, we can show that s Ay = 0.

(¢)=(d). Tt is evident.

(d)=(a). Suppose that a and b are two nonzero distinct elements of F.
According to the assumption, there are nonzero elements x < a, y < b and
s € hy(z) such that s Ay = 0 and thus y £ 5. By Lemma 6.2, there is a
nonzero element z < y and t € h-(z) such that sAt =0. Thenz < a, z <b
are nonzero elements of F', s € h-(x), t € hy(z), s ANt = 0, and therefore
aT5b. This shows that F is Hausdorff. O

In the following corollary, we show that the Hausdorff separation axiom
introduced here is an extension of the Hausdorff separation axiom in general
topology.

Corollary 6.4. (X, 7) is a Hausdorff topological space if and only if (P(X), )
is a Hausdorff LG-space.

Proof. =. Suppose A, B € P(X) are two distinct nonzero elements. Then
there are two distinct elements a € A and b € B. By the assumption, there
are U,V € 7 such that a € U and b € V such that UNV = (). It is enough
toset A= ANU and B" = BNV. Then A’ C A, B’ C B are subsets of
X,Ue€h (A),Veh(B')and UNV = (. This shows that (P(X),7) is a
Hausdorff LG-space.

<. Suppose that a¢ and b are two distinct elements of X. By the assump-
tion, for two distinct elements {a} and {b} of P(X), there are nonempty
subsets A C {a}, B C {b}, and disjoint open sets U and V such that
{a} =ACUand {b} =B CV. Thenac€U,beV and UNV = (. This
shows that X is Hausdorff. O
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7 Related topics to the separation axioms

First, in this section, we show that separation axioms and pre-separation
axioms are hereditary, and they transfer from products to components and
from components to products.

Proposition 7.1. Suppose that (F,T) is an LG-space, a € F, F, = hp(a),
and 7o ={t Na:t e}

(a) If F has the ps-property, then F, also has the ps-property.

(b) If (F,7) is Ty (respectively, Th, Ta), then (Fy,74) is as well.

Proof. The proofs are straightforward. O

Proposition 7.2. Suppose that (F;, ;) is an LG-space, for every i € I,
F = 1l,c; Fi, 7p is the product topology on F and T, is the box topology on
F.

(a) F has the ps-property (respectively, sps-property) if and only if F; has
the ps-property (respectively, sps-property), for every i € I.

1. (b) (F,7p) (respectively, (F, 1)) is Ty if and only if (Fj, 7;) is Ty, for

every i € I.
(c) (F,7p) (respectively, (F,,)) is T1 if and only if (F;, ;) is T, for every
1e€l.

(d) If (F,7p) is To, then (Fj, 1;) is Ta, for every i € I.
(e) (Fymp) is Ty if and only if (F;, ;) is Ta, for everyi € I.

)

(

(f) If I is infinite, then (F, 1) is not Ty at all. But, if I is finite, then
(F,1p) is Ty if and only if (F;, ;) is Ty for every i € 1.

Proof. (a)=. Suppose that a; and b; are two distinct nonzero elements of
F;. For each j # i, set a; = bj = 0. Then a = (a;)icr and b = (b;);cs are
two distinct elements of F'. Now, by the assumption, there are two nonzero
elements x < a and y < b such that t Ay = 0. Then x; < a; and y; < b;
are two nonzero elements of F; and x; A y; = 0. This shows that F; has the
ps-property.

(a)<. Suppose that a and b are two nonzero distinct elements of F.
Thus, there is some i € I such that a; # b;. If a;, b; > 0, then, by hypothesis,
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there exist nonzero elements c;,d; € F; such that ¢; < a;, d; < b;, and
c; Nd; = 0. We define z,y € F as follows

{0 r i {0 i
Ty = Yr =

G r=i1 di r=1

Clearly, 0 <z <a,0<y<b and z Ay =0.

Now suppose that either a; or b; is zero. Without loss of generality, we
can suppose that a; = 0 and b; > 0. In this case, there exists j # i such
that a; > 0. We define x,y € F' as follows

x:{o rj y:{o i

a; T=7j b, r=i

Clearly, 0 < z < a,0 <y < b, and x Ay = 0. The proof for the sps-property
case is similar.

(b)=-. Suppose that a; and b; are two distinct nonzero elements of Fj.
Set a; = b; = 0, for all i # j, then a = (a;)ic;r and b = (b;);cs are two
distinct elements of F. Thus, by the assumption, there are two distinct
nonzero elements < a and y < b and t € 7, (respectively, t € 7,) such
that either x < a and y At =0or y <band x At =0. Hence z; < a; and
y; < bj are two nonzero distinct elements of F;; such that either ; < a; and
yj ANtj =0 or y; <b; and x; At; = 0. This implies that F} is Tp.

(b)<. Suppose that a and b are two nonzero distinct elements of F', so
J in I exists such that a; # b;.

If a; and b; are nonzero, then, by the assumption, there are nonzero
elements z; < a; and y; < b; and t; € 7; such that either z; < ¢; and
yi ANt =0ory; <tjand x; ANt; =0. Set ; = y; = 0 and ¢; = 1, for all
i#j. Thenx < a,y<bandt e 7, and either x <tand yAt=0o0ry <t
and x At =0.

Now suppose, without loss of generality, a; = 0 and b; # 0. Since a is
not zero, k in I exists such that ai # 0 and therefore k # j. Set

ap i=k by i=3j 0 i=k
T = ; Y = ;  and; ti = :
0 i#k 0 i#j 1 i#k

Then 0 #x <a, 0 y<b tem, vAt=0andy <t
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This implies that (F,7,) and (F,7,) are Tp.

(c). The proof is similar to (b).

(d) and (e)=-. The proofs are similar to that of (b)=-.

(e)<. Suppose that a and b are two nonzero distinct elements of F', so
J in I exists such that a; # b;.

If a; and b; are nonzero, then, by the assumption, there are nonzero
elements z; < a; and y; < b; of F; and s; and t; in 7; such that z; < sj,
y; < tjand s; At; =0. Set ¢y =y; =s; =t; =0, for all i # j. Then
x = (x)icr < a, y = (yi)ier < b are nonzero elements of F' and s = ($;)ier
and t = (t;);er are two elements of 7, such that x < s, y <t and s At =0.

Now, without loss of generality, we assume that a; # 0 and b; = 0. Since
b # 0, there is some j # k € I such that by # 0 and therefore k # j. Set

{a]— i=j {bk i=k {1 i=j {1 i=k

T = ;oY= ;osi= pooand 1= :
0 i#j 0 i#k 0 i#j 0 ik
Then z = (x;)ier < a, y = (¥i)ier < b are nonzero elements of F' and
s = (8;)icr and t = (t;);cs are two elements of 7, such that z < s, y < ¢t and
s At =0. These imply that (F, ) is Tb.

(f). If s and t are two elements of 7, then there is a finite subset A of I
such that for all : € I'\ A, s; =t; = 1 and thus (sAt); = s; At; = 1. Since I
is infinite, there is some j € I such that (s At); = 1. Hence s At # 0. This
shows that (F,7,) is not T5.

If I is finite, then 7, = 7, and therefore, by part (e), (F,7,) is T if and
only if (F;, 7;) is Ty, for all 4 in [I. O

Proposition 7.3. Suppose that (F;,7;) is an LG-space, for every i € I,
F =[lic; Fi, « is an infinite cardinal and

Ta:{tEHTi:‘{iEI:ti;&l}‘ ga}U{O}.
il
(a) 7o is a subframe of F' and so (F,T,) is an LG-space.

(b) (F,74) is Ty (respectively, T1) if and only if (F;, ;) is Ty (respectively,
Ty) for everyi € I.

(¢) (Fy7a) is Ty if and only if |I| < « (that is, 7o = Tp).
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Proof. (a). This is straightforward.

(b). The proof is similar to the proof of Proposition 7.2(c).

(¢c)=. Assume that « < |I| and r and s are two nonzero elements of 7.
Put A={iel:ri# 1} and B={i € [ :s; # 1}. Therefore, there exists
j€I\AUB. Thus, (rAs); =rjAsj=1andsorAs#0. This concludes
that (F,74) is not Tb.

(c)<=. It follows from Proposition 7.2(e). O

It is easy to see that for every infinite cardinal number «, we have
Tp € Ta C© 7. Also, if a < 8, then 7, C 73.

At the end of this paper, we examine which of the properties mentioned
in Corollary 5.4 are preserved under which mappings.

Proposition 7.4. Assume that (Fy,m1) and (Fy, 1) are two LG-spaces,
f: F1 — Fy is an onto, open, and order preserving map and f~(0) = {0}.
If (F1, 1) is Ty (respectively, Th), then (Fa,T2) is too.

Proof. Suppose that c and d are two nonzero distinct elements of F5. Since f
is onto, there are nonzero distinct elements a and b in F; such that f(a) = ¢
and f(b) = d. Since F} is Ty, there are nonzero elements x < a and y < b
and t in 7 such that either x <t and yAt =0or x At =0 and y < ¢,
since f is an open, order preserving map and f~1(0) = {0}, it follows that
0# f(z) < f(a), 0 # f(y) < f(b), f(t) € 72 and either f(z) < f(t) and
f)Nf(t)=0o0r f(x)A f(t) =0and f(y) < f(t). This shows that (Fy,72)
is Tp. Similarly, the 77 state can be proven. O

Proposition 7.5. Suppose that (Fy,71) and (Fy,72) are two LG-spaces,
f: F1 — Fy is an onto, open, and order preserving map and f~(1) C {1}.
If (Fy,m1) satisfies (C4), then (Fa, 1) satisfies (C4) too.

Proof. Suppose that 1 # b € Fy. Since f~!(1) = {1} and f is onto, there is
an element 1 # a € F; such that f(a) = b. Since F satisfies in (C4), there
is 1 # t € 75 such that a < t. Also, since f~!(1) = {1} and f is open, it
follows that f(¢) # 1 and b = f(a) < f(t) € 7. This shows that (F», )
satisfies in (C4). O

Proposition 7.6. Suppose that (Fi,m1) and (Fp, o) are two LG-spaces,
f: Fy — Fy is an o-continuous map, f~1(1) C {1} and f71(1) = {1}. If
(Fy,72) satisfies in (C4), then (F1,11) satisfies in (C4) too.
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Proof. Suppose that 1 # a € Fy, since f~1(1) C {1}, it follows that f(a) #
1, since (Fy, 12) satisfies in (C4), there is 1 # ¢ € 7o such that f(a) < ¢, since
f is o-continuous and f; (1) = {1}, it follows that a < f.f(a) < f.(t) €71
and f,(t) is not the identity. This shows that (Fy, 1) satisfies in (C4). O

Proposition 7.7. Suppose that (Fy, 1) and (Fa,T2) are two LG-spaces and
f: F1 — Fy is an onto, closed, and left adjoint map. If (F1,71) satisfies in
(C5), then (Fz,T2) satisfies in (C5) too.

Proof. Suppose that ¢ < d are two elements of Fy. Since f is onto, there
are a and b in F; such that f(a) = ¢ and f(b) = d. Then f(a) < f(b), so
fef(a) < fuf(b). If f*f(a) = f*f(b)7 then ¢ = f(a) = fff(a) = ff*f(b) =
f(b) = d, which is a contradiction. Hence f.f(a) < fif(b), since (Fy,71)
satisfies in (C5), it follows that there is a closed element z < fi f(b) such
that z € fof(a), thus f(z) < ffof(b) = f(b) =d. If f(z) < c= f(a), then
z < fof(z) < fof(a), which contradicts our assumption. Hence f(z) £ c.
Since f is closed, f(x) is closed and thus (F, ) satisfies in (C5). O

Proposition 7.8. Suppose that (F1,71) and (Fa,72) are two topoframes
and f : Fy — Fy is an onto and one-to-one o-continuous map. If (Fy,T2)
satisfies in (C5), then (F1,71) satisfies in (C5) too.

Proof. Suppose that a < b are two elements of Fy. Since f is one-to-one, it
follows that f(a) < f(b) and, by the hypothesis, there is a closed element
x < f(b) such that = € f(a). Since f is a one-to-one and onto o-continuous
map, f is RL-adjoint, thus, by Proposition 2.3, f.(x) is a closed element
of F and, since f is one-to-one, it follows that f.(z) < f.f(b) = b and
f«(x) € fif(a) = a. This shows that (Fy, 1) satisfies in (C5). O

Proposition 7.9. Suppose that (F1, 1) and (Fa,T2) are two LG-spaces and
f: F1 — Fs is an onto, one-to-one, open and order preserving map. If
(F1,71) satisfies in (C6), then (Fa,T2) satisfies in (C6) too.

Proof. 1t is straightforward. Note that, by hypothesis f : F} — F5 is a
frame isomorphism. O

Proposition 7.10. Suppose that (Fi,71) and (Fa,72) are two LG-spaces
and f : F1 — Fy is a one-to-one o-continuous map. If (Fa,T2) satisfies in
(C6), then (F1,11) satisfies in (C6) too.
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Proof. Assume that a < b are two elements of I}, since f is one-to-one and
order preserving, it follows f(a) < f(b). Since (Fy, 7o) satisfies in (C6), there
is t € 7o such that f(a) < t and f(b) £ t. Then a < f.f(a) < fi(t), and,
since f is o-continuous, f.(t) is open. If b < f.(t), then f(b) < ff.(t) < ¢,
which is a contradiction. Thus b € f.(f) and therefore (F, 1) satisfies in
(C6) too. O

Proposition 7.11. Suppose that (Fy,m) and (Fy,72) are two LG-spaces
and f : Fy — Fy is a one-to-one o-continuous map. If (Fa,12) is Ty (re-
spectively, Ty or T), then (Fy,T1) is too.

Proof. Suppose a and b are two distinct elements of Fy. Since f is one-to-
one, f(a) and f(b) are distinct and since (Fy,72) is Ty, there are nonzero
elements x < f(a) and y < f(b) and ¢ in 79 such that either x < ¢ and
yANt=0orzAt=0andy <t Then fu(z) < fuf(a), fi(y) < fuf(D)
and either f.(z) < fi(t) and fi(y) A fu(t) = f:(0) =0 or fi(y) < fi(t) and
f«(x) A fi(t) = f+(0) = 0. Since f is o-continuous, f,(t) € 7. It is sufficient
to show that f(x) and f(y) are nonzero. Otherwise, since f is one-to-one,
then x = f.f(z) = f«(0) = 0 and y = f.f(y) = f«(0) = 0, which is a
contradiction.

Similarly, we can prove the T} and 75 states. O
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