C
Categories and
General Algebraic Structures <+>
witn Applications A

WWW.CGASA.ir
In press.

On Condition (G — PCP) of acts over
monoids

Hossein Mohammadzadeh Saany* and Abbas Zareh

Abstract. By a left PCP (or left P(P)) monoid we mean a monoid such
that all its principal left ideals satisfy Condition (P) (see [4, 17]). In this
paper, we generalize formalization of left PCP (left P(P)) monoids to right
acts and will give characterizations of monoids by this property of their right
acts.

1 Introduction and Preliminaries

Throughout this paper we used S to denote a monoid. We refer the reader to
[8, 10] for basic results, definitions and terminologies related to semigroups
and acts over monoids, and to [1, 12, 13] for definitions and results on flatness
properties which are used in this paper. S is called right (left) reversible if
for every s,s’ € S, there exist u,v € S such that us = vs'(su = s'v).

A right ideal K of S is called left stabilizing (or satisfies Condition (LU))
if for every k € K, there exists [ € K such that [k = k.
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An element s of S is called right e-cancellable, for an idempotent e € S,
if s = es and kerps < kerpe, i.e. ts = t's, t,t' € S, implies te = t'e.
S is called left PP if every element s € S is right e-cancellable, for some
idempotent e € S. It is easy to see that S is left PP if and only if for every
s € S there exsits e € E(95), such that kerps = kerp.. This is equivalent
to saying that every principal left ideal of S is projective. Similarly a right
PP is defined. An element s € S is called right semi-cancellable if ts = s,
t,t' € S, implies there exists r € S such that s = rs and tr = t/r. S is called
left PSF if all principal left ideals of S are strongly flat. It is easy to see that
S is left PSF if and only if every element s € .S is right semi-cancellable.

An element s € S is called regular, if sxs = s, for some x € S. S is
called regular if all its elements are regular. An element s of S is called left
almost regular if there exist elements r,71,...,7m, $1, ..., Sm € S and right
cancellable elements c1, co, ..., ¢, € S such that

S§1C1 = ST
§2C2 = 85172

SmCm = Sm—1Tm-
S = Sy,TS.

If all elements of S are left almost regular, then S is called left almost regular.
We can see that every left almost regular monoid is left PP (see [10, IV,
Proposition 1.3)).

A right S-act is a non-empty set A, usually denoted by Ag, on which S
acts unitarian from the right, that is, (as)t = a(st) and al = a, for every
a € A, s, teS, where 1 is the identity of S. A right S-act Ag satisfies
Condition (P) if for all a,a’ € Ag,s,s’ € S, as = d’s’, implies that there
exist b € Ag,u,v € S such that a = bu,a’ = bv and us = vs'.

Monoids with all principal left ideals satisfying Condition (P) first intro-
duce in [4], titled "left PC'P” and three years later this concept introduce
in [17], titled "left P(P)”. In this paper we use this concept by left PCP.
It can be readily checked that a monoid S is left PCP if and only if as = bs
for a,b,s € S, implies the existence of u,v € S such that au = bv and
us = vs = s. Also a monoid S is called weakly left PCP (or weakly left
P(P)) if the equalities as = bs, xb = yb in S imply the existence of r € S,
such that zar = yar, rs = s. For any monoid S we have the following
implications: left PP = left PSF = left PCP = weakly left PCP.



On Condition (G — PCP) of acts over monoids 3

Recall, from [6] that a right S-act Ag satisfies Condition (P’) if for all
a,a’ € Ag, s,t,z € S, as = d't and sz = tz imply the existence b € A
and u,v € S such that a = bu, a’ = bv and us = vt. Ag is said to satisfy
Condition (E) if whenever as = as’ with a € Ag,s,s’ € S, there exist
a € Ag,u € S such that a = a'u and us = us’. Recall, from [2, 3, 12]
that a right S-act Ag satisfies Condition (F’) if as = as’ and sz = §'z, for
a € Ag and 5,5,z € S, imply the existence a’ € A and u € S such that
a = a'u and us = us’. A right S-act Ag satisfies Condition (EP) if as = at,
for a € Ag, s,t € S, implies the existence a’ € Ag and u,v € S such that
a = a'u=avand us = vt. Also, we say that Ag satisfies Condition (E'P)
if as = at and sz = tz, for a € Ag and s,t,z € S, imply the existence
a € Ag and u,v € S such that a = a’'u = a’v and us = vt. It is obvious
that (P) = (EP) = (E'P), (F) = (F') = (E'P), (P) = (P') = (F'P)
and (E) = (EP).

We recall from [1, 12, 13] that:

A right S-act Ag is weakly pullback flat (W PF), if the corresponding
¢ is bijective for every pullback diagram P(S, S, f, g, 5).

A right S-act Ag is weakly kernel flat (W KF), if the corresponding ¢
is bijective for every pullback diagram P (I, I, f, f,S), where I is a left ideal
of S.

A right S-act Ag is principally weakly kernel flat (PW K'F), if the corre-
sponding ¢ is bijective for every pullback diagram P(Ss, Ss, f, f,S), where
seS.

A right S-act Ag is translation kernel flat (T'KF), if the corresponding
¢ is bijective for every pullback diagram P(S, S, f, f, 5).

A right S-act Ag is weakly homoflat (Condition (W P)), if for all ele-
ments s,t € S, all homomorphisms f : g(SsUSt) — ¢S, all a,d’ € Ag, if
af(s) = ' f(t) then there exist a” € Ag, u,v € S, §',t' € {s,t} such that
a®s=d"®@us and o’ @t =a" @uvt' in A®g (SsUSt) and f(us’) = f(vt').

A right S-act Ag is principally weakly homoflat (Condition (PW P)), if
as = a's, fora,a’ € Ag, s € S, implies the existence of @’ € Ag and u,v € S
such that a = a”u, a’ = v and us = vs.

A right S-act Ag is called torsion free if for any a,a’ € Ag and for any
right cancellable element ¢ € S the equality ac = a/c implies a = a'.

A right S-act Ag is also called PR-torsion free, if for any a,b € A and
any right cancellable element ¢ € S, ac = bc and afRb (R denotes Green’s



4 H. Mohammadzadeh Saany, A. Zareh

equivalence, as described in [18], imply that a = b.

Recall, from [5] that a right S-act Ag is called (P)-regular if all cyclic
subacts of A satisfy Condition (P).

Recall, from [4] that a right S-act Ag is called strongly (P)-cyclic if for
every a € A there exists z € S such that kerA, = ker\, and zS satisfies
Condition (P).

Recall from [7] that the right S-act Ag is called GP-flat if as = a’s for
a,a’ € Ag, s € S implies that there exists n € N, such that a ® s" = a’ @ s"
in Ag ® Ss™. A right S-act Ag is called GPW-flat if for every s € S, there
exists n = n(sa4) € N, such that for any a,a’ € Ag, as™ = a's" implies
a®s"=d ®s"in ARg (Ss") (see [14]).

2 General properties

Definition 2.1. We say that Ag satisfies Condition (G — PCP) if as = a's
for a,a’ € Ag, s € S, implies the existence of u,v € S such that au = da'v,
us = s = vs.

Theorem 2.2. Let S be a monoid. Then the following statements are
equivalent:

(1) S is left PSF.

(2) S is left PCP and for any s € S, [1kerp, s a right collapsible sub-
monoid of S.

Proof. (1) = (2) If S is left PSF, then S is obviously left PCP. Let s € S
and l1,l2 € [1]gerp,- Then (1,11),(1,12) € kerps and so l1s = s, lps = s.
Hence l1las = l1s = s that is l1ly € kerp,. Thus [1]gerp, is a submonoid of
S. If on the other hand Iy,ly € [1]perp,, then lys = lzs = s. Since S is left
PSF the equality l1s = lss implies existence r € S such that rs = s and
lir = lar. The equality 7s = s implies 7 € [1]jerp, and so submonoid [1]xerp,
is right collapsible.

(2) = (1) Suppose that ly,la,s € S such that {;s = las. Since S is
left PCP there exist u,v € S such that lyu = lsv and us = vs = s. The
equality us = s implies © € [1]gerp,. Similarly vs = s implies v € [1]gerp, -
Since by assumption [1]ger,, is right collapsible, there exists t € [1]gerp,
such that ut = vt. Let r = ut = vt. Then l17 = lor. Since ts = s, we have
rs =uts = vs = s. Thus S is left PSF. O
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Corollary 2.3. Suppose that S is a left PCP monoid. S is not left PSF
if and only if there exists s € S such that [1|gerp, is not right collapsible.

Theorem 2.4. Let S be an aperiodic monoid. Then S is left PSF if and
only if S is left PCP.

Proof. Necessity. If S is left PSF then S is obviously left PCP.
Sufficiency. Suppose that S is left PCP. Using Theorem 2.2 it is
sufficient to show that for every s € S, [1]perp, is right collapsible. Let
li,la € [1kerp,- Thus l1s = lps = s. Since S is left PCP, there exist
u,v € S such that lju = lov and us = vs = s. Equalities us = vs = s
imply that w,v € [1]gerp,. Thus we show that [1]ie.,, is left reversible.
Since S is aperiodic, every left reversible submonoid of .S is right collapsible
(by [15, Lemma 2.4]). Thus for every s € S, [1]gerp, is right collapsible. [

Theorem 2.5. An act Ag satisfies Condition (G — PCP) if and only if
for any homomorphism f :gS —sS and for any a,a’ € Ag and s € S,
af(s) =d f(s) implies the existence of elements u,v € S such that uf(1) =
vf(1)=f(1) and a®@ su=da ® sv in Ag ®g S.

Proof. Necessity. Suppose that Ag satisfies Condition (G — PCP). Let
[ :9S —gS be homomorphism such that af(s) = da’f(s), for a,a’ € Ag and
s € S. Then asf(1) = a’sf(1). Since Ag satisfies Condition (G — PCP)
there exist u,v € S such that asu = a’sv and uf(1) = vf(1) = f(1). Thus
a®su=d ®svin Ag ®g S (by [10, II, Proposition 5.13]).

Sufficiency. Suppose as = a's, a,a’ € Ag, s € S. Define a mapping
f :SS —>SS by

f(z) =xs

for every z € S. Clearly f is a homomorphism. The equalities as = a’s and
f(1) = s imply af(1) = d/f(1). Thus by assumption there exist u,v € S
such that uf(1) = vf(1) = f(1) and a®u = a’®v in Ag®4S. Since f(1) = s
we have us = vs = s. The equality a®u = d’ ®v in AgRgS implies au = a’v
(by [10, II, Proposition 5.13]). Thus au = a’v and us = vs = s. Hence Ag
satisfies Condition (G — PCP). O

Theorem 2.6. The following statements hold:

(1) Og satisfies Condition (G — PCP).
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(2) If Ag satisfies Condition (G — PCP), then every subact of Ag satisfies
1t.

(3) If Ag satisfies Condition (G— PCP), then every retract of Ag satisfies
it.

(4) If [1;c; Ai, where A;, i € I, are right S-acts, satisfies Condition (G —
PCP), then A; satisfies it, for everyi € I.

(5) [icr Ai, where A;, i € I, are right S-acts, satisfies Condition (G —
PCP) if and only if A; satisfies Condition (G—PCP), for everyi € I.

(6) If{B; |i € I} is a chain of subacts of As and every By, i € I, satisfies
Condition (G — PCP), then \J,.; B; satisfies it.

(7) Sg satisfies Condition (G — PCP) if and only if S is left PCP (that
is, for every s € S, Ss satisfies Condition (P)).
Proof. The proofs are straightforward. O

Theorem 2.7. The following statements hold:

(1) If Ag satisfies Condition (G — PCP), then Ag is principally weakly
flat.

(2) For a left PSF monoid S, Ag is principally weakly flat if and only if
Ag satisfies Condition (G — PCP).

Proof. (1). Let as = d's, for a € A and s,s' € S. By assumption, there
exist u,v € S such that au = a’v and us = vs = s. Hence

/ / /
aRs=aRuUs=auRs=avRs=a QuUs=a QS

in A® Ss. Thus Ag is principally weakly flat, as required.
(2). Necessity. Let as = as, for a € A and s, € S. By assumption,
there exist n € N and elements a1, ..., a, € Ag, S1,t1, ..., Sn, tn € S such that

a = a181
a1t1 = as82 §518 = t18
a2t2 — asss3 S§98 = tQS

antn = @' SnS = tps.
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Since S is left PSF, s1s = t1s implies the existence of v; € S such that
v18 = s and s1v1 = t1v1. Then sov1s = tovys implies the existence of v € S
such that ves = s and sqviv9 = tovive. If v = v1v9, then

VS = V1U28 = 8§, S1V = S1V1V2 = t1V1V2 = {1V, S9U = tau.

Continuing this procedure, there exists u € S such that us = s and s;u =
tiu, for 1 < i < n. Thus we have

au = (ars1)u = a1(s1u) = a1(t1u) = (art1)u = ... = (anty)u = d'u.

So Ag satisfies Condition (G — PCP), as required.
Sufficiency. This is true, by (1). O

Theorem 2.8. Let S be a monoid. Then the following statements are
equivalent:

(1) S is left PSF.

(2) S is left PCP and D(S) satisfies Condition (G — PCP).

(3) S is weakly left PCP and D(S) satisfies Condition (G — PCP).
Proof. (1) = (2). Sisleft PCP and D(S) is principally weakly flat (by [17,
Thorem 2.5]). Since S is left PSF by part (2) of Theorem 2.7, D(S) satisfies
Condition (G — PCP).

(2) = (3). Since by [17, Proposition 2.2] left PC'P implies weakly left
PCP, the result is obtained.

(3) = (1). D(S) is principally weakly flat, by part (1) of Theorem 2.7.
Thus by [17, Thorem 2.5], S is left PSF. O

Now we give an equivalence for a cyclic S-act to satisfy Condition (G —
PCP).

Lemma 2.9. Let p be a right congruence on S. Then the S-act S/p satisfies
Condition (G — PCP) if and only if

(Vz,y,s € S) ((ms)p(ys) = (Ju,v € 9) ((wu)p(yv) Aus=8= vs)).

Proof. This is a straightforward result of the definition.
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Corollary 2.10. Let z € S. Then the principal right ideal zS satisfies
Condition (G — PCP) if and only if zxs = zys, x,y,z € S, implies the
existence of u,v € S such that us = s = vs and zxu = zyv.

Proof. This is an immediate result of the definition. O

Theorem 2.11. Let w € S and p = p(w, 1). The cyclic S-act S/p satisfies
Condition (G — PCP) if and only if for every z,y,s € S and m,n € Ny

wmzrs = w"ys = (Ip,q € No)(Fu,v € S)(wPru = wiyv Aus = vs = s).

Proof. Necessity. Let w™xs = w™ys, for z,y,s € S and m,n € Ny. Then
we have (zs)p(ys) (by [10, III, Corollary 8.7]). By Lemma 2.9, there exist
u,v € S such that us = vs = s and (xu)p(yv). Thus, by [10, III, Corollary
8.7], there exist p,q € Ny such that wPru = wiyv.

Sufficiency. Let (xs)p(ys), for z,y,s € S. Then, by [10, III, Corollary
8.7], there exist m,n € Ny such that w™zs = w™ys. By assumption, there
exist u,v € S and p,q € Ny such that us = vs = s and wPzu = wiyv.
Hence (zu)p(yv), by [10, III, Corollary 8.7], and so S/p satisfies Condition
(G — PCP), by Lemma 2.9. O

Notice that in the above theorem, if w = 1, then S/p = S/p(w,1) =
S/p(1,1) = S/Ag = Sg, and so the part (7) of Theorem 2.6 is obtained.

Corollary 2.12. Let S be a monoid, e € E(S) and let p = p(e,1). Then
the cyclic right S-act S/p satisfies Condition (G — PCP) if and only if for
every x,y,s € S

exs = eys = (Ju,v € S)(exu = eyv Aus = vs = s).
Proof. Since e? = e, it follows by Theorem 2.11. O

Corollary 2.13. Let S be a monoid, e € E(S) be a left zero element of
S and let p = p(e,1). Then the cyclic right S-act S/p satisfies Condition
(G — PCP).

Proof. In Corollary 2.12, it suffices to take u = v = 1. O

Corollary 2.14. Let S be a monoid and e € E(S). The following state-
ments are equivalent:
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(1) The monocyclic right S-act S/p(e, 1) satisfies Condition (G — PCP).
(2) eS satisfies Condition (G — PCP).
(3) (Vz,y,s € S)(exs =eys = (Fu,v € S)(exu = eyv A us = vs = s)).

Proof. 1t follows by Corollaries 2.10 and 2.12. O

Theorem 2.15. Let Kg be a right ideal of S. Then the right Rees factor act
S/ Kg satisfies Condition (G — PCP) if and only if Kg satisfies Conditions

(1) (Vz,s € S)(zs € Kg = (Fue S)(zu € Kg Aus = s)).

(2) (Vz,y,s € S)(zs=ys € S\ Kg) = (3u,v € S)(zu=yv € S\ Kg A
us =vs = s).

Proof. Necessity. (1). Suppose zs € K, for z,s € S. Then (xs)pk(ks)
for k € K. By Lemma 2.9, there exist u,v € S such that (zu)pg(kv) and
us = vs = s. Thus zu,kv € K or xzu = kv € K. Thus zu € K and us = s
and so we are done.

(2). Suppose xs =ys € S\ Kg, for z,y,s € S. Then (xs)px(ys). By
Lemma 2.9, there exist u,v € S such that (zu)pk(yv) and us = vs = s.
(xu)pg (yv) implies zu,yv € K or zu = yv € S\ Kg. If xu € K then
xs = x(us) = (ru)s € K which is a contradiction. Thus zu =yv € S\ Kg
and so we are done.

Sufficiency. Suppose (xs)px(ys), for x,y,s € S. Thus zs,ys € K or
xs =ys € S\ K. If xs,ys € K then by condition (1), there exist u,v € S
such that zu,yv € K and us = vs = s. Thus (zu)pg (yv) and so by Lemma
2.9, we are done. If xs = ys € S\ K then by condition (2), there exist
u,v € S such that zu = yv and us = vs = s. zu = yv implies (xu)px (yv)
and so by Lemma 2.9, we are done. O

3 Classification by Condition (G — PCP) of Acts

In this section we give a classification of monoids for which all (cyclic, mono-
cyclic) right acts satisfy Condition (G — PCP) and give a classification of
monoids for which all right acts satisfying some other flatness properties
have Condition (G — PCP).

Theorem 3.1. The following statements are equivalent:
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(1) All right S-acts satisfy Condition (G — PCP).

(2) All finitely generated right S-acts satisfy Condition (G — PCP).
(3) All cyclic right S-acts satisfy Condition (G — PCP).

(4) All monocyclic right S-acts satisfy Condition (G — PCP).

(5)

All monocyclic right S-acts of the form S/p(s,s?) (s € S) satisfy
Condition G — PCP.

(6) (Vz,y,s €S) (Fu,v € S)(us =vs =sAzup(xs,ys)yv).

(7) (Vz,y,s €S) (Fu € S)(us = s Nzup(xs,ys)yu).

(8) All right Rees factor S-acts satisfy Condition (G — PCP).

(9) All right Rees factor S-acts of the form S/sS (s € S) satisfy Condition

(G — PCP).

(10) All divisible right S-acts satisfy Condition (G — PCP).

(11) All principally weakly injective right S-acts satisfy Condition (G —
PCP).

(12) All finitely generated weakly injective S-acts satisfy Condition (G —
PCP).

(13) All weakly injective right S-acts satisfy Condition (G — PCP).

(14) All injective right S-acts satisfy Condition (G — PCP).

(15) All cofree right S-acts satisfy Condition (G — PCP).

)

(16) S is regular.

Proof. Implications (1) = (2) = (3) = (4) = (5), (1) = (8) = (9),
(1) = (10) and (7) = (6) are obvious.

Since cofreeness = injectivity = weak injectivity = fg-weak injectivity
= principal weak injectivity = divisibility, implications (10) = (11) =
(12) = (13) = (14) = (15) are obvious.

(5) = (16). By part (1) of Theorem 2.7, all monocyclic right S-acts of
the form S/p(s, s?) (s € S) are principally weakly flat. It follows by [10, IV,
Theorem 6.6] that S is regular.

(9) = (16). By part (1) of Theorem 2.7, all right Rees factor S-acts of
the form S/sS (s € S) are principally weakly flat. It follows by [10, IV,
Theorem 6.6] that S is regular.
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(6) = (4). Let z,y € S. Suppose that asp(x,y)d’s, for a,a’,s € S. By
assumption there exist u,v € S such that us = vs = s and aup(as, a’s)a’v.
Since p(as,a’s) C p(z,y) then aup(x,y)a’v and so S/p(x,y) satisfies (G —
PCP), by Lemma 2.9.

(15) = (16). Since every right S-act can be embedded in a cofree right
S-act, by the assumption, every right S-act is a subact of (G — PCP)
right S-act. By part (2) of Theorem 2.6, all right S-acts satisfy Condition
(G — PCP). It follows, by (1) of Theorem 2.7, that all right S-acts are
principally weakly flat. Thus by [10, IV, Theorem 6.6], S is regular.

(16) = (1). Suppose that Ag is a right S-act and as = d’s for s € S and
a,a’ € Ag. Since s is regular, there exists x € S such that s = sxs. Let
e = sx. Then ae = asr = a’sx = a’e and es = sxs = s. Thus Ag satisfies
Condition (G — PCP).

(16) = (7). Let x,y,s € S. Since S is regular there exists s’ € S such
that s = ss’s. Let u = ss’. Thus us = s and zup(xs, ys)yu. O

Theorem 3.2. The following statements are equivalent:

(1) All right S-acts satisfy Condition (G — PCP).

(2) All right S-acts satisfying Condition (E'P) satisfy Condition (G —
PCP).

(3) All right S-acts satisfying Condition (EP) satisfy Condition (G —
PCP).

(4) All right S-acts satisfying Condition (E') satisfy Condition (G—PCP).

(5) All right S-acts satisfying Condition (E) satisfy Condition (G—PCP).

(6) S is regular.
Proof. Implications (1) = (2) = (3) = (5) and (1) = (2) = (4) = (b) are
obvious because (E) = (EP) = (E'P) and (F) = (E') = (E'P).

(5) = (6). Let s € S. If s§ = S, then there exists z € S such that
sx = 1. Thus sxs = s, that is, s is regular. Let sS # S. Put
sS
A=S[] S={({lz)] 1eS\sS}UsSU{(ty)|teS\sS}

Indeed,

B={(l,z)|le S\sS}U sS=Ss={(t,y)|te S\sS}U sS=C,
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B and C are subacts of A which are generated by (1,z) and (1,y), respec-
tively. A is generated by (1,z) and (1,y) because A = B U C. By the
above isomorphisms, B and C' satisfy Condition (E) and so A satisfies Con-
dition (F). Thus, by assumption, A satisfy Condition (G — PCP). Then
(1,x)s = (1,y)s implies that there exist u,v € S such that us = vs = s
and (1,z)u = (1,y)v. Therefore u € sS and so there exists € S such that
u = sx. Hence s = us = sxs, that is, s is regular. Thus S is regular, as
required.

(4) = (1). This is true, by Theorem 3.1. O

By the proof of Theorem 3.2, we conclude that the above theorem is
true for finitely generated and generated by at most (exactly) two elements
right S-acts.

Theorem 3.3. The following statments are equivalent:

(1) All R-torsion free right S-acts satisfy Condition (G — PC'P).

(2) AllR-torsion free finitely generated right S-acts satisfy Condition (G—
PCP).

(3) All R-torsion free right S-acts generated by at most two elements sat-
isfy Condition (G — PCP).

(4) All R-torsion free right S-acts generated by exactly two elements sat-
isfy Condition (G — PCP).

(5) S is regular.

Proof. Implications (1) = (2) = (3) = (4) are obvious.
(4) = (5). Let s € S. If sS = S, then there exists z € S such that
sx = 1. Thus szrs = s and so s is regular. Let s§ # S. Put

A=SIIS={a)les\sS}UsSU{(t.y)| €S\ 5}

By the proof of part (5) = (6) of Theorem 3.2, A is an S-act which is
generated by exactly two different elements (1, ) and (1,y) and also satisfy
Condition (F). Every S-act satisfying Condition (F) is PR-torsion free,
(by [18, Proposition 1.2]). Thus A is fR-torsion free and so, by assumption,
satisfies Condition (G — PCP). Hence, by the proof of part (5) = (6) of
Theorem 3.2, s is regular. Therefore S is regular, as required.
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(5) = (1). Every R-torsion free S-act is principally weakly flat (by [18,
Theorem 4.5]). Since every regular monoid is left PP and so is left PSF,
principally weakly flat is equivalent to Condition (G — PCP) of right acts,
by part (2) of Theorem 2.7. Therefore every SR-torsion free S-act satisfies
Condition (G — PCP). O

Theorem 3.4. Let (U) be a property on S-acts such that implies Condition
(PWP) and Sg satisfies property (U). Then the following statments are
equivalent:

(1) All right S-acts satisfying property (U) satisfy Condition (G — PCP).

(2) All finitely generated right S-acts satisfying property (U) satisfy Con-
dition (G — PCP).

(3) All cyclic right S-acts satisfying property (U) satisfy Condition (G —
PCP).

(4) Sg satisfies Condition (G — PCP).
(5) S is left PCP.

Proof. Implications (1) = (2) = (3) are obvious.

(3) = (4). Sg is cyclic right S-act satisfies property (U). Thus by
assumption, Sg satisfies Condition (G — PCP).

(4) = (5). It follows by part (7) of Theorem 2.6.

(5) = (1). Suppose that Ag satisfies property (U). We show that Ag
satisfies Condition (G — PCP). Suppose that as = a’s for some s € S
and a,a’ € Ag. Since property (U) satisfies Condition (PW P), Ag satisfies
Condition (PWP) and so as = a's implies the existence of a” € Ag and
w1, wy € S such that a = a”’wq,ad’ = a"wy and wis = wos. Since S is left
PCP by assumption, the equality wis = was implies the existence of u,v €
S such that wju = wev and us = vs = s. Thus au = a"wiu = a”"wsv = a’v
and us = vs = s that is Ag satisfies Condition (G — PCP). O

Corollary 3.5. Let (U) be one of the following properties for acts over
monoids such as:

free, projective generator, projective, strongly flat, weakly pullback flat,
weakly kernel flat, principally weakly kernel flat, translation kernel flat, Con-
dition (W P), Condition (P), Condition (P'), Condition (PW P).

Then the following statments are equivalent:



14 H. Mohammadzadeh Saany, A. Zareh

(1) All right S-acts satisfying property (U) satisfy Condition (G — PCP).

(2) All finitely generated right S-acts satisfying property (U) satisfy Con-
dition (G — PCP).

(3) All cyclic right S-acts satisfying property (U) satisfy Condition (G —
PCP).

(4) Sg satisfies Condition (G — PCP).

(5) S is left PCP.

Proof. Since all properties mentioned in the statment of the corollary imply

Condition (PW P) and Sg satisfies these properties, by Theorem 3.4, the
result follows. O

Theorem 3.6. The following statments are equivalent:

(1) All torsion free right S-acts satisfy Condition (G — PCP).

(2) All torsion free finitely generated right S-acts satisfy Condition (G —
PCP).

(3) All torsion free cyclic right S-acts satisfy Condition (G — PCP).

(4) All torsion free right Rees factor acts of S satisfy Condition (G —
PCP).

(5) S is left almost regular.

Proof. Implications (1) = (2) = (3) = (4) are obvious.

(4) = (5). It follows from part (1) of Theorem 2.7 and [10, IV, Theorem
6.5].

(5) = (1). Assume that Ag is torsion free right S-act. Let as = a's
for a,a’ € Ag, s € S. Since s is left almost regular, there exist elements
75T 1y ey Tiny 81,82, .., Sy € S and right cancellable elements c1,...,¢p, € S
such that

S§1C1 = ST
52C2 = 5172

SmCm = Sm—1Tm
S = SmTsS
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we have:
§1C1 = ST'1 = Sm|TSr1 = SmTrS1C1 = S1 = SmTS1

and so
§9C2 = 8119 = S,T'S1T2 = SyT'S2C2 = S92 = ST'S2

By continuing this process, s; = s;,rs; for every 1 < i < m. Thus s, =
SmTSm. Equality as = a's implies asry = a’sry and so asic; = a’s1cq. Since
Ag is torsion free, as; = a’s1. Thus asiry = a’s1ro and so assca = a’sacs.
Again, since Ag is torsion free, ass = a’sy. By continuing this process,
QS = a'Sy,. Let e = s,,r. Thus ae = as,,r = a's,,r = a’e and es = s,,7s =

s. Hence Ag satisfies Condition (G — PCP). O
Theorem 3.7. The following statements are equivalent:

(1) All faithful right S-acts satisfy Condition (G — PCP).
(2) All faithful finitely generated right S-acts satisfy Condition (G—PCP).

(3) All faithful right S-acts generated by at most two elements satisfy Con-
dition (G — PCP).

(4) All faithful right S-acts generated by exactly two elements satisfy Con-
dition (G — PCP).

(5) S is regular.

Proof. Implications (1) = (2) = (3) = (4) are obvious.
(4) = (5). Let s € S. If sS = S, then there exists z € S such that

sS

st = 1. Thus sxs = s and so s is regular. Let sS # S. Put Ag = S]] S. By
the proof of part (5) = (6) of Theorem 3.2, Ag is an S-act which is generated
by exactly two different elements (1, z) and (1,y). Since Bs = Sg = Cg and
Sg is faithful, then Bg and Cg are faithful and so Ag is faithful, because
Ag = Bg U Cg. Thus by assumption, Ag satisfies Condition (G — PCP).
Hence, by the proof of part (5) = (6) of Theorem 3.2, s is regular. Therefore
S is regular, as required.

(5) = (1). All right S-acts satisfy Condition (G — PCP), by Theorem
3.1. Thus all faithful right S-acts satisfy Condition (G — PCP). O

Notation: C; (C) is the set of all left (right) cancellable elements of S.

Lemma 3.8. The following statements are equivalent:
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1
2) sS as a right S-act is strongly faithful, for every s € S.

(1) There exists at least one strongly faithful right S-act.
(2)
(3) S as a right S-act is strongly faithful.
(4)
(5)

4) sS C (Y, for some s € S.

5) S is left cancellative.

Proof. ITmplications (2) = (1), (5) = (4) and (3) = (1) are obvious.

(1) = (5). Let A be a strongly faithful right S-act and sl = st, for
s,l,t € S. Then asl = ast, for a € A. Since A is strongly faithful and
as € A, Il =t. Therefore S is left cancellative.

(5) = (3). Let S be left cancellative and sl = st, for [,t,s € S. By
assumption, [ =t and so Sy is strongly faithful, as an S-act.

(4) = (5). Let sS C (C}, for some s € S and rt = rl, for r,t,l € S. Then
(sr)t = (sr)l. By assumption, ¢ = [ and so S is left cancellative.

(5) = (2). Let skt = skl, for sk € sS and t,l € S. By assumption, ¢t = [
and so sS is strongly faithful as a right S-act. O

By the above lemma, for a monoid S there exists no strongly faithful
right S-act if and only if S is not left cancellative.

Theorem 3.9. The following statements are equivalent:

(1) All strongly faithful right S-acts satisfy Condition (G — PCP).

(2) All strongly faithful finitely generated right S-acts satisfy Condition
(G—PCP).

(3) All strongly faithful right S-acts generated by at most two elements
satisfy Condition (G — PCP).

(4) All strongly faithful right S-acts generated by exactly two elements
satisfy Condition (G — PCP).

(5) Fither S is not left cancellative or it is a group.

Proof. Implications (1) = (2) = (3) = (4) are obvious.

(4) = (5). If S is not left cancellative, then (5) is satisfied. Let S be left
cancellative and s € S. If s§ = 5, then there exists © € S such that sx = 1.
Thus sxs = s and so s is regular. Now let sS # S. Put
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A=STIS={(a)|leS\sS}U sSU {(t,y)] t € S\ 55},
We have

B={(l,z)|le S\sS}U sS=Ssg={(t,y)|t€ S\sS}U sS=C

and
A=< (1,2),(1,y) >=BUC.

Since S is left cancellative, Sg is strongly faithful, by Lemma 3.8. By the
above isomorphisms, B and C' are strongly faithful as subacts of A. Thus
A is strongly faithful. Since A is generated by two different elements (1, x)
and (1,y), by assumption, A satisfies Condition (G — PCP). By the proof
of part (5) = (6) of Theorem 3.2, s is regular and so S is regular. Thus for
every s € S there exists x € .S such that szs = s. Since S is left cancellative,
xs = 1. Thus every element in S has left inverse and so S is a group.

(5) = (1). If S is left cancellative, then there exists at least one strongly
faithful right S-act, by Lemma 3.8. Since S is a group, it is regular and so
(1) is satisfied, by Theorem 3.1. O

Lemma 3.10. Let p be a right congruence on S. Then the following state-
ments are equivalent:

(1) S/p is a strongly faithful cyclic right S-act.

(2) p=Ag and S is left cancellative.
Proof. (1) = (2). Since S/p is strongly faithful as a right S-act, there exists
at least one strongly faithful S-act. Hence S is left cancellative, by Lemma
3.8. Now let (s,t) € p, for s,t € S. Then [1],-s = [s], = [t], = [1],-t. Thus
s = t, since S/p is strongly faithful, and so p = Ag.

(2) = (1). S/p=S5/As = Sg. Since S is left cancellative, Sg = S/p is
strongly faithful, by Lemma 3.8. O

Theorem 3.11. The following statements are equivalent:

(1) Ewvery strongly faithful cyclic right S-act satisfies Condition (G—PCP).
(2) Either S is not left cancellative or it is left PCP.
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Proof. (1) = (2). If S is not left cancellative, then (2) is satisfied. Let S
be left cancellative. Then S, as a cyclic right S-act, is strongly faithful, by
Lemma 3.8. Thus, by assumption, Sg satisfies Condition (G — PCP) and
so S is left PCP, by part (7) of Theorem 2.6.

(2) = (1). If S is not left cancellative, then there exists no strongly
faithful right S-act, by Lemma 3.8. Thus (1) is satisfied. If S is left can-
cellative, then there exists at least one strongly faithful cyclic right S-act,
by Lemma 3.8. If S/p is a strongly faithful cyclic right S-act, then p = Ag,
by Lemma 3.10, and so S/p = Sg. By assumption, S is left PC'P and so
S/p = Sg satisfies Condition (G — PCP), by part (7) of Theorem 2.6. [

Theorem 3.12. The following statements are equivalent:

(1) There exists at least one strongly faithful cyclic right S-act satisfying
Condition (G — PCP).

(2) S is left cancellative and every strongly faithful cyclic right S-act sat-
isfies Condition (G — PCP).

(3) S is left cancellative and it is left PC'P.

Proof. (1) = (2). Since there exists at least one strongly faithful cyclic right
S-act, S is left cancellative, by Lemma 3.8. If S/p is a strongly faithful cyclic
right S-act satisfying Condition (G — PCP), then p = Ag, by Lemma 3.10.
Thus S/p = Sg satisfies Condition (G — PCP) and so S is left PCP, by
part (7) of Theorem 2.6. Therefore every strongly faithful cyclic right S-act
satisfies Condition (G — PCP), by Theorem 3.11.

(2) = (3). This is true, by Theorem 3.11.

(3) = (1). Since S is left cancellative, there exists at least one strongly
faithful cyclic right S-act, by Lemma 3.8. If S/p is a strongly faithful cyclic
right S-act, then p = Ag, by Lemma 3.10. Thus S/p = S/Ag = Sg. Since
S is left PCP, S/p = Sg satisfies Condition (G — PCP), by part (7) of
Theorem 2.6. O

Theorem 3.13. The following statements are equivalent:

(1) All right S-acts satisfying Condition (G—PCP) are (strongly) faithful.

(2) All finitely generated right S-acts satisfying Condition (G — PCP) are
(strongly) faithful.
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(3) All cyclic right S-acts satisfying Condition (G — PCP) are (strongly)
faithful.

(4) All right Rees factor acts of S satisfying Condition (G — PCP) are
(strongly) faithful.

(5) S = {1}.

Proof. Implications (1) = (2) = (3) = (4) are obvious.

(4) = (5). By part (1) of Theorem 2.6, ©g = S/Sg satisfies Condition
(G — PCP) and so by assumption ©g = S/Sg is (strongly) faithful. Thus
for every s,t € S, equality 0s = 0t implies s =t and so S = {1}.

(5) = (1). It is obvious. O

Theorem 3.14. The following statements are equivalent:

(1) All right Rees factor acts of S satisfying Condition (P) satisfy Con-
dition (G — PCP).

(2) All weakly pullback flat right Rees factor acts of S satisfy Condition
(G — PCP).

(3) All strongly flat right Rees factor acts of S satisfy Condition (G —
PCP).

(4) All projective right Rees factor acts of S satisfy Condition (G— PCP).

(5) All projective generator right Rees factor acts of S satisfy Condition
(G — PCP).

(6) All free right Rees factor acts of S satisfy Condition (G — PCP).
(7) FEither S does not contain a left zero or S is left PC'P.

Proof. By [10, III, Theorem 16.7, Proposition 17.5] and [13, Theorem 21],
we have projective = strongly flat < pullback flat = weakly pullback flat
= Condition (P). Also we have free = projective generator = projective.
Thus the implications (1) = (2) = (3) = (4) = (5) = (6) are obvious.

(6) = (7). Suppose that S contains a left zero element as z. Thus
Kg = zS = {z} is a right ideal of S and so S/Kg = Sg is free. By
assumption Sg satisfies Condition (G — PC'P) and so S is left PC'P by part
(7) of Theorem 2.6.

(7) = (1). Suppose K is a right ideal of S and S/ K g satisfies Condition
(P). We have the following cases:
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Case 1. If Kg = S then S/Kg = S/Sg = ©g. Thus S/Kg = Og
satisfies Condition (G — PCP) by part (1) of Theorem 2.6.

Case 2. If Kg # S then |Kg| = 1, by [10, III, Proposition 13.9].
Suppose z € Kg. Thus Kg = 2S5 = {z}, that is S has a left zero element
and so S is left PC'P monoid, by assumption. Thus S/Kg = Sg satisfies
Condition (G — PCP) by part (7) of Theorem 2.6. O

Theorem 3.15. The following statements are equivalent:

(1) All right S-acts satisfying Condition (G — PCP) are (projective-) gen-
erator.

(2) All finitely generated right S-acts satisfying Condition (G— PCP) are
(projective-) generator.

(3) All cyclic right S-acts satisfying Condition (G— PCP) are (projective-
) generator.

(4) All right Rees factor acts of S satisfying Condition (G — PCP) are
(projective-) generator.

(5) §={1}.
Proof. Implications (1) = (2) = (3) = (4) are obvious.

(4) = (5). The right S-act S/Sg = ©g satisfies Condition (G — PCP)
by part (1) of Theorem 2.6. Thus S/Ss = Og is generator, by assumption
and so there exists an epimorphism 7 : ©g — Sg by [10, II, Thorem 3.16],
that is S = {1}.

(5) = (1). It is obvious. O

Corollary 3.16. The following statements are equivalent:

(1) All right S-acts satisfying Condition (G — PCP) are free.

(2) All finitely generated right S-acts satisfying Condition (G — PCP) are
free.

(3) All cyclic right S-acts satisfying Condition (G — PCP) are free.

(4) All right Rees factor acts of S satisfying Condition (G — PCP) are

free.

(5) = {1}.
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Proof. Implications (1) = (2) = (3) = (4) are obvious.

(4) = (5). All right Rees factor S-acts satisfying Condition (G — PCP)
are generator. Thus S = {1} by Theorem 3.15.

(5) = (1). It is obvious. O

Theorem 3.17. The following statements are equivalent:

(1) All indecomposable right S-acts satisfy Condition (G — PCP).

(2) All indecomposable finitely generated right S-acts satisfy Condition
(G — PCP).

(3) All indecomposable finitely generated right S-acts by at most two ele-
ments satisfy Condition (G — PCP).

(4) All indecomposable right S-acts generated by exactly two elements sat-
isfy Condition (G — PCP).

(5) S is regular.
Proof. Implications (1) = (2) = (3) = (4) are obvious.

(4) = (5). Let s € S. If sS = S, then there exists z € S such that
sx = 1. Thus szrs = s and so s is regular. Let sS # S. Put

As=S1S={(la)| 1€ S\sS}UsS U{(ty)teS\sS).

By the proof of part (5) = (6) of Theorem 3.2, Ag is an S-act which is
generated by exactly two different elements (1,z) and (1,y) and also is
indecomposable. Thus by assumption, Ag satisfy Condition (G — PCP).
Hence, by the proof of part (5) = (6) of Theorem 3.2, s is regular. Therefore
S is regular, as required.

(5) = (1). By Theorem 3.1, the result follows. O

Theorem 3.18. The following statements are equivalent:

(1) All regular right Rees factor acts of S satisfy Condition (G — PC'P).
(2) If S is right PP and contains a left zero, then S is left PC'P.
Proof. (1) = (2). Let z € S be left zero element. Thus Kg = 25 = {z} and

so S/Kg = Sg. Since S is right PP, S/Kg = Sg is regular. By assumption,
S/Kg = Sg is (G—PCP) and so by part (7) of Theorem 2.6, is right PC'P.
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(2) = (1). Let Kg be a right ideal of S such that S/Kg is regular. we
have two cases:

case 1. If Kg = S, then S/Kg = S/Ss = Og satisfies Condition
(G — PCP), by part (1) of Theorem 2.6.

case 2. If Kg # S then |Kg| = 1 and S is right PP, by [10, III,
Proposition 19.6]. Suppose z € Kg. Thus Kg = 2S5 = {z}, that is S has
a left zero element and so S is left PC'P monoid, by assumption. Thus
S/Kg = Sg satisfies Condition (G — PCP) by part (7) of Theorem 2.6. [

Theorem 3.19. The following statements are equivalent:
(1) All (P)-regular right Rees factor acts of S satisfy Condition (G —
PCP).

(2) All strongly (P)-cyclic right Rees factor acts of S satisfy Condition
(G — PCP).

(3) If S is right PC'P and contains a left zero, then S is left PCP.

Proof. (1) < (3). By [5, Thorem 3.1], the proof is similar to that of Theorem
3.18.

(2) & (3). By [4, Thorem 3.1], the proof is similar to that of Theorem
3.18. O

Theorem 3.20. The following statements are equivalent:

(1) All torsionless right S-acts satisfy Condition (G — PCP).
(2) For every torsionless right S-act Ag we have:
(Va,d’ € Ag)(Vs € S)(as = a's = (Fu,v € S)(au = d'v Nus = s =
vs)).
(3) For every torsionless right S-act As we have:
(Va,a' € Ag)(Vs € S)(as =da's = (Ir € S)(ar = d'r A rs = s)).
(4) For every torsionless right S-act As we have:
(Va,a’ € Ag)(Vs € S)(as = d's = (3e € E(S))(ae = d'e A es = 3)).
(5) For every non-empty set I, Sk satisfies Condition (G — PCP).
(6) For every non-empty set I, Sk satisfies:
(Vs, i,y € Sy € I)((wi)rs = (yi)rs = (Fr € S)((@i)r = (yi)rr A
rs=s)).
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(7) For every non-empty set I, SL satisfies:
(Vs,xi,y; € Syi € I)((xi)1s = (yi)1s = (e € E(S))((zi)re = (yi)re A
es =s)).
(8) S5*¥ satisfies Condition (G — PCP).
9) (Vs,xij,y; € Syi €I =8 x8)(xi)rs = (yi)rs = (Fr € S)(zi)r =
(yi)ir Ars=s)).
(10) (Vs,z4,yi € Syi € I =8 x S)((z:)1s = (yi)1s = (e € E(5))((wi)1e =
(yi)re N\ es = s)).
(11) S s left PP.

Proof. Implications (6) = (9), (5) = (8), (7) = (10) = (9) = (8), (4) =
(3) = (2) and (7) = (6) = (5) are obvious.

(1) & (2). It follows by definition.

(2) = (5). Let I be a non-empty set. S% is torsionless, by [11, Proposi-
tion 2.6]. Thus S satisfies Condition (G — PCP).

(7) = (4). Obviously, if S, for any non-empty set I, satisfies (7), then
all subacts of S{ satisfies (7). Thus we have (4), by [11, Proposition 2.6].

(8) = (11). By part (1) of Theorem 2.7, S’gXS is principally weakly flat.
Let I = S x S and define f : Sg — SL by f(s) = (si)1, for all i € I} s; = s.
Clearly, f is S-monomorphism, and so Sg = Imf < S!. Since Sé = ngs
satisfies Condition (G — PCP), thus by (2) of Theorem 2.6, Imf satisfies
Condition (G — PCP) and so Sg satisfies Condition (G — PCP). Thus by
(7) of Theorem 2.6, S is left PCP. Since ngs is principally weakly flat,
by [16, Proposition 2.2], S%, for every non-empty set I, is principally weakly
flat. Thus S is left PP, by [17, Corollary 2.6].

(11) = (7). Let I be a non-empty set. Suppose (z;)7s = (y;)rs in SL.
Since S is left PP there exists e € E(S) such that kerps = kerpe. we have:

(xi)rs = (yi)rs = Vi € I,xis = yis = Vi € I, (x4,y;) € kerps = kerpe =

Vi€ I,x;e =ye,es =s = (z;)re = (yi)re,es = s.

Lemma 3.21. Let S # C,.. Then the following statements hold:

(1) I =S\ C, is a proper right ideal of S.
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(2) If S is left PSF, then the right ideal I = S\ C, satisfies Condition
(LU).

Proof. (1). Since S # Cr, and 1 € C,, 0 #1 C S. Leti € [ and s € S.
Then there exist I1,lo € S such that I; # Iy and [1i = loi. Thus l1is = lais.
If is € C}, then [; = I3, which is a contradiction. Therefore is € I and so [
is a proper right ideal of S, as required.

(2). Let i € I . Then i is not right cancellable. Thus there exist /1,1y € S
such that l; # ls and [13 = lsi. Since S is left PSF, there exists r € S sucht
hat lyr = lor and ri = i. If r ¢ I, then [y = lo, which is a contradiction.
Thus r € I and ri = i. Therefore [ satisfies Condition (LU). O

Theorem 3.22. Let (U) be a property on S-acts such that
Condition (G — PCP) = Property (U) = torsion free
Then the following statments are equivalent:

1) S is left PSF and property
2) S is left PSF and property

( U) implies PWKF'.
(2)

(3) S is left PSF and property
(4)

(5)

U) implies TKF.
U) implies Condition (PW P).
U) implies Codition (P’).

~ ~ —~

4) S is left PSF and property

5) S is right cancellative.

Proof. Implications (1) = (2) = (3) and (4) = (3) are obvious.
(3) = (5). Suppose that S is not right cancellative and take I = S\ C,.
By Lemma 3.21, I is a proper right ideal of S satisfies Condition (LU).
I

By [10, III, Proposition 12.19], A = S]][S is principally weakly flat. Since
I
S is left PSF, by (2) of Theorem 2.7, A = S]][S satisfies Condition (G —
I

PCP) and so satisfies property (U). By assumption, Ag = S[]S satisfies
Condition (PWP). Let i € I. Thus equality (1,x)i = (1,y): implies there
exist u,v € S and o € Ag such (1,z) = au, (1,y) = av and us = vs. The
equality (1,z) = au implies there exists [ € S'\ I such that o = (I, z) and so
(1,y) = av = (I, x)v, which is a contradiction. Thus S is right cancellative.

(5) = (1). Since S is right cancellative, S is left PSF. By [9, Lemma
3.13], torsion freeness and PW K F are equivalent. Thus property (U) im-
plies PWKEF.
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(5) = (4). Since S is right cancellative, S is left PSF. By [9, Lemma

3.13], torsion freeness and Condition (P’) are equivalent. Thus property
(U) implies Condition (P’). O

Notice that in the above theorem Property (U) can be replaced by G P-
flat,

G PW -flat, principal weakly flat and Condition (G — PCP).
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