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Exploring new upper and lower bounds
for the Aα-energy of graphs

Mainak Basunia∗ and Pratima Panigrahi

Abstract. Let G be a graph on n vertices and m edges. For α ∈ [0, 1],
the Aα-matrix of G is defined as Aα(G) = αD(G) + (1 − α)A(G), where
A(G) is the adjacency matrix and D(G) is the degree diagonal matrix of G.
If ρ1 ≥ ρ2 . . . ≥ ρn are the eigenvalues of Aα(G), the Aα-energy of G is de-
fined as EAα(G) =

∑n
i=1 |ρi −

2αm
n

|. In this paper, we present novel upper
and lower bounds for EAα(G) in terms of standard graph invariants, showing
that each bound is sharp and identifying the specific graphs attaining them.
For selected bounds, we provide brief comparative analysis with existing re-
sults, observing improved estimates. Furthermore, we establish new relations
between EAα(G) and other well known graph energies, including adjacency,
Laplacian, as well as the adjacency energy of the line graph.

1 Introduction

All graphs considered in this paper are simple, undirected and finite. Let
G = (V (G), E(G)) be a graph with vertex set V (G) and edge set E(G).
We denote the number of vertices (order) and edges (size) of G by n and m,
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respectively. The degree of the vertex v, denoted by dG(v), is the number
of its neighbors in G. The first Zagreb index of G, denoted by Z1(G), is the
sum of the squares of all vertex degrees.

The adjacency matrix A(G), of G, is the n×n symmetric matrix whose
(i, j)th entry is 1 if the ith and jth vertices are adjacent, and 0 otherwise. The
degree matrix D(G), of G, is the diagonal matrix of order n whose diagonal
entries are the vertex degrees. The Laplacian matrix and signless Laplacian
matrix of G are defined as L(G) = D(G)−A(G) and LS(G) = D(G)+A(G),
respectively. For any real α ∈ [0, 1], Nikiforov [20] introduced the Aα-matrix
of G as,

Aα(G) = αD(G) + (1− α)A(G), α ∈ [0, 1]. (1.1)

Notable special cases include Aα(G) = A(G) when α = 0, Aα(G) = 1
2LS(G)

when α = 1
2 , and Aα(G) = D(G) when α = 1. Related studies on the

properties and spectrum of the Aα-matrix can be found in [3, 16, 21].

Let M be a real symmetric matrix of order p. Its eigenvalues are real
and can be arranged as: λ1(M) ≥ λ2(M) ≥ . . . ≥ λp(M). The multiset
of all the eigenvalues of M is called the M -spectrum and is denoted by
spec(M). Furthermore, if λ1, λ2, . . . , λr are all the distinct eigenvalues of
M with corresponding multiplicities m1,m2, . . . ,mr, then the spectrum of

M is denoted by spec(M) = {λ[m1]
1 , λ

[m2]
2 , . . . , λ

[mr]
r }. For a graph G on

n vertices, we denote the spectra of A(G), L(G), LS(G) and Aα(G) by
γ1(G) ≥ γ2(G) ≥ . . . ≥ γn(G), µ1(G) ≥ µ2(G) ≥ . . . ≥ µn(G), q1(G) ≥
q2(G) ≥ . . . ≥ qn(G) and ρ1(G) ≥ ρ2(G) ≥ . . . ≥ ρn(G), respectively.
When there is no confusion regarding the underlying graph, we just write
the spectrum as γ1 ≥ γ2 ≥ . . . ≥ γn instead of γ1(G) ≥ γ2(G) ≥ . . . ≥ γn(G)

and so on. We also define S
(k)
Aα

(G) =
∑k

i=1 ρi, and denote its Laplacian and

signless Laplacian analogues by S
(k)
L (G) and S

(k)
LS

(G), respectively.

The notion of the energy E(G) of a graph G with n vertices and m
edges was introduced by Gutman [12] in connection with the π-molecular
energy. It is defined as E(G) =

∑n
i=i |γi|, whereas the Laplacian energy

EL(G) [14] and signless Laplacian energy ELS
(G) [1] are defined as EL(G) =∑n

i=1 |µi − 2m
n | and ELS

(G) =
∑n

i=1 |qi −
2m
n |, respectively. For 0 ≤ α ≤ 1,

the Aα-energy [11] of G , denoted by EAα(G), is defined as EAα(G) =∑n
i=1 |ρi −

2αm
n | =

∑n
i=1 ϑi, where ϑi = |ρi − 2αm

n | for i = 1, 2, . . . , n. From
this definition, it is clear that EA0(G) = E(G) and 2EA 1

2

(G) = ELS
(G)
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which shows that the Aα-energy unifies the theories of (adjacency) energy
and signless Laplacian energy of a graph. The study of EAα(G) is relatively
recent, with contributions in [5, 17, 23, 25].

This paper advances the study of Aα-energy by presenting new upper
and lower bounds for it, expressed predominantly in terms of fundamental
graph invariants, such as order, size, maximum/minimum degree and the
first Zagreb index. We discuss the novelty of these bounds, show that each
one is sharp, and identify the graphs achieving equality. For selected re-
sults, we conduct targeted numerical comparison with existing bounds in
the literature, highlighting notable improvements in estimation quality. Be-
yond these bounds, we establish new relations between EAα(G) and other
cornerstone graph energies, including adjacency energy, Laplacian energy,
and the adjacency energy of the corresponding line graph, thereby creat-
ing a broader and more unified framework for energy based graph analysis.
This contributions not only enrich the theoretical landscape but also serve,
to some extent, as practical tools in situations where direct computation is
difficult.

The remainder of the paper is organized as follows: Section 2 covers
preliminaries, basic notations and some relevant known results. Section 3
and 4 present our new upper and lower bounds for EAα(G), respectively.
Section 5 develops relationships between EAα(G) and other graph energies.
Equality characterizations are provided throughout Sections 3−5 whenever
possible.

2 Preliminaries

Throughout the remainder of this paper, while referring to a graph G, we
will assume that n, m, ∆, δ and Z1 denote the order, size, maximum degree,
minimum degree and the first Zagreb index of G, respectively, unless stated
otherwise. For 0 ≤ α ≤ 1, the Aα-spread of G, denoted by ΘAα(G), is
defined as the difference between the largest and smallest Aα-eigenvalues
of G, i.e. ΘAα(G) = ρ1 − ρn. The line graph of G, represented as L(G),
is the graph with V (L(G)) = E(G), and two vertices in L(G) are adjacent
precisely when their corresponding edges in G share a common endpoint.

We adopt the following notations for standard graph classes : Pk and Ck

denote the path and the cycle on k vertices each, respectively; Ka and Ka,b
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to denote the complete graph on a vertices and complete bipartite graph
having two partite sets of a and b vertices, respectively; Sa is the star graph
K1,a−1; Sa,b is the double star obtained by joining the centers of Sa+1 and
Sb+1; Wk is the wheel graph formed by joining an isolated vertex to Ck−1;
Lk is the ladder graph with k rungs, isomorphic to cartesian product of
Pk and K2; Bk is the book graph consisting of k copies of C4 sharing a
common edge; Fk to denote the friendship graph with k triangles sharing
one common vertex; and Ca,b (b ≤ a) is the comb graph obtained from Pa

by attaching b pendant vertices to b consecutive vertices of Pa starting from
one end.

In order to develop our main results, we rely on several foundational
tools from the literature, which we summarize below. For any matrix M ,
E(M) denotes the matrix energy of M , which is defined as the sum of its
singular values.

Lemma 2.1. [10] Given two real square matrices M and N of same order,
E(M + N) ≤ E(M) + E(N). Equality is satisfied only when there is an
orthogonal matrix P that guarantees that both the matrices PM and PN
are positive semidefinite.

Lemma 2.2. [10] If M is a symmetric matrix of order p, then E(M) =∑p
i=1 |λi(M)|.

Lemma 2.3. [9] For two symmetric matrices M and N of order p, we
have

∑k
i=1 λi(M +N) ≤

∑k
i=1 λi(M) +

∑k
i=1 λi(N), where 1 ≤ k ≤ p.

Lemma 2.4. [22] For a graph G, let σ denotes the greatest integer in [1, n]

satisfying ρσ ≥ 2αm
n . If 0 ≤ α < 1, then EAα(G) = 2S

(σ)
Aα

(G) − 4αmσ
n =

max
1≤k≤n

{
2S

(k)
Aα

(G)− 4αmk

n

}
.

Lemma 2.5. [19] If x1, x2, . . . , xp are real numbers such that
∑p

i=1 |xi| = 1

and
∑p

i=1 xi = 0, then
∣∣ p∑
i=1

aixi
∣∣ ≤ 1

2

(
max
1≤i≤p

ai− min
1≤i≤p

ai
)
, where a1, a2, . . . , ap

are real numbers.

Lemma 2.6. [24] If P and Q both are p × p Hermitian matrices with
R = P +Q, then

λi(R) ≤ λj(P ) + λi−j+1(Q), 1 ≤ j ≤ i ≤ p
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and λi(R) ≥ λj(P ) + λi−j+p(Q), 1 ≤ i ≤ j ≤ p.

Equality in each inequality is satisfied if and only if for each of the three
eigenvalues involved, there is a common eigenvector.

Lemma 2.7. [20] Let G be a connected graph with diameter d. If 0 ≤ α < 1,
then the number of distinct eigenvalues of Aα(G) is at least d+ 1.

Lemma 2.8. [18] Let G be a graph with n vertices and m edges. If 0 ≤
α ≤ 1, then

ΘAα(G) ≤
√

2α2Z1 + 4(1− α)2m− 8α2m2

n
.

Equality holds for G ∼= Kn
2
,n
2
.

3 Upper bounds for Aα-energy of a graph

We begin this section by obtaining an upper bound for EAα(G) that depends
solely on the number of vertices and edges, making it both elementary and
widely applicable.

Theorem 3.1. Let G be a graph on n ≥ 2 vertices. If 0 ≤ α < 1, then

EAα(G) ≤

{
4αm

(
1− 1

n

)
, if α ≥ n

2(n−1) .

2m
(
1− 2α

n

)
, if α < n

2(n−1) .
(3.1)

The graph K2 satisfies the equality for all α ∈ [0, 1).

Proof. We take V (G) = {v1, v2, . . . , vn}. Let G(e) be the spanning subgraph
of G containing only one edge e = {u, v}. If Aα(G(e)) = (aij) is the Aα-
matrix of G(e), then

aij =


α if vi = vj = u or vi = vj = v

1− α if vi = u, vj = v or vi = v, vj = u

0 otherwise.

It is easy to see that Aα(G) =
∑

e∈E(G)Aα(G(e)). From Lemma 2.2,

EAα(G) =
∑n

i=1 |ρi −
2αm
n | = E

(
Aα(G) − 2αm

n In
)
. Therefore EAα(G) =
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E
(∑

e∈E(G)Aα(G(e))− 2αm
n In

)
= E

(∑
e∈E(G)

[
Aα(G(e))− 2α

n In
])
. Applying

Lemma 2.1, we get EAα(G) ≤
∑

e∈E(G)

E
(
Aα(G(e)) − 2α

n In
)
. It is easy to see that for every e ∈ E(G), the spec-

trum of the matrix Aα(G(e)) − 2α
n In is

{
1− 2α

n , 2α− 1− 2α
n ,−2α

n

[n−2]}
.

Therefore EAα(G) ≤ m
[
|1 − 2α

n | + |2α − 1 − 2α
n | + |2αn |(n − 2)

]
, by using

Lemma 2.2. For 0 ≤ α < 1 and n ≥ 2, |1 − 2α
n | = (1 − 2α

n ), |2αn | = 2α
n and

|2α− 1− 2α
n | =

{
2α− 1− 2α

n , if α ≥ n
2(n−1)

−(2α− 1− 2α
n ), if α < n

2(n−1)

. Using these in the last inequality

and then simplifying it, we achieve the required bound.

To verify the equality case, we observe that n
2(n−1) = 2

2(2−1) = 1 for

K2, and since 0 ≤ α < 1, the right hand expression of (3.1) becomes
2m

(
1− 2α

n

)
= 2×1×(1− 2α

2 ) = 2(1−α). On the other hand, spec(Aα(K2)) =
{1, 2α− 1}, which yields EAα(K2) = 2(1−α). ThusK2 satisfies the equality
for all α ∈ [0, 1).

Remark 3.2. There is a well-established upper bound for the Aα-energy
of a graph [22, Theorem 2.6]. It shows that for 0 ≤ α < 1,

EAα(G) ≤

√√√√2(1− α)2mn+ α2n
n∑

i=1

(
di −

2m

n

)2
, (3.2)

where d1 ≥ d2 ≥ . . . ≥ dn is the degree sequence of the graph G. Com-
pared to (3.2), Theorem 3.1 provides an upper bound that relies on fewer
parameters, as it does not involve the degree sequence of the graph. More-
over, for various graphs like stars and double stars, numerical investigation
indicates that Theorem 3.1 yields better bound than (3.2). For example,
for the star graph S20 with α = 0.60, Theorem 3.1 gives an upper bound of
43.32, whereas (3.2) yields 48.35. Likewise, for the double star S12,21 with
α = 0.70, Theorem 3.1 provides an upper bounds of 92.48 compared with
98.56 from (3.2).

Next we present two lemmas on S
(k)
Aα

(G). Together they yield a sharp
upper bound for EAα(G), proved in the subsequent theorem. Throughout,

if k > n, we interpret S
(k)
Aα

(G) as S
(n)
Aα

(G).
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Lemma 3.3. Let G1, G2, . . . , Gl, l ≥ 1, be edge disjoint subgraphs of G with
E(G) =

⋃l
i=1E(Gi). Then for any 1

2 ≤ α < 1 and 1 ≤ k ≤ n,

S
(k)
Aα

(G) ≤
l∑

i=1

S
(k)
Aα

(Gi).

Proof. Let |V (Gi)| = ni, i = 1, 2, . . . , l. We construct the graph G′
i by

adding (n− ni) isolated vertices to the graph Gi. Then

S
(k)
Aα

(G) =
k∑

j=1

ρj(G) =
k∑

j=1

λj(Aα(G)) =
k∑

j=1

λj

( l∑
i=1

Aα(G
′
i)
)
.

Using Lemma 2.3, S
(k)
Aα

(G) ≤
∑l

i=1

∑k
j=1 λj(Aα(G

′
i)) =

∑l
i=1 S

(k)
Aα

(G′
i).

When 1
2 ≤ α < 1, the Aα-matrix for a graph is a positive semidefinite ma-

trix i.e., all the Aα-eigenvalues are non-negative. Then S
(k)
Aα

(G′
i) = S

(k)
Aα

(Gi),
i = 1, 2, . . . , l and hence the result follows.

Lemma 3.4. Let G be a graph. If 1
2 ≤ α < 1, then for k = 1, 2, . . . , n,

S
(k)
Aα

(G) ≤ 1
2

(
α(4m− 3∆ + 2k − 1) +

√
α2(∆ + 1)2 + 4∆(1− 2α)

)
−
⌊
1
k

⌋
(2α− 1)(m−∆).

Proof. Maximum degree of G is ∆, therefore K1,∆ is a subgraph of G.

Applying Lemma 3.3 on G, we have for 1
2 ≤ α < 1, S

(k)
Aα

(G) ≤ S
(k)
Aα

(K1,∆) +

(m−∆)S
(k)
Aα

(K2), k = 1, 2, . . . , n. From [20],

spec(Aα(K1,∆)) =
{1
2

(
α(∆ + 1) +

√
α2(∆ + 1)2 + 4∆(1− 2α)

)
,

α[∆−1],
1

2

(
α(∆ + 1)−

√
α2(∆ + 1)2 + 4∆(1− 2α)

)}
.

For k = 1, 2, . . . ,∆, S
(k)
Aα

(K1,∆) =
1
2

(
α(∆+1)+

√
α2(∆ + 1)2 + 4∆(1− 2α)

)
+

(k − 1)α, and for k = ∆+ 1,∆+ 2, . . . , n, we have

S
(k)
Aα

(K1,∆) ≤
1

2

(
α(∆ + 1) +

√
α2(∆ + 1)2 + 4∆(1− 2α)

)
+ (k − 1)α,
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because we know α ≥ 1
2

(
α(∆+1)−

√
α2(∆ + 1)2 + 4∆(1− 2α)

)
. Therefore

for any 1 ≤ k ≤ n and 1
2 ≤ α < 1, we have

S
(k)
Aα

(K1,∆) ≤
1

2

(
α(∆ + 1) +

√
α2(∆ + 1)2 + 4∆(1− 2α)

)
+ (k − 1)α.

Again from [20], we have spec(Aα(K2)) = {1, 2α− 1}. Thus S
(k)
Aα

(K2)

= 1 +
(
1 −

⌊
1
k

⌋ )
(2α − 1), k = 1, 2, . . . , n. Using this and the last relation

involving S
(k)
Aα

(K1,∆) into S
(k)
Aα

(G) ≤ S
(k)
Aα

(K1,∆) + (m−∆)S
(k)
Aα

(K2), we get

S
(k)
Aα

(G) ≤ 1
2

(
α(∆ + 1) +

√
α2(∆ + 1)2 + 4∆(1− 2α)

)
+ (k − 1)α + (m −

∆)
(
1 +

(
1 −

⌊
1
k

⌋ )
(2α − 1)

)
, 1

2 ≤ α < 1 and k = 1, 2, . . . , n. The result

follows from here just by rearranging the terms.

Theorem 3.5. Let G be a connected graph with n ≥ 2. If 1
2 < α < 1, then

EAα(G) ≤ α(4m− 3∆− 4m

n
+ 1) +

√
α2(∆ + 1)2 + 4(1− 2α)∆. (3.3)

Equality is satisfied if and only if G ∼= K1,n−1.

Proof. Using the upper bound for S
(σ)
Aα

(G) from Lemma 3.4 in the relation

EAα(G) = 2S
(σ)
Aα

(G)− 4αmσ
n (Lemma 2.4), for 1

2 < α < 1 we get

EAα(G) ≤ α(4m− 3∆ + 2σ − 1) +
√
α2(∆ + 1)2 + 4(1− 2α)∆− 2

⌊
1
σ

⌋
(2α− 1)(m−∆)− 4αmσ

n

= α(4m− 3∆− 1) +
√

α2(∆ + 1)2 + 4(1− 2α)∆− 2
⌊
1
σ

⌋
(2α− 1)(m−∆)− 2ασ(2mn − 1).

(3.4)

Note that σ ≥ 1. For 1
2 < α < 1, we have 2

⌊
1
σ

⌋
(2α − 1)(m − ∆) ≥ 0

as m ≥ ∆. Also, for a connected graph, m ≥ n − 1, and hence 2m ≥ n,
which implies 2ασ(2mn − 1) ≥ 0. Moreover 2ασ(2mn − 1) ≥ 2α(2mn − 1).
Substituting this along with 2

⌊
1
σ

⌋
(2α− 1)(m−∆) ≥ 0 in (3.4), we obtain

EAα(G) ≤ α(4m − 3∆ − 1) +
√
α2(∆ + 1)2 + 4(1− 2α)∆ − 2α

(
2m
n − 1

)
=

α(4m− 3∆− 4m
n + 1) +

√
α2(∆ + 1)2 + 4(1− 2α)∆.

Next we verify the equality condition. Consider the star graph K1,n−1,
where m = ∆ = n − 1. Substituting these into (3.3), the right hand side
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becomes α
(
n−4+ 4

n

)
+
√
α2n2 + 4(1− 2α)(n− 1). From [20], the spectrum

of Aα(K1,n−1) is:{1

2

(
αn+

√
α2n2 + 4(1− 2α)(n− 1)

)
, α[n−2],

1

2

(
αn−

√
α2n2 + 4(1− 2α)(n− 1)

)}
.

Applying this and 2αm
n = 2α − 2α

n into EAα(K1,n−1) =
∑n

i=1

∣∣ρi(K1,n−1)−
2αm
n

∣∣ lead us to obtain EAα(K1,n−1) = α
(
n − 4 + 4

n

)
+√

α2n2 + 4(1− 2α)(n− 1). Thus K1,n−1 satisfies the equality for any 1
2 <

α < 1.
Now consider the reverse direction. We assume that a connected graph

G∗ satisfies the equality in (3.3). Therefore

EAα(G
∗) = α(4m− 3∆− 4m

n + 1) +
√

α2(∆ + 1)2 + 4(1− 2α)∆

= α(4m− 3∆− 1) +
√

α2(∆ + 1)2 + 4(1− 2α)∆− 2α
(
2m
n − 1

)
.

(3.5)

G∗ satisfies (3.4) also. If (3.4) and (3.5) both hold simultaneously for G∗,
then G∗ must satisfy σ = 1 and 2

⌊
1
σ

⌋
(2α − 1)(m − ∆) = 0 both. Since

1
2 < α < 1, this implies m = ∆ for G∗. If d1 ≥ d2 ≥ . . . ≥ dn is the degree
sequence of G∗, then 2m =

∑n
i=1 di = ∆+

∑n
i=2 di. As m = ∆, it becomes

∆ =
∑n

i=2 di. Since G∗ is connected, each di ≥ 1 for i = 2, 3, . . . , n. So
∆ ≥

∑n
i=2 1, giving ∆ ≥ n − 1. On the other hand, in any graph, the

maximum degree ∆ ≤ n − 1. Hence ∆ = n − 1, and so n − 1 =
∑n

i=2 di,
which is the sum of n− 1 positive integers, each at least 1. This forces the
degree sequence of connected graph G∗ to be {n − 1, 1, 1, . . . , 1}, implying
that K1,n−1 becomes the only candidate for G∗.

Thus, equality holds in (3.3) if and only ifG ∼= K1,n−1, for any α ∈ (12 , 1),
which completes the proof.

4 Lower bounds for Aα-energy of a graph

This section presents two new analytic lower bounds for the Aα-energy of
a graph. Both bounds are obtained via spectral relations combined with
classical inequality techniques. We begin with Theorem 4.1, which is exact
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for certain extremal families and forms the basis for a detailed comparative
analysis with known bounds from the literature.

Theorem 4.1. Let 0 ≤ α < 1. Then for a graph G,

EAα(G) ≥ 2

ΘAα(G)

[
α2Z1 + 2(1− α)2m− 4α2m2

n

]
. (4.1)

The equality holds for the graphs Kn and Kn
2
,n
2
.

Proof. For 0 ≤ α < 1, let us consider ai = ρi and xi =
ρi− 2αm

n∑n
i=1 |ρi−

2αm
n

| ,

i = 1, 2, . . . , n. Then
∑n

i=1 xi =
∑n

i=1(ρi−
2αm
n

)∑n
i=1 |ρi−

2αm
n

| = 2αm−2αm∑n
i=1 |ρi−

2αm
n

| = 0 and∑n
i=1 |xi| =

∑n
i=1 |ρi−

2αm
n

|∑n
i=1 |ρi−

2αm
n

| = 1. Now applying Lemma 2.5, we get

∣∣∣ n∑
i=1

ρi(ρi − 2αm
n )∑n

i=1 |ρi −
2αm
n |

∣∣∣ ≤ 1

2

(
max
1≤i≤n

ρi − min
1≤i≤n

ρi

)
=

1

2
(ρ1 − ρn)

that is, 1
EAα (G)

∣∣∑n
i=1 ρi

2− 2αm
n

∑n
i=1 ρi

∣∣ ≤ 1
2ΘAα(G). Applying

∑n
i=1 ρi

2 =

α2Z1 + 2(1 − α)2m and
∑n

i=1 ρi = 2αm from [20], we get EAα(G) ≥
2

ΘAα (G)

∣∣α2
(
Z1 − 4m2

n

)
+ 2(1 − α)2m

∣∣. We know from [8] that Z1 ≥ 4m2

n

with equality if and only if G is regular. Thus, the quantity inside the mod-
ulus sign being positive, we can remove the modulus and get the required
inequality.

To prove the equality, we know from [20] that spec(Aα(Kn)) =
{
n −

1, αn− 1[n−1]
}
and spec

(
Aα

(
Kn

2
,n
2

))
=

{
n
2 ,

αn
2

[n−2], αn − n
2

}
. Using these

information, it can be easily seen that the graphs Kn and Kn
2
,n
2
satisfy the

desired equality.

In Remark 4.3 below, we discuss the strength and effectiveness of our
result given in Theorem 4.1, in comparison with the lower bounds due to
Zhou et al. [25, Theorem 1.1 and Theorem 1.2], which are stated as follows:

Lemma 4.2. [25] Let G be graph and 1
2 ≤ α < 1. For ρ1 ≥ ρ2 ≥ . . . ≥ ρn as

eigenvalues of Aα(G), we write ϑi = |ρi− 2αm
n | for i = 1, 2, . . . , n. Arranging

the ϑi’s in non decreasing order, we rename them as ξ1 ≥ ξ2 ≥ . . . ≥ ξn ≥ 0.
Then
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(a) If ξn > 0, EAα(G) ≥ 2
√[

α2Z1 + 2(1− α)2m− 4α2m2

n

]
n·

√
ξ1ξn

ξ1+ξn
. Equal-

ity holds if and only if G ∼= n
2K2 or gK 2m

n
+1

⋃
h(K 2m

n
+1, 2m

n
+1 \ F ), where g and h are some non-negative integers,

2m
n ≥ 2 is an integer, and F is a perfect matching of K 2m

n
+1, 2m

n
+1.

(b) If ξn = 0, EAα(G) ≥ α2Z1+2(1−α)2m− 4α2m2

n
ξ1

. Equality holds if and only
if G ∼= Kn

2
,n
2
.

Remark 4.3. Compared to Lemma 4.2, Theorem 4.1 has several structural
advantages: it is valid for the entire range 0 ≤ α < 1, has a single unified
formula with no branch conditions, and in terms of spectral quantity, it
depends only on the Aα-spectral spread ΘAα(G) (requiring just ρ1 and ρn).
In contrast, Lemma 4.2 applies only for 1

2 ≤ α < 1, has separate cases
for ξn ≥ 0 and ξn = 0, and requires the computation and ordering of
all deviation terms to identify ξ1 and ξn. These features make our result
easier to apply and more broadly applicable. Moreover, we conducted a
numerical investigation over diverse graph families, a glimpse of which is
shown in Table 1. It has been observed that in most of the cases the bound
in Theorem 4.1 outperforms that in Lemma 4.2, especially for large and
irregular graphs.

Graph α Theorem 4.1 Bound Lemma 4.2 Bound Better Bound

S4 0.50 2.25 2.24 Theorem 4.1
F3 0.60 4.89 2.20 Theorem 4.1
C9 0.70 2.78 2.71 Theorem 4.1
B4 0.80 7.00 6.43 Theorem 4.1
P10 0.90 2.68 0.76 Theorem 4.1

Table 1: Numerical comparison of our result (Theorem 4.1) and Lemma 4.2
for different graphs and α values.

In addition, several other lower bounds from the literature such as The-
orem 3.3 from [22] were also tested numerically against Theorem 4.1. Not
only did they fail to outperform our bound in most of the cases, but in many
instances they even underperformed relative to Lemma 4.2 itself. This re-
inforces the strength, versatility, and competitiveness of Theorem 4.1 as a
reliable lower bound for the Aα-energy.

The next result directly follows from Theorem 4.1 upon substituting
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the Aα-spectral spread ΘAα(G) by its upper bound in terms of basic graph
invariants given in Lemma 2.8. While this substitution renders the bound
more computationally convenient, it comes at the cost of some sharpness
compared to the original form in Theorem 4.1.

Corollary 4.4. Let 0 ≤ α < 1. Then for a graph G,

EAα(G) ≥
√

2α2Z1 + 4(1− α)2m− 8α2m2

n
.

Equality holds for G ∼= Kn
2
,n
2
.

Next we establish an alternative bound which retains sharpness for sev-
eral extremal graph classes.

Theorem 4.5. Let G be a connected graph. Then

(a) If 0 ≤ α ≤ 1
2 , then EAα(G) ≥ 2

[ (1−α)Z1

m − 2αm
n +(2α− 1)∆

]
. Equality

holds for the graphs Kn and Kn
2
,n
2
for all 0 ≤ α ≤ 1

2 , and K1,n−1 for

α = 1
2 .

(b) If 1
2 < α < 1, then EAα(G) ≥ 2αZ1

m + 4(1−3α)m
n . Equality holds for the

graphs Kn and Kn
2
,n
2
for all 1

2 < α < 1.

Proof. (a) From [2], we have ρ1(G) ≥ (1 − α)q1(G) + (2α − 1)∆ for 0 ≤
α ≤ 1

2 . It is known [13] that q1(G) = 2 + γ1(L(G)), where L(G) is the
line graph of G. From [20], we know that for any graph G, γ1(G) ≥ 2m

n .

Therefore for the graph L(G), we get γ1(L(G)) ≥ 2×|E(L(G))|
|V (L(G))| = Z1−2m

m .

Therefore q1(G) ≥ 2 + Z1−2m
m and using this, from above we get ρ1(G) ≥

(1 − α)
(
2 + Z1−2m

m

)
+ (2α − 1)∆ = (1−α)Z1

m + (2α − 1)∆. From Lemma

2.4, EAα(G) = max
1≤k≤n

{
2S

(k)
Aα

(G)− 4αmk

n

}
≥ 2S

(1)
Aα

(G) − 4αm
n = 2

[
ρ1(G) − 2αm

n

]
≥

2
[ (1−α)Z1

m + (2α − 1)∆ − 2αm
n

]
, the last inequality comes after using the

lower bound for ρ1(G) we obtained.
To talk about the equality cases, using

spec(Aα(Kn)) =
{
n− 1, αn− 1[n−1]

}
,
2αm

n
= α(n− 1),

we observe that EAα(Kn) = |n − 1 − α(n − 1)| + (n − 1)|αn − 1 − α(n −
1)| = 2(1 − α)(n − 1), while using Z1 = n(n − 1)2 and ∆ = n − 1 for
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Kn, the right hand side becomes 2
[
(1−α)n(n−1)2

n(n−1)
2

− 2αn(n−1)
2n + (2α − 1)(n −

1)
]
, simplifying which gives 2(1 − α)(n − 1), same as EAα(Kn). Thus

Kn satisfies the equality for 0 ≤ α ≤ 1
2 . Similarly for the graph Kn

2
,n
2
,

using spec(Aα(Kn
2
,n
2
)) =

{
n
2 ,

αn
2

[n−2], αn − n
2

}
and 2αm

n = αn
2 , we get

EAα(Kn
2
,n
2
) = |n2 −

αn
2 |+(n− 2)|αn2 − αn

2 |+ |αn− n
2 −

αn
2 | = (1−α)n. Also,

Z1 =
n3

4 and ∆ = n
2 make the right hand side 2

[ (1−α)n
3

4
n2

4

− 2αn2

4
n +(2α−1)n2

]
,

after simplification which turns out to become (1 − α)n. Hence Kn
2
,n
2

too satisfies the equality for 0 ≤ α ≤ 1
2 . For the star K1,n−1, we use

spec(Aα(K1,n−1)) =
{
1
2

(
αn +

√
α2n2 + 4(1− 2α)(n− 1)

)
, α[n−2], 12

(
αn −√

α2n2 + 4(1− 2α)(n− 1)
)}

, 2αm
n = 2α(n−1)

n , Z1 = (n − 1)2 + (n − 1) and
∆ = n−1 particularly for α = 1

2 , and similar to as we did for Kn and Kn
2
,n
2
,

eventually we obtain that EA 1
2

(K1,n−1) = right hand side quantity of the

inequality = n−2+ n
2 . Thus the equality holds for K1,n−1 too, when α = 1

2 .

(b) Let 1
2 < α < 1. Then from [2], ρ1(G) ≥ αq1(G) + (1 − 2α)γ1(G).

As seen in the proof of part 4, q1(G) ≥ 2 + Z1−2m
m and γ1(G) ≥ 2m

n . Using

these, the first inequality produces ρ1(G) ≥ α
(
2+ Z1−2m

m

)
+(1−2α)× 2m

n =
αZ1
m + 2(1−2α)m

n . By plugging this into EAα(G) ≥ 2
[
ρ1(G) − 2αm

n

]
, we are

able to obtain the desired inequality.

The equality cases follow in the manner similar to that of part (a).

5 Relations between Aα-energy and other graph energies as-
sociated with a graph

This section demonstrates how EAα(G) is related to other graph energies,
like E(G), EL(G), as well as E(L(G)). We begin with the following relation.

Theorem 5.1. If G is a connected graph with n ≥ 2 and ζ is the adjacency
rank of G, then for 1

2 ≤ α < 1,

EAα(G) + αEL(G) ≥ 2E(G)− 4αmζ

n
. (5.1)

Equality holds if and only if α = 1
2 and G ∼= Kn

2
,n
2
.
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Proof. Let ζ+ and ζ− be the numbers of the positive and the negative
eigenvalues (including multiplicities) of A(G), respectively. Therefore 1 ≤
ζ+ ≤ n− 1, 1 ≤ ζ− ≤ n− 1 and ζ = ζ+ + ζ−. From Lemma 2.4,

EAα(G) = max
1≤k≤n

{
2S

(k)
Aα

(G)− 4αmk

n

}
≥ 2

ζ+∑
i=1

ρi −
4αmζ+

n
(5.2)

Analogous to Lemma 2.4, for EL(G), it is a well known result from [6] that

EL(G) = max
1≤k≤n

{
2

k∑
i=1

µi −
4mk

n

}
. Putting k = ζ−,

EL(G) ≥ 2
∑ζ−

i=1 µi − 4mζ−

n . (5.3)

Now Aα(G) = αD(G)+(1−α)A(G) = α
(
D(G)−A(G)

)
+A(G) = αL(G)+

A(G). Applying Lemma 2.6, we get ρn ≤ αµi + γn−i+1, 1 ≤ i ≤ n and
ρi ≥ αµn + γi, 1 ≤ i ≤ n. We know that µn = 0 and since for 1

2 ≤ α < 1,
Aα(G) is a positive semidefinite matrix, ρn ≥ 0. Therefore from the above
inequalities, for 1

2 ≤ α < 1, we get

αµi ≥ −γn−i+1, 1 ≤ i ≤ n (5.4)

and ρi ≥ γi, 1 ≤ i ≤ n. (5.5)

Using (5.5) in (5.2), we get EAα(G) ≥ 2
∑ζ+

i=1 γi −
4αmζ+

n , 1
2 ≤ α < 1 and

using (5.4) in (5.3), we get αEL(G) ≥ −2
∑ζ−

i=1 γn−i+1 − 4αmζ−

n , 1
2 ≤ α < 1.

Adding these two inequalities, for 1
2 ≤ α < 1. we get EAα(G) + αEL(G) ≥

2
[∑ζ+

i=1 γi−
∑ζ−

j=1 γn−j+1

]
− 4αm

n (ζ++ζ−) = 2
[∑ζ+

i=1 |γi|+
∑ζ−

j=1 |γn−j+1|
]
−

4αmζ
n = 2E(G)− 4αmζ

n . Thus we get the required inequality.

Now we discuss the equality of (5.1). Putting α = 1
2 in (5.1), for a

bipartite graph G, we get EA 1
2

(G)+ 1
2ELS

(G) ≥ 2E(G)− 2mζ
n , as the signless

Laplacian spectrum and the Laplacian spectrum of a bipartite graph are
identical. Therefore 4EA 1

2

(G) ≥ 4E(G) − 4mζ
n . Now Kn

2
,n
2
is a bipartite

graph. Using spec
(
Aα

(
Kn

2
,n
2

))
=

{
n
2 ,

αn
2

[n−2], αn− n
2

}
for α = 0, 12 , we can

easily verify that the equality is true for G ∼= Kn
2
,n
2
. Conversely let the

equality be hold for a connected graph G and for some α (12 ≤ α < 1).
Then the inequalities in (5.4) and (5.5) become equality:

αµi = −γn−i+1 for 1 ≤ i ≤ ζ− (5.6)
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and ρi = γi for 1 ≤ i ≤ ζ+. (5.7)

From (5.7), we get ρ1 = γ1 = γ (say). We get from [20] that if G is
a connected graph with ρ1 = γ1, then G is γ1-regular. Therefore G is
a connected γ-regular graph. Since L(G) = γIn − A(G), we have µi =
γ−γn−i+1, 1 ≤ i ≤ n. In particular µ1 = γ−γn. Also from (5.6), αµ1 = −γn.
Combining these two relation, we get α(γ − γn) = −γn, i.e. γn = − α

1−αγ.

This gives |γn| ≥ γ, because α
1−α ≥ 1 when 1

2 ≤ α < 1. But |γn| can
not be greater than the spectral radius γ according to Perron-Frobenius
theorem [15], so |γn| = γ, i.e. γn = −γ and α = 1

2 . γn = −γ = −γ1
implies that G is bipartite (from [4]). Also as we have already seen that G
is regular, each partite set of G is equal in size, and the order n is even. If
G is any connected bipartite graph other than Kn

2
,n
2
satisfying the above

conditions, then it has diameter at least 3. Applying Lemma 2.7 for α = 0,
we can say that G has at least 3 + 1 i.e. 4 distinct adjacency eigenvalues,
which indicates ζ+, ζ− ≥ 2 as adjacency eigenvalues are symmetrical about
origin for a bipartite graph. So (5.6) and (5.7) hold for i = 2. As it is
already proved that α = 1

2 is necessary for the equality, so putting α = 1
2

and i = 2 in (5.6), we get µ2 = −2γn−1 = 2γ2, the last equality holds due to
the symmetry of adjacency eigenvalues of G. Also from L(G) = γIn−A(G),
we have µ2 = γ − γn−1, which implies µ2 = γ + γ2 similarly. Comparing
last two expressions for µ2, we get 2γ2 = γ + γ2 i.e. γ2 = γ, which is a
contradiction according to Perron-Frobenius theorem as γ1 = γ. Therefore
there exists no connected graph other than Kn

2
,n
2
holding the equality and

the proof finally concludes.

Theorem 5.2. Let G be a graph with s isolated vertices. If 0 ≤ α < 1, then

∣∣EAα(G)− (1− α)E(L(G))− 2(1− α)(n−m)
∣∣ ≤ |2α− 1|(2m− n+ 2s) + |n− 2αm|. (5.8)

Equality holds for G ∼= Cn and α = 1
2 .

Proof. We note Aα(G) − 2αm
n In = αD(G) + (1 − α)A(G) − 2αm

n In = (1 −
α)(LS(G)− 2In) + (2α− 1)(D(G)− In) +

(
1− 2αm

n

)
In. Therefore

EAα(G) = E
(
Aα(G)− 2αm

n
In

)
≤ (1− α)E

(
LS(G)− 2In

)
+ |2α− 1|E

(
D(G)− In

)
+

∣∣∣1− 2αm
n

∣∣∣E(In)



16 M. Basunia, P. Panigrahi

= (1− α)
∑n

i=1

∣∣qi(G)− 2
∣∣+ |2α− 1|

∑n
i=1

∣∣di(G)− 1
∣∣+ ∣∣∣1− 2αm

n

∣∣∣n,
(5.9)

by using Lemma 2.1 and Lemma 2.2. Our claim is
∑n

i=1 |di(G) − 1| =
2m− n+ 2s. We consider different cases for all possible values of s. Let X
=

∑n
i=1 |di(G) − 1|. For s = 0, di(G) ≥ 1, i = 1, 2, . . . , n. Therefore X =∑n

i=1(di(G)−1) = 2m−n, as
∑n

i=1 di(G) = 2m. Thus the required relation
holds in this case. For 1 ≤ s ≤ n − 1, X =

∑n−s
i=1 (di(G) − 1) + s = 2m −

(n− s)+ s = 2m−n+2s. When s = n, i.e. G is a null graph on n vertices,
X =

∑n
i=1 |0− 1| = n. Also 2m− n+ 2s = 0− n+ 2n = n. So the equality

holds in this case too. Hence
∑n

i=1 |di(G)−1| = 2m−n+2s. Applying this
and the relation

∑n
i=1 |qi(G)−2| = E(L(G))+2n−2m (from [7]) in (5.9), we

get EAα(G) ≤ (1−α)
(
E(L(G))+2n−2m

)
+|2α−1|(2m−n+2s)+|n−2αm|.

Rearranging the relation between Aα(G) and LS(G) by keeping only
(1−α)(LS(G)− 2In) in the left hand side, then obtaining matrix energy in
both sides and following the similar procedure as above, we get EAα(G) ≥
(1−α)

(
E(L(G))+2n−2m

)
−|2α−1|(2m−n+2s)−|n−2αm|. Combining

the two inequalities obtained for Eα(G), we get the required result.

Next we need to verify the equality condition. Substituting α = 1
2 and

G = Cn, we obtain the left hand side of (5.8) as |EA 1
2

(Cn)− 1
2E(L(Cn))−

2× 1
2(n−n)|, using EA 1

2

(Cn) =
∑n

i=1 |λi(A 1
2
(Cn))−

2× 1
2
×n

n | =
∑n

i=1 |λi(
1
2 ×

2In+
1
2A(Cn))−1| =

∑n
i=1 |

1
2λi(A(Cn))| = 1

2E(Cn) and L(Cn) = Cn, which
becomes zero. Putting α = 1

2 , s = 0 and m = n for G = Cn, the right
hand side also reduces to zero. Hence the equality holds for G ∼= Cn and
α = 1

2 .

By setting α = 0 in Theorem 5.2, we obtain the following corollary,
which establishes a relation between adjacency energy of G and that of its
line graph L(G). The proof is immediate and thus omitted.

Corollary 5.3. Let G be a graph with s isolated vertices. Then∣∣E(G)− E(L(G))− 2(n−m)
∣∣ ≤ 2(m+ s).

Furthermore, assuming G to be connected (so s = 0) yields the following
corollary.
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Corollary 5.4. Let G be a connected graph. Then∣∣E(G)− E(L(G))− 2(n−m)
∣∣ ≤ 2m.

Using a similar proof technique as in Theorem 5.2, the following theorem
which involves one more basic graph invariant ‘number of pendant vertices’
can be obtained easily.

Theorem 5.5. Let G be a graph with s isolated vertices and p pendant
vertices. If 0 ≤ α < 1, then

∣∣EAα(G)− (1− α)E(L(G))− 2(1− α)(n−m)
∣∣ ≤ |2α− 1|(2m− 2n+ 4s+ 2p) + 2α|n−m|.

Equality is satisfied for G ∼= Cn for all 0 ≤ α < 1.

With α = 0, and further by restricting G to be a strictly binary tree
(which has no isolated vertex and has exactly n+1

2 pendant vertices), we
derive the next two corollaries directly from Theorem 5.5.

Corollary 5.6. Let G be a graph with s isolated vertices and p pendant
vertices. Then∣∣E(G)− E(L(G))− 2(n−m)

∣∣ ≤ (2m− 2n+ 4s+ 2p).

Equality is satisfied for G ∼= Cn.

Corollary 5.7. Let G be a strictly binary tree on n vertices. Then∣∣E(G)− E(L(G))− 2
∣∣ ≤ n− 1.

6 Concluding remarks

We, by means of Theorem 5.2 and Theorem 5.5, introduce for the first time
in the literature, a broad and explicit link between the general Aα-energy of
a graph and the adjacency energy of its line graph; a completely new bridge
in the theory of graph energies with wide applicability across spectral graph
theory. Although the theorems are stated as relations between two energies,
they can be effectively used to produce lower and upper bounds for EAα(G),
obtained by expanding modulus terms in the expressions, especially when
direct computation of EAα(G) is difficult, whether due to the complexity
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of G or its associated matrices, but L(G) is simpler or E(L(G)) is easier to
compute.

In Theorems 3.1, 4.1, 4.5, 5.2 and 5.5, equality cases have been iden-
tified only for certain specific graph classes. Finding additional classes of
graphs for which equality hold in these bounds (if exists), or establishing
the converses, remain as open problems.
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