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Abstract. This paper aims to redefine the concept of “continuity of a
function at a point” from a set-theoretic perspective, providing a sufficiently
flexible definition that encompasses the various forms of continuity found
in the mathematical literature. Let & and % denote families of subsets
of non-empty sets X and Y, respectively. We define an &7/-%-continuous
map and examine some algebraic properties of structures related to the set
Cler,22)(X,Y), which consists of all &/-Z%-continuous maps from X to Y.
Additionally, we show that C, ,,(X,Y) = C(X.,Y), where Y is an f-
ring and & is closed under finite intersections, and X, is a topological space
induced by (X, ).

1 Introduction

Continuity is a central concept in topology and its interaction with alge-
braic structures, particularly rings of continuous functions, has been a rich
source of research. Classical continuity is defined in terms of the open-set
structure of a topological space. It has been extended in many directions to
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capture finer structural and algebraic properties of function spaces. These
generalized notions of continuity often lead to new classes of rings and to
representation theorems connecting algebraic and topological structures.

Several variants of continuity have been introduced and studied in the lit-
erature, including super-continuity [20], strongly #-continuity [21], z-super-
continuity [16], F-supercontinuity [17], clopen continuity [22], e-continuity
[4], and R-supercontinuity [12]. These notions have played a significant
role in the study of algebraic and topological structures of rings of continu-
ous functions, particularly in representation theorems for zero-dimensional
spaces.

From a set-theoretic viewpoint, many of these notions can be unified by
replacing the topology with suitable families of subsets that serve as gener-
alized open sets. This approach allows one to study continuity in a purely
algebraic and lattice-theoretic framework, leading to a unified treatment of
topological and algebraic properties of function spaces.

The main purpose of this paper is to introduce and study the notion of
o -PB-continuity, which generalizes several existing concepts of continuity.
We investigate the associated algebraic structures, separation axioms, and
representation results for rings of .@7-%-continuous functions, and we estab-
lish conditions under which these rings are isomorphic to rings of continuous
functions on suitable topological spaces.

The paper is organized as follows. In Section 3, we develop generalized
interior and closure operators and study the lattice structure of .«7-regular
open and closed sets. In Section 4, we introduce &7 -%-continuous mappings
and investigate the algebraic properties of the ring C( 2)(X,Y), as well as
generalized separation axioms.

2 Preliminaries

We denote by R the set of all real numbers endowed with the Euclidean
topology. When X is a topological space, C'(X) refers to the ring of all
real-valued continuous functions, and the set of all open subsets of X is
denoted by O(X).

We recall from [6] that an f-ring is a lattice-ordered ring A, which
satisfies |ab| = |a||b| for every a,b € A. Also, a lattice-ordered ring A with
unit is called
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e strong if every a > 1 is invertible in A.

e bounded if, for each a € A, there exists an element n in N such that
la] < n.

e Archimedean if 0 < a,b and na < b for all natural n implies a = 0.

Let R be a lattice-ordered ring. We set
U(R) :={r: ris a unit element of R},

and
UT(R) :={r € U(R): 7 is a positive element of R}.

According to Csészar [7], a collection u C P(X) is a generalized topology
if ) € p and p is closed under arbitrary unions. Also, if p is a generalized
topology on X, then the pair (X, u) is called a generalized topological space
(also see [1, 2]). Let (X, u) and (Y, i) be two generalized topological spaces.
We recall from [7] that a map f: X — Y is said to be (u, u')-continuous if

fYV)epn forevery Vey.

3 Y-regular open sets and ¥-regular closed sets

In this section, ¥-open and ¥-closed subsets of a non-empty set X are de-
fined via a non-empty collection 4 C P(X). Also, ¥-interior and ¥-closure
operators are introduced to characterize ¥-regular-closed and ¥-regular-
open subsets, denoted as RC(x ) (X) and RO(X,¥). Then, we show that
(RO(X,9),C ) and (RC(Xyg)(X),Q ) are complete lattices. When ¢ is
closed under finite intersections, these become a complete distributive lat-
tice. In addition, when ¥ is a cover of X and has an empty intersection,
these two lattices become a complete Boolean algebra.

We adopt the convention that the intersection over an empty index fam-
ily of subsets of X equals X, and the corresponding union equals ().

Throughout this paper, we denote the topology generated by ¢4 C P(X)
on X with 7(X,¥) and denote the family of complements of elements of
2 C P(X) with 2¢:= {D°: D € 2}. Also, we define

T(x.9):={J2: 7 c9}.
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Therefore, To(X,¥) is a generalized topology on X. Clearly, ) € Ty(X,%9),
but X need not belong to 7o(X,9).

Definition 3.1. For every subset V of X, we put
o Fy = {A €¥9:.: AC V} and int(y )V 1= U Av.
ety ={FCX:X\Fe%andV CF} andclxsV =%
A subset V of X is called ¥-open (4-closed) in (X,9) if
V =intx o)V (V = clixg)V).

Example 3.2. Let X = {0,1,2,3}, with ¢ = {{0,1},{1,3},{2,3}}, be
given. If V' = {0, 1,2, 3}, then

Sy ={{0,1},{1,3},{2,3}} = | J A ={0,1,2,3} =V
= int(X,g)V =V
Therefore, there exists an %-open subset V of X such that V ¢ .

A similar argument shows that there exists a pair (X,%¥) together with
an ¢-closed subset V' C X whose complement X \ V fails to belong to ¢.

Remark 3.3. Let 4 C P(X) and Xy := [J¥ be given. Clearly, Xy is
the largest ¢-open set in the generalized topological space (X, 70(¥¢)), and
X \ Xp is the smallest ¥-closed set in (X,79(¥)). Now, if we take the
ambient space to be Xy, then 4 C P(Xj), and for any A C X, we have

° int(X,g) A= int(Xo,%)(A N Xo),

° Cl()gg) A=(X\ Xy U CI(XO,%) (AN Xp).
Proposition 3.4. The following statements are true for a subset V of X:

(1) V = jx\v and jV = CgX\V

(2) X \ Cl(Xw V = 1nt(X7g)(X \ V)
(3) X \int(x¢)V =clixg) (X \V).
(4) V =int(x g)clx @)V if and only if VC = cl(x @)int(x &) V.

Proof. 1t is evident that
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65 :={A: Ae¥and V C X\ A} = Fy\y and
ﬂ&::{X\A:Ae%andAQV}:%X\V.

Then
X eV = X\ = Ut = S
= int(x &) (X \'V)
and
X \int(xg)V =X\ =54 =\ 6x\v
= clxg) (X \V).

Also, we get V' = int(x ¢)cl(x 4V if and only if

clixg)int(x o)V = clix g (lixga)V)*
= (int(x @)clx@)V)*
=V

Let L be a poset. We recall from [13] that

e a projection operator (shortly projection) is an idempotent, monotone
self-map p: L — L.

e a closure operator is a projection c on L with 1 < c.

e a kernel operator is a projection k on L with k < 1.
Proposition 3.5. The following statements are true.

(1) The map clix.g)(V = clixg)V): P(X) = P(X) is a closure operator.
(2) The map int(x g (V — int(x o) V): P(X) — P(X) is a a kernel op-
erator.

(3) If AN B€Y for every A,B€Y, then for subsets V and W of X,

(a) Cl(ng)(V U W) = Cl(ng)V U Cl(ng)W
(b) int(Xg)(V N W) = int(Xg)V N int(Xg)W
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Proof. 1t is straightforward; we only prove (3)(a). Since, by our hypothesis,
X\ (FUK) € 9 for every (F,K) € 6y x 6w, we conclude that

{FUK: F €%y and K € 6w} C Cvuw,
which implies that

ixg)(VUW) C[({FUK: F €6y and K € Gy }
= Cl(X’g)VUCI(Xg)W

Also, by part (1), we have cl x4V Uclix o)W C cl(x4)(V UW). Hence,
Cl(Xg) (V U W) = Cl(Xg)V U Cl(Xg)W

O]

Example 3.6. Let X = {1,2,3} with ¢ = {{1},{3},{2,3}} be given.
Then

e clixg)(VUW) =clix gV UclxgW for every V,IW € P(X).

o int(x o) (VNW)=intxq)V Nintx )W for every V,W € P(X).

e ¢ is not closed under finite intersections.
Therefore, the converse of Proposition 3.5(3) is not true.
Proposition 3.7. The following statements are equivalent:

(1) To(X,¥9) is closed under finite intersections.

(2) GiNGe € To(X,9) for all G1,G2 €Y.

(3) ¥ is a base for a topology on |J¥ .

(4) To(X,9) =T (X0,9), where Xo =J¥9.

(5) int(xg)(ANB) =int(xg) ANintx ) B for all A,B C X.
(6) clix @) (AUB) =clixg)yAUclixg) B forall A,B C X.
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Proof. 1t is straightforward; we only prove (2) < (5). Let A, B € P(X) be
given. Since

int(ng) AN int(X’g) B = U FaN UfB
=/J{vnw: (v,W) e .74 x 75}
- U FAnB, by assumption (2)
= int(x 4 (AN B),
we conclude from Proposition 3.5(2) that

int(ng)(A NB) = iIlt(Xg) AN int(ng) B.

Therefore, (2) implies (5).
Conversely, suppose G1, G2 € 4. By assumption (5),

Gi1NGy = int(ng) G1 N int(Xg) G
= int(X7g)(G1 N GQ) € %(X,g)

Therefore, (5) implies (2). O

Proposition 3.8. The following statements are true for subsets V. and W
of X.

(1) int(X,g)CI(X,g)int(X,g)Cl(X,g)V = int(X7g)Cl(X7g)V.

(2) clxg)int(x g clxg)intx gV = cxg)intxs V.

(3) If ANB €Y for every A,B €9, and V is 4-open, then

° CI(X’g)(V NW) = CI(X’g) (V N Cl(Xg W)
° int(X,g)Cl(X,g)(V NW) = int(X7g)Cl(X7g)V N int(X’g)Cl(Xg)W

(4) If ANB €Y for every A,B€ ¥, andV is 9-closed, then

. int(Xg)(V Uw) = int(Xg) (V U int(X,g)W) .
° Cl(Xg)int(X,g)(V U W) = Cl(Xg)int(X,g)V U Cl(X,g)int(Xg)W.
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Proof. 1t is straightforward; we only prove (3). By Proposition 3.5, it follows
that
C](Xg)(v NW) C Cl(X,g)(V N Cl(Xg)W).

By our hypothesis, V = | #y, then for every F € €ynw, we have

VAW CF=VY0e S, WCFU(X\V)CFU(X\O)e¥*
= V0 € Sy, clixgyW CFU(X\ O)
= dxgyyWCFU [] (X\0)=FU(X\V)
Oe Sy
= VNncixgyWCF
= F € Gvrax oW

Hence,
g (V N elx gy W) = [ Gvne x.ow

< (%vow
= Cl(Xg) (Vnw).

Therefore, cl(x«)(V NW) = clx ) (V NeclixgW).

For convenience, we use the notation. A for clix gy A and A° for int x ) A
for every subset A C X. As a consequence Proposition 3.5, it follows that
(VW) C(V)°n(W)° and

(VAw)* = ((Vaw)")* = ((vam)°)
> (Vaw)*) = (V)
= (V) 2 (Vo))
= (V) n(w)’
Therefore, (VAW)" = (V)" n (W)". O

Definition 3.9. A subset V of X is called an ¥-regular-closed subset of X

if
V= Cl(X7g)int(X7g)V.
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Also, a subset V' of X is called ¥-regular-open if
V= int(X’g)Cl(Xg)V

The set of all ¥-regular-closed subsets of X is denoted by RC(X,¥), and
the set of all 4-regular-open subsets of X is denoted by RO(X,¥).

Proposition 3.10. The pair (RO(X,%), - ) 18 a complete lattice.

Proof. Let {Ax}rea € RO(X,9) be given. Let B € RO(X,¥) with Ay C B
for every A € A be given. Then (J,., A\ € B implies

int(X’g)Cl(ng) U Ay C int(X’g)Cl(ng)B = B,
AEA

and since A\ C int(xg)clx.g) Uren Ax for every A € A, we conclude that

int(X7g)Cl(X7g) U A)\ = \/ A/\ € RO(X,%)
AEA AEA

A similar argument shows that

int(ng)Cl(X’g) m A)\ = /\ A/\ € RO(X,%)
AEA AEA

Hence, the pair (RO(X, 9),C ) is a complete lattice. O

Proposition 3.11. Let &4 be closed under finite intersections. Then, the
following statements are true:

(1) The pair (RO(X,¥),C ) is a complete distributive lattice.

(2) IfVY =X and N9 =0, then (RO(X,¥),C ) is a complete Boolean
algebra and the complement of A is equal to int(x 4)A° for every A €
RO(X,9).

Proof. To facilitate writing, we put clx A = A and int x4 A = A° for
every A C X.
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(1) Let {A1, Az, A3} € RO(X,¥) be given. Then, by Proposition 3.8,
we get

(Al N Ag) vV (Al N Ag) = (Al N AQO) U (A1 N Ago)
— (Ailo mA720) U (A710 r_]14730)
= (Al M Ag) @] (Al M A3)O

Therefore, by Proposition 3.10, (RO(X ,9), C ) is a complete distributive
lattice.
(2) Let A € RO(X,¥) be given. Then, by Proposition 3.4,

(C9°)" = ((@)")7)" = (e

which implies that (A)° € RO(X,¥). Since A A (A°)° =0 and

we infer that the complement of A is equal to int(y 4)A°. Hence, by part
(1), (RO(X,9),C ) is a complete Boolean algebra. O

Example 3.12. Let X :={1,2,3,4,5,6}, and consider
@ .= {0, A, B,C, A°, B, C°, X},
where A :={1,2,4}, B :={3,4,5}, and C := {1,3,6}. Then

e RO(X,¥9)=1{0,A,B,C, A%, B¢,C° X}, and
e in the lattice (RO(X, 9),C ), we observe that

ANBVC)=A#0=(AANB)V(ANC).



Generalization of Continuity 11

Hence, the pair (RO(X ,9), C ) is not a complete distributive
lattice. Therefore, the condition “¥4 is closed under finite intersections”
is necessary in the Proposition 3.11.

Remark 3.13. Using a similar argument, we obtain

e the pair (RC(X,¥),C ) is a complete lattice.

o if ¥ is closed wunder finite intersections, then the pair
(RC(X,¥),C ) is a complete distributive lattice.

e if ¢4 is closed under finite intersections, /¥4 = X and A¥Y = 0,
then (RC (X,9),C ) is a complete Boolean algebra, and the comple-
ment of A is equal to cl(x 4)A° for every A € RC(X,9).

4  o/-%P-continuous maps

In this section, we first introduce 7-%-continuous mappings, and then we
show that if &7 is closed under finite intersections, then there exists a topo-
logical space X, such that

Cor(X,Y) = C(X,,Y).

In this section, X and Y denote non-empty sets, and &/ and % denote
non-empty families of subsets of X and Y, respectively.

Definition 4.1. A function f from X into Y is called «7-%-continuous map
in z € X if for every V € £ with f(x) € V, there exists an element U in &/
containing x such that f(U) C V. We say f is a o/-%-continuous from X
into Y if and only if f is &/-Z-continuous at each x € X. We denote the
set of all &7-Z-continuous maps from X into Y by C (X,Y).

(o, 28)

Example 4.2. Suppose that G is an abelian group. If o/ denotes the set
of cyclic subgroups of G and Z# denotes the set of subgroups of G, then
each group homomorphism f from G to G is an &/-%-continuous map. The
endomorphism ring of G' is a subset of C( 2)(G, G).

Example 4.3. The set
M(X,A) = {f eRY: VG € OR), f1(G) € A}
is a subset of C(7 om))(X,R) (see [5]).
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Proposition 4.4. The following conditions are equivalent for a function f
from X into Y:

(1) fe€C,, 4 (X,Y).
(2) There exists a subcollection € of o/ such that f=2(V) =€ for every
Ve

3) feC (X,Y).

(4) f € Comyen my(mn (X Y)-

(5) flclx,o)V) C cliy,z f(V) for subset V of X.

(6) CI(X ANITHU) C fHcly,z)U) for subset U of Y.
(1) [~ (lnt(ygg)U) - int(XM)f*l(U) for subset U of Y.

Proof. The equivalence of statements (1), (2), (3), and (4) follows directly.
Let us verify the remaining implications.

(4) = (5). Let G € # with f(V) CY \ G be given. By part (4), there
exists a subcollection € of &7 such that f~1(G) = [J %, which implies that

VCFIY\G) =Xx\f1G) = () (X\A4),
Ae¥

this entails that clix )V C f1(Y \ G), and so, f(clix»nV) C Y \G.
Therefore,

(To(),2)

felix,a)V) C cliy,z f(V).
(5) = (6). Let U be a subset of Y. Then, by part (5),

F(dix.onf 1 U)) € iy f(FHU)) € cliymU,

which gives cl(Xﬂ)f_l(U) - f_l(Cl(YVgg)U).
(6) = (7). Let U be a subset of Y. Then, by Part (6),
FH (intymU) = £ (Y \ (Y \inty,zU))

=X\ f7H(Y \ int(y,zU)
=X\ [T cly,z) (Y \U))
C X \cxof (Y \U)
= X\ clix,o (X \ F7HD))
= int(x o f~(U).
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(7) = (1). Let p € X with f(p) € U € & be given. Then, by part (7),

FHU) = 7 (intv,zU) Cintx o) f ' (U)
C fHU),
which gives
FHU) = int(x o) f(U)
=J{Aea: Ac s (U)},

and so, there exists an element A in &/ such that p € A and f(A) C U.
Hence, f € C X,Y). O

(ﬂﬁ%’)(

In this paper, we denote C< X,R) by C_(X).

W;O(R))(

Remark 4.5. It is evident that

o if #C F CP(Y), then C
o if 7 C & CP(X), then C

(X,Y)CC
(X,Y)CC

o (XY
(X,Y).

(,F)

(o ,98) (&,2)

Suppose that & is closed under finite intersections. If X is endowed with
the topology T (X, o), then the following statements are true:

o C(X)=C(X).
e The set Z_(X) := {Z(f): f € C,(X)} is closed under countable

intersection.

In what follows, the term f-ring refers to a commutative f-ring with
identity, and Y is assumed to be an Archimedean, strong, and bounded
f-ring.

For each (n,a) € N x Y, define

Vola) :={x €Y |z —a| <1/n}.
We recall from [6] that the collection By = {Vi,(a)}(n,q)enxy forms a base

for a uniform topology on Y. Henceforth, Y will denote an f-ring endowed
with this uniform topology.
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Remark 4.6. I would like to introduce this base in a more effective way
and further analyze the resulting topology. For each u € Ut (Y) and each
a €Y, define

Ny(a) ={z €Y : |z —a| < u}, B={Ny(a):ueUT(Y)}.
It is clear that By C B. We claim that
T(Bo) = T(B).

To prove this, it suffices to show that B C T (Bp). Let u € UT(Y) be fixed,
and suppose b € Ny(a). Then u — |a — b| > 0. Since Y is Archimedean,
there exists n € N such that n(u — |a — b|) > 1. Because Y is strong, we
have n € U(Y), and therefore

1
—<u—la—b|
n

To complete the proof of the claim, we show that Ny;,(b) C Ny(a).
Indeed, if x € Ny, (b), then

1
|x—a\§]m—b|+\a—b|<E—|-|a—b|<u—|a—b\+]a—b|:u,

which implies € Ny (a). Thus, T(By) = T(B).
Proposition 4.7. The following statements hold:

(1) UT(Y) is closed under addition.
(2) a+ Nu(b) = Ny(a+0) foralla,b€Y and allu e UT(Y).

(3) Ny(a) + Ny(b) = Nygo(a + b) for all a,b € Y and all
u,v € UT(Y).

(4) Addition is continuous; i.e., as a map Y XY —Y, it is continuous.
(5) Multiplication is continuous.
(6) Y is a topological ring.

Proof. (1) Let u,v € UT(Y). Then 1 +u tv > 1, s0 1+ u~ ' is invertible.
Hence u + v = u(1 + u~'v) is invertible, and thus u +v € U (Y).
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(2) Since
yE€a+ Nyb) < Jece Nyb), y=a+c
Sly—(a+b)|<u
Sy € Ny(a+b),
we conclude that a + Ny, (b) = Ny(a +b).
(3) First, we show N,(0) + N,(0) = Nyt4(0). Let a € N,(0) and
b € N,(0). Then clearly |a 4+ b| < |a| + |b] < u + v, i.e., a + b € Nyt,(0).
Thus N, (0) + Ny(0) € Nyty(0). Conversely, let ¢ € Ny14,(0). Clearly,

uc ve
<u, V.
u—+v u+v
Hence z = 25 € N, (0) and y = 55 € Ny(0), so

c=1z+y € Ny(0)+ Ny(0).

Thus Ny4+,(0) € N,(0) + Ny(0). Consequently, using part (2), for a,b € Y
and u,v € UT(Y),

Nu(a) + Ny(b) = a + Ny(0) + b+ Ny(0) = a + b+ Nuyo(0) = Nupola -+ b).

(4) Let ¢ : Y XY — Y denote addition, (a,b) € Y x Y, and let
N:(p(a,b)) = Nz(a + b) be a basic open set containing a + b. Setting
r =¢/2, it is easy to see that

@(Np(a) x Np(b)) = Ny(a) + Ny (b) € Ne(a + ).

(5) Let ¢ : Y x Y — Y denote multiplication, (a,b) € Y x Y, and let
N:(¢(a,b)) = N:(ab) be a basic open set containing ab. Let r = min(e/3,1).
Then there exist u,v € UT(Y) such that for all (x,y) € Ny(a) x N,(b),

|b—y|, |a—=x|, |a|]lb—1yl, |blla—2z| <.
Hence for all (z,y) € Ny(a) x N,(b),
2y — ab| = [(z —a)(y — b) + aly —b) + b(z — a)|
< |z —ally — bl + |ally — 0] + [b]|z — af
<3r=ce.

Thus ¢(Nu(a) X Nv(b)) = Nu(a)Nv(b) - Nf(ab)'
(6) This follows immediately from (4) and (5). O
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The collection Y of all functions from X into Y, equipped with point-
wise addition and multiplication,

(f+9)(@) = fl) +g(x),  (fo)(o):= flx)g(x),

forms a commutative ring with identity.
For each f € YX, define the zero set and cozero set by

Z(f)i={z e X : f() =0},  conl(f) = X\ Z(f).
Proposition 4.8. The following statements are true for f,g € YX:

(1) Z(f) CZ(f™) for every n € N.

(2) IfY is a semi-prime ring (i.e., y> = 0 implies y = 0 for everyy €Y ),
then Z(f) = Z(f") for every n € N.

(3) Z(f)UZ(g) € Z(f9)-

(4) IfY is an integral domain, then Z(f) U Z(g) = Z(fg).

(5)

5) Z(f)NZ(g) CZ(f +g)
(6) If f(x) > 0 and g(x) > 0 for every x € X, then Z(f)NZ(g) = Z(f+g).

Proof. The proof is quite straightforward. O

Proposition 4.9. If & is closed wunder finite intersections, then
C(W’O(Y))(X,Y) is a subring YX with unity element that contains all con-
stant functions from X into Y.

Proof. 1t is known that the intersection of the empty family of subsets of X
equals X. Therefore, X € o/ and for every yy € Y, the constant function

flx—y): X =Y

belongs to C( ov))(X,Y). Hence, C( 0y))(X,Y) contains all constant
functions from X into Y.

Suppose that f,g € C(@{,ow))(X?Y)' Let a € X and n € N be given.
Then, there are Agy,, Ba, € o such that a € As, N Bay, f(A2,) C Vo (f(a))
and g(Ba,) € Va, (g(a)). Since, by our hypothesis, As, N Bg, € &/ and

[(f+9) (@)= (F+9)(a)| < [f(z)=f(a)l+]g(x)—g(a)]
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for every x € As, N Ba,, we conclude that f + g € C(W,O(Y)) (X,Y).

Now, we show that fg € C, 5, (X,Y). Let a € X and n € N be
given. Since Y is a bounded f-ring, there exists an element m € N such
that

lg(a)| + 1+ [f(a)]] <m.
Then, there are Ay, Bymn, Dn € & such that a € A, N By N Dy,

f(Amn) € Viun (f(@)), 9(Bmn) C Vinn (9(a))
and g(D,,) C V,, (g(a)). Since, by our hypothesis, A;nn N B N D, € o7 and

[f9(x) = fg(a)| = [f(x)g(x) — fla)g(x)+
fla)g(z) = fla)g(a)]
< lg(@)[|f(z) = fla)[+

[f(a)llg(x) = g(a)|

< (@] + )= +1f(@)] -

< ((lg(@)l + 1)+ f(@)) -

lota)] +1+17(@|-—

IN

IN
S|

for every x € A N Bpn N Dy, we conclude that fg € C(d’o(y)) (X,Y). O

Proposition 4.9 is also true when Y is a metric ring (ring with absolute
value).

Throughout this paper, we denote C X,Y)by C,(X,Y).

(W,O(Y))(

Remark 4.10. Suppose that o7 is closed under finite intersections. If X is
endowed with the topology T(X, <), then C(X,Y) is a subring Y with
unity element.

Below, we present examples of the application of the previous proposi-
tion, as employed by researchers in different ways.

Example 4.11. Let (X,7) be a topological space. If & is one of the
following sets, then C_, (X,Y) is a subring YX with a unity element.
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(1) {intxclxG: G C X} (see [20]).

(2) {GeT:clxG €T} (see [4]).

(3) {G C X: G is aclopen subset of X} (see [22]).

(4) {G C X:Gisarq-openset of } (see [12]).

(5) {H C X:3{Gn}, o © 7 H = My intx (X \ Gn)} (see [17, 19]).
(6) {U € 1: Ve e UIf € C(X)(x € Z(f) CU)} (see [17, 19]).

(7) {Uer:Vz e UIF(X\Fer, x € FCU)} (see [18]).

Example 4.12. If &/ is a filter on set (P(X),C), then C,(X,Y) is a
subring YX with a unity element.

Example 4.13. If (X, .o/) is a measurable space, then C_(X,Y) is a sub-
ring Y~ with unity element (see [9-11, 15, 23]).

Proposition 4.14. The following statements are true.

(1) The function f:Y —Y given by f(x) = |z| is continuous.
(2) For every a €Y, Ta is closed.
(3) a € U(Y) if and only if |a| € U(Y).

Proof. (1) Since ||z| — |a|| < |x — a| for every a € R, this is immediate.

(2) Since addition is continuous, it suffices to show that 10 is closed.
Suppose {z,} is a sequence in 10 converging to a € Y. Because the absolute
value is continuous and the limit in this space is unique,

Tp —a = a= lim z, = lim |z,| = |q
n—oo n— oo
= a = |a| €10.

(3) Since Y is an f-ring, it is a sublattice of the direct product of com-
pletely ordered rings. Therefore, each element a € Y can be regarded as
a = (a;), where a; € R; and R; is a totally ordered ring for every i € I.
Hence |al is invertible if and only if |a;| is invertible in every factor; equiva-
lently, a is invertible. O



Generalization of Continuity 19

Lemma 4.15. The map ¢: Y — Y is defined by

o) = {x‘1 if |z > 1

ziffz| <1
18 continuous.
Proof. We set

e Ci:={zxeY:|z|<1}=]1NnT—-1, and

o Cy:={zxeY:|z|>1}=11U)—1.

Then, C7 and Cy are closed. First, consider the restriction of ¢ to C. For
all z € C, we have ¢(z) = x. This is the identity mapping, which is trivially
continuous with respect to the topology on Y.

Second, consider the restriction of ¢ to Cy. Let a € Cy and fix n € N.
If x € V;,(a) N Oy, then |x| > 1 and |a|] > 1. Hence [z} < 1 and |a7!| < 1.
Moreover,

|6(z) = ¢(a)| = [a7! —a!|

= |27 Ja— 2| [a~ |

<z —ad
1
< —.
n
Therefore, ¢ is continuous at a. By the Gluing Lemma, it follows that ¢ is
continuous. O

We recall from [8] that a commutative ring is called a Gelfand ring if for
every m € R, there exists a,b € R such that (1 —am)(1 — bmg) = 0, where
mog=1—m.

Proposition 4.16. If C./(X,Y) is a subring with unit of YX, then it is a
Gelfand ring.

Proof. Let f € Cy(X,Y) . We must find g,h € Cy(X,Y) such that
(1—gf)1 = hfo) = 0, where fo = 1 — f. Define ¢(z) = I for |z| > 1,
and ¢(z) = x otherwise. Now, we put g: = ¢o f and h: = ¢o fy. Then, by
Lemma 4.15, g,h € Cy(X,Y). By direct calculation, we can demonstrate
that (1 — gf)(1 — hfo) = 0, which implies that Cy/(X,Y) is a Gelfand
ring. O
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Definition 4.17. A set X together with & is called

LY T@‘y -set if and only if whenever x,y € X with x # y, there exist an
element G in &7 such that (zr € G and y ¢ G) or (y € G and = € G).

e a Ti‘y—set if and only if whenever x,y € X with z # y, there exist
G,H € o/ suchthat r e G\ H andy € H\ G.

L) TQ‘Q{—set if and only if whenever x,y € X with x # y, there exist
G,H € o such that z € G, and y € H and GN H = {).

Throughout this paper, we define

Qx::ﬂ{AG%:xeA}

for every x € X (see [3]).
Proposition 4.18. The following statements are true for (X, o).

1) For every a,b € X, Qq C Qp if and only if a € Q.

(1)
(2) X is a T{-set if and only if Qu = {x} for every z € X.
(3) If X is a T@Q{—set and x € Qy with x # vy, then y ¢ Q.
(4) For every (z,f) € X x C, , (X,Y), f(Qz) C Qfa)-
(5)

5) If of is closed under complement, then {Qm: x € X} s a partition of
X.

Proof. The proofs of (1), (2), and (3) are straightforward.

(4) Let (z,f) € X x C, 5 (X, Y)} be given. If f(z) € Y \ %, then
it immediately implies f(Qz) € Q) =Y. Now, suppose that there exists
B € # with f(z) € B. Since f € C, , (X, Y)}, there exists an element
A in o such that z € A and f(A) C B, which implies from @, C A that
f(Qz) € Q-

(5) Let t € Q;NQy be given. Then, by part (1), Q¢ € Q5. Suppose that
Q¢ C Q, then there is an element A in o/ such that t € A and = ¢ A, which
implies from our hypothesis that t ¢ X \ A € & and 2z € X \ A € &/, and
this is a contradiction to the fact that ¢t € Q,. Hence, Q, = Q; = @Q,. [

Proposition 4.19. Let (Y, %) be a T{-set. Then, the following statements
are true.
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(1) f is constant on Q, for every (z, f) € X X Clom (X,Y).

(2) If X AU, then C,,, ,(X.Y) = 0.

(3) If there exists an f € C, , (X,Y) such that f is one-to-one, then
Q. s singleton for every x € X.

(4) If o is closed under complement, then

Qm:{y € X: f(x)=f(y) for every f € C(d,@)(X’ Y)}

for every x € X.

Proof. (1) The proof of this case is obvious in view of Proposition 4.18(4).

(2) If |Y| = 1, it is evident. So we can assume |Y'| > 2, which implies
that Y =% If f€C, ,(X)Y)#0andz € X \J& and B € # with
f(z) € B, then there exists no set A € &/ containing x such that f(A) C B,
which is a contradiction.

(3) Suppose z1,x2 € Q4. Since f is constant on Q),, we have f(z1) =
f(z2). The injectivity of f implies that x; = x9. Hence @, is a singleton.

(4) If y € Qg, then, by part (1), f(z) = f(y) for each f € C, , (X,Y).
Conversely, suppose that y ¢ Q.. There exists an element U in </ such
that € U and y ¢ U. Define f as follows: f(t) = z for t € U, and
f(t) =y for t € U. Since, by our hypothesis, X \ U € &7, we conclude that
fedC (X,Y) and f(z) # f(y), completing the proof. O

(o,8)

Corollary 4.20. For every f € C_(X,Y),

Z(f): U Qz-
z€Z(f)

Proof. If y € Z(f), then y € Ua:eZ(f) @z, and conversely, if y € Uxez(f) Qz,
there exists an element = in X such that y € Q, and z € Z(f). By part (1)

of Proposition 4.19, f(y) = f(x) = 0. Consequently, y € Z(f). O

Proposition 4.21. The following statements are equivalent.

(1) Clap)(X,Y) #0.
(2) Y\UB#0 or X ={A.
(3) Crap)(X,Y) contains all constant functions.
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Proof. (1) = (2). Let f € C45)(X,Y) be given. We argue by contradic-
tion. Let us assume that z € X \ |JA and f(z) € V € B, then there exists
no set U € &/ containing x such that f(U) C V, which is a contradiction.
(2) & (3). Suppose f : (X, A) — (Y,B) a constant function. Then,
assuming that f(X) = {yo}, we have f € C(45)(X,Y) if and only if yo €
Y\UBor X =JA
(3) = (1). It is evident. O

Inspired by the construction presented in Section 3 of [3], we consider
the equivalence relation ~ on X given by x ~ y if and only if @, = @,
and use the corresponding equivalence classes to define a topological space
(X2, 72).

For each a € X, the equivalence class of a is given by

[a] = {IL‘ GX:Qx :Qa}'

The associated quotient set is denoted by X, := X/ ~. Finally, the col-
lection that we claim to be the family of all open sets of X, is defined as
follows:

T, 1= {VQXZ: UV:U‘K forsome‘fgﬂ}.

Now, if P,(z +— [z]): X — X, is the natural map, then
. ={VCX.: P7HV) € To()}.

In fact, one can say that this is the largest generalized topology on X, under
which P, is (To(«), T»)-continuous.

Proposition 4.22. Suppose &7 is closed under finite intersections. Then,
the following statements are true.

(1) The set T, is a topology on X..

(2) For every V C X. and every ¢ C o, Upjeylz] = U if and only if
V = {[ZL‘] x € U‘K} Especially, V € 7, if and only if there exists a
subcollection € of o such that V = {[z]: x € |J€}, and as a result
{{la]: a € A}}Aed is a base for T,.

(3) P, e C(.Aﬂ’z)(X?XZ)'
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(4) If o is closed under complement, then for every A € <f, the set
{[a] ta € A} is clopen in X, and especially, X, is a zero-dimensional
space.

(5) The topological space (X, T,) is a Ty space.

Proof. (1) The union over an empty indexed family of subsets of X equals
(), and therefore ) € 7. Since |JX, = X = 0 € &, we conclude that
X, € 1,. Every union of members of 7, belongs to .. Given H, K € 7.,
then there exist 4 C o/ and 2 C & such that |JH = Jgcy C and |JK =
Upeg D. Since X is a partition of X, we conclude that

{lzIN[y): (=], [y) € H x K}\ {0} € X..

Hence,

U lel= (Wn) =UJEnJK

[zleHNK ([].lyheHxK
= (CND)
(C,D)eEx T
and this entails that H N K € 7,. Therefore, 7, is a topology on X,.

(2) By definition of [a] we can infer that [a] C Q, C A for very a € A €
<. Hence, A = J,c4lal, which implies that A, := {[a]: a € A} € 7., and
this entails that (J% = U,¢j¢[2] for every ¢ C &/. Given V C X and
% C /. Since X, is a partition of X, we conclude that

Ubkl=Uee Ubl= Uk

[z]leV [z]leV zelJ¥€

@V:{x:weu%}.

The proofs of (3) and (4) are straightforward.

(5) Let [z] and [y] be two distinct elements of X .. By definition ~, we
have:

2] # [y] & Qz # Qy
© Qe LQyorQy L Qs
& JzeX (2€Q, and 2¢Qy) or Iz€ X (2€Qy and 2¢€ Q).
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Suppose that z € @, and z € Q. Then

Wed(xeV=z2€cV)and U € &/(y € Uand z ¢ U)
=VWed(z2¢gV=a¢V)and JU € &/(y € Uand z ¢ U)
=3JU € (y € Uand z ¢ U)

A similar argument shows that if z € Q, and z € @, then there exists an
element U in & such that © € U and y ¢ U. Therefore, the topological
space (X, 7,) is a Ty space. O

Proposition 4.23. Suppose o is closed under finite intersections. If X is
a Tf/—set, then X, is a T; space for i =1,2.

Proof. By proof of Proposition 4.22(2), we get A = J,c4la] for every A €
&/ . Accordingly, the proof is clear. O

Lemma 4.24. Let o be closed under finite intersections. If f € Coy(X,Y)
and f.([z] = f(z)): X. =Y, then f, € C(X.,Y).

Proof. Given a,b € X with [a] = [b], then @, = Qp, which implies from
Proposition 4.19 that f(a) = f(b) and this entails that f, is a function. Let
x € X and n € N be given. Then there exists an element A in & such that
f(A) C Vo (f(z)). Since, by proof of Proposition 4.22(2), A = |J,c4la], we
infer that [z] € {[a]: a € A} € 7. and

f2 ({la]: a € A}) = f(A) C Vi (f(2)).
Hence, f is continuous at every point of X,. O

Henceforth, we define f, as in Lemma 4.24 for every f€C,(X,Y) and
A, ={la]: a € A} forevery AC X. If 2 C P(X), then Upey D- = (U 2),
and (N 2), € Npeg D= Also, if  C o7, then (\pcy D. = ((12), and for
every Ac o/, (X \A),=X,\A4..

Proposition 4.25. If o is closed under finite intersections, then

Cor(X,Y) = C(X,,Y).
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Proof. We claim that the function
0(f— f.): Cy(X,)Y) = C(X,,Y)

is an isomorphism. It is clear that 6(f + ¢g) = 0(f) + 6(g) and 0(fg) =
0(f)0(g) for every f,g € Cy(X,Y). Let f € Cpy(X,Y) with 6(f) = 0 be
given. Then f(z) = f.([z]) = 0(f)([x]) = 0 for every x € X, which implies
that f = 0, and this entails that 0 is one-one. To complete the claim, we
must show that 6 is onto. To this end, let g € C(X,,Y). We consider the
function f(x — g([z])): X — Y. Fix x € X and choose an element n in
N. Then there exists G € 7, such that [z] € G and g(G) C V,(g([z])).
Since, by Proposition 4.22(2), there exists a subcollection ¢ of </ such that
z € Upeclt] =U% and G = {[t]: t € U¥€}, we conclude that there exists
an element A in o7 such that z € A and f(A) = g (4:) C 9(G) C Vy,(g([z])).
Hence, f € Cy(X,Y) and 0(f) = g. O

Let &7 be closed under finite intersections. Then, by Proposition 4.25
and [14, Theorem 3.9], there exists a completely regular Hausdorff space Z
such that Co/(X) = C(Z). Therefore, the algebraic properties of C'(X) may
be studied by working with weaker set-theoretic structures rather than the
topology.
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