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Exploring new upper and lower bounds
for the A,-energy of graphs

Mainak Basunia® and Pratima Panigrahi

Abstract. Let G be a graph on n vertices and m edges. For o € [0, 1],
the A,-matrix of G is defined as Ao (G) = aD(G) + (1 — a)A(G), where
A(G) is the adjacency matrix and D(G) is the degree diagonal matrix of G.
If p1 > p2... > pn are the eigenvalues of Ao (G), the Ay-energy of G is de-
fined as Ea, (G) = Y1 |pi — 2%™|. In this paper, we present novel upper
and lower bounds for E4, (G) in terms of standard graph invariants, showing
that each bound is sharp and identifying the specific graphs attaining them.
For selected bounds, we provide brief comparative analysis with existing re-
sults, observing improved estimates. Furthermore, we establish new relations
between E4,(G) and other well known graph energies, including adjacency,
Laplacian, as well as the adjacency energy of the line graph.

1 Introduction

All graphs considered in this paper are simple, undirected and finite. Let
G = (V(G), E(G)) be a graph with vertex set V(G) and edge set E(G).
We denote the number of vertices (order) and edges (size) of G by n and m,
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respectively. The degree of the vertex v, denoted by dg(v), is the number
of its neighbors in G. The first Zagreb index of G, denoted by Z;(G), is the
sum of the squares of all vertex degrees.

The adjacency matrix A(G), of G, is the n x n symmetric matrix whose
(1,7)t" entry is 1 if the i*" and j** vertices are adjacent, and 0 otherwise. The
degree matrix D(G), of G, is the diagonal matrix of order n whose diagonal
entries are the vertex degrees. The Laplacian matrix and signless Laplacian
matrix of G are defined as L(G) = D(G)—A(G) and Ls(G) = D(G)+A(G),
respectively. For any real o € [0, 1], Nikiforov [20] introduced the A,-matrix
of G as,

Aa(G) = aD(G) + (1 — a)A(G),  a€0,1]. (1.1)

Notable special cases include A,(G) = A(G) when o = 0, Ay (G) = L Lg(G)
when @ = 3, and A,(G) = D(G) when o = 1. Related studies on the
properties and spectrum of the A,-matrix can be found in [3, 16, 21].

Let M be a real symmetric matrix of order p. Its eigenvalues are real
and can be arranged as: Ai(M) > Xo(M) > ... > X\p(M). The multiset
of all the eigenvalues of M is called the M-spectrum and is denoted by
spec(M). Furthermore, if Aj, Ag,..., A\, are all the distinct eigenvalues of
M with corresponding multiplicities m1,mao, ..., m,, then the spectrum of
M is denoted by spec(M) = {A[lmﬂ,)\[zmﬂ, . .,)\Lmr]}. For a graph G on
n vertices, we denote the spectra of A(G), L(G), Ls(G) and A,(G) by
1(G) = 72(G) =2 ... 2 Ww(G), m(G) > p2(G) > ... > p(G), 1(G) >
©(G) > ... > ¢u(G) and p1(G) > p2(G) > ... > pu(G), respectively.
When there is no confusion regarding the underlying graph, we just write
the spectrum as y; > 72 > ... > 7y, instead of v1(G) > 7 (G) > ... > 1(G)
and so on. We also define Sl(fa (G) = Zle pi, and denote its Laplacian and

signless Laplacian analogues by Sgg)(G) and Sg? (G), respectively.

The notion of the energy &(G) of a graph G with n vertices and m
edges was introduced by Gutman [12] in connection with the m-molecular
energy. It is defined as €(G) = Y[, |vi|, whereas the Laplacian energy
Er(G) [14] and signless Laplacian energy Er . (G) [1] are defined as Er(G) =
S i — 22 and Erg(G) = Yiy |gi — 22|, respectively. For 0 < o < 1,
the Ag-energy [11] of G , denoted by Ea_(G), is defined as E4, (G) =
Sl — 2| =31 ;, where ¥; = |p; — 22| for ¢ = 1,2,...,n. From

n

this definition, it is clear that E4,(G) = €(G) and 2E4, (G) = EL4(G)
2
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which shows that the A,-energy unifies the theories of (adjacency) energy
and signless Laplacian energy of a graph. The study of E4_(G) is relatively
recent, with contributions in [5, 17, 23, 25].

This paper advances the study of A,-energy by presenting new upper
and lower bounds for it, expressed predominantly in terms of fundamental
graph invariants, such as order, size, maximum/minimum degree and the
first Zagreb index. We discuss the novelty of these bounds, show that each
one is sharp, and identify the graphs achieving equality. For selected re-
sults, we conduct targeted numerical comparison with existing bounds in
the literature, highlighting notable improvements in estimation quality. Be-
yond these bounds, we establish new relations between E4, (G) and other
cornerstone graph energies, including adjacency energy, Laplacian energy,
and the adjacency energy of the corresponding line graph, thereby creat-
ing a broader and more unified framework for energy based graph analysis.
This contributions not only enrich the theoretical landscape but also serve,
to some extent, as practical tools in situations where direct computation is
difficult.

The remainder of the paper is organized as follows: Section 2 covers
preliminaries, basic notations and some relevant known results. Section 3
and 4 present our new upper and lower bounds for E4_(G), respectively.
Section 5 develops relationships between E 4, (G) and other graph energies.
Equality characterizations are provided throughout Sections 3 —5 whenever
possible.

2 Preliminaries

Throughout the remainder of this paper, while referring to a graph G, we
will assume that n, m, A, § and Z; denote the order, size, maximum degree,
minimum degree and the first Zagreb index of G, respectively, unless stated
otherwise. For 0 < a < 1, the Ay-spread of G, denoted by ©4,(G), is
defined as the difference between the largest and smallest A,-eigenvalues
of G, i.e. ©4,(G) = p1 — pn. The line graph of G, represented as L(G),
is the graph with V(£(G)) = E(G), and two vertices in £L(G) are adjacent
precisely when their corresponding edges in GG share a common endpoint.
We adopt the following notations for standard graph classes : Py and C
denote the path and the cycle on k vertices each, respectively; K, and K,
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to denote the complete graph on a vertices and complete bipartite graph
having two partite sets of a and b vertices, respectively; S, is the star graph
Ki.4-1; Sap is the double star obtained by joining the centers of S,41 and
Spa1; Wy is the wheel graph formed by joining an isolated vertex to Cy_1;
Ly, is the ladder graph with k£ rungs, isomorphic to cartesian product of
P, and Ks; By is the book graph consisting of k copies of C4 sharing a
common edge; F}, to denote the friendship graph with k triangles sharing
one common vertex; and Cqp (b < a) is the comb graph obtained from P,
by attaching b pendant vertices to b consecutive vertices of P, starting from
one end.

In order to develop our main results, we rely on several foundational
tools from the literature, which we summarize below. For any matrix M,
E(M) denotes the matrix energy of M, which is defined as the sum of its
singular values.

Lemma 2.1. [10] Given two real square matrices M and N of same order,
E(M + N) < EM) + E(N). Equality is satisfied only when there is an
orthogonal matriz P that guarantees that both the matrices PM and PN
are positive semidefinite.

Lemma 2.2. [10] If M is a symmetric matriz of order p, then E(M) =
i=1 N (M)

Lemma 2.3. [9] For two symmetric matrices M and N of order p, we
have SSF XM + N) <S8 N (M) + 38 Mi(N), where 1 < k < p.

Lemma 2.4. [22] For a graph G, let o denotes the greatest integer in [1,n]
satisfying p, > 220 If0 < a < 1, then Ea,(G) = 25¢)(G) — temo =

n n

4damk
25 (@) - =
1I£kilgxn { A"( ) n
Lemma 2.5. [19] If z1, 22, ..., xp are real numbers such that Y b_, |z;| =1
P
1 .
and Zle x; = 0, then | Z aixi| < 5(1%1?50 ai—llélilélp ai), where ay, az, ..., ap

=1
are real numbers.

Lemma 2.6. [24] If P and Q both are p x p Hermitian matrices with
R=P+Q, then

Ai(R) < Aj(P) +Xijn(Q), 1<j<i<p
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and  Xi(R) > Aj(P) + Aijip(Q), 1<i<j<p.

Equality in each inequality is satisfied if and only if for each of the three
etgenvalues involved, there is a common eigenvector.

Lemma 2.7. [20] Let G be a connected graph with diameter d. If0 < a < 1,
then the number of distinct eigenvalues of Ao(G) is at least d + 1.

Lemma 2.8. [18] Let G be a graph with n vertices and m edges. If 0 <
a <1, then

8aZm?

O4,(G) < \/2a2Z1 +4(1 — a)?m —
n

Equality holds for G = K

L (3
272

3 Upper bounds for A,-energy of a graph

We begin this section by obtaining an upper bound for E4_(G) that depends
solely on the number of vertices and edges, making it both elementary and
widely applicable.

Theorem 3.1. Let G be a graph on n > 2 vertices. If 0 < a < 1, then

4am(1 — %), if a > 2(nn—1)' (3.1)
2m(1-732), ifa< 2(nn—1)'

E4, (G) < {

The graph Ky satisfies the equality for all a € [0, 1).

Proof. We take V(G) = {v1,v2,...,v,}. Let G(e) be the spanning subgraph
of G containing only one edge e = {u,v}. If Ay(G(e)) = (asj) is the Aq,-
matrix of G(e), then

o ifv,=vj=uorv;,=v;=0v
aij =q1—a ifv,=uvj=vorv,=vv,=u
0 otherwise.

Yeer(c) Aa(G(e)). From Lemma 2.2,

It is easy to see that A,(G) =
= E(Aa(G) — 22 ,). Therefore E4,(G) =

Ex,(G) = Xy lpi — 252



6 M. Basunia, P. Panigrahi

E(ZeeE(G’) Aa(G(e)—221,) = g(zeeE(G) [Aa(G(e))—~221,]). Applying
Lemma 2.1, we get Ea,(G) < D oecEB(G)
E(Aa(G(e)) — 221,,). It is easy to see that for every e € E(G), the spec-
trum of the matrix Aq(G(e)) — 221, is {1—22 20 —1— %a,—%a[nfm}.
Therefore Ea,(G) < m[|1 — 22| + [2a — 1 — 22| 4 |22|(p — 2)], by using
Lemma 2.2. For 0 <o < landn > 2, [1— 22| = (1 - 22) |29] = 22 4p9

n
20—1-22  ifa> 1o . . . .
20 — 1 — 22| = “ n D9S3 Using these in the last inequality
" —(2a —1— 22y, if o < 5ty

and then simplifying it, we achieve the required bound.

n

To verify the equality case, we observe that 2(nn—1) = 2(22_1) = 1 for
Ky, and since 0 < « < 1, the right hand expression of (3.1) becomes
2m(1-22) = 2x1x(1—%) = 2(1—a). On the other hand, spec(A,(K2)) =

{1,2a — 1}, which yields E 4, (K2) = 2(1—«). Thus K> satisfies the equality
for all o € [0,1). O

Remark 3.2. There is a well-established upper bound for the A,-energy
of a graph [22, Theorem 2.6]. It shows that for 0 < o < 1,

n 9 9
Ea,(G) < ,|2(1—a)?mn+a?ny_ (di - Tm) , (3.2)
=1

where di > do > ... > d, is the degree sequence of the graph G. Com-
pared to (3.2), Theorem 3.1 provides an upper bound that relies on fewer
parameters, as it does not involve the degree sequence of the graph. More-
over, for various graphs like stars and double stars, numerical investigation
indicates that Theorem 3.1 yields better bound than (3.2). For example,
for the star graph Soy with a = 0.60, Theorem 3.1 gives an upper bound of
43.32, whereas (3.2) yields 48.35. Likewise, for the double star Sip 21 with
a = 0.70, Theorem 3.1 provides an upper bounds of 92.48 compared with
98.56 from (3.2).

Next we present two lemmas on S,(kaj (G). Together they yield a sharp
upper bound for E4,(G), proved in the subsequent theorem. Throughout,

if k > n, we interpret Sl(fa)(G) as SXL) (Q).
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Lemma 3.3. Let G1,Go,...,Gi, 1 > 1, be edge disjoint subgraphs of G with
E(G) =U._, E(G:). Then for any j<a<landl<k<n,

zl: (k)

Proof. Let |V(G;)| = ni, i = 1,2,...,1. We construct the graph G} by
adding (n — n;) isolated vertices to the graph G;. Then

k k k l
Q) =20 0i(0) = o A(Aa(@) = 3o N (2 Aa(@).

7j=1 1=

Using Lemma 2.3, S4)(G) < Yy Sy 5(4a(@) = Yisy S5 (G).
When 1 53 < a < 1, the Ay-matrix for a graph is a positive semidefinite ma-

trix i.e., all the A,-eigenvalues are non-negative. Then SX? (G}) = SI(Q (Gi),
1=1,2,...,1 and hence the result follows. O

Lemma 3.4. Let G be a graph. If% <a<l, then fork=1,2,...,n,

sta) < %(a(4m —3A 42k — 1)+ /o2(A + 1)2 + 4A(1 — za)> — |1 @a—1)(m—A).

Proof. Maximum degree of G is A, therefore Kj A is a subgraph of G.
Applying Lemma 3.3 on G, we have for £ < a <1, S( )(G) < 5’1(4’2 (Kia)+
(m —A)SY) (Ks), k=1,2,...,n. From [20],

spec(An(K1a)) :{% (@A +1)+ Va2(A T 12 + 4501~ 20))

a1, % (a(a+1)~ Va2(A T 12 + 4501~ 20)) }.

Fork=1,2,...,A, 81(K1,4) = § (a(A+1)+/a2(A + 1) + 4A(1 - 20) )+
(k—1a, andfork—A+1,A+2,...,n,Wehave

S (K1.a) < 3 (0(A +1) + VaZ(B + 1P + 4501~ 2a)) + (k ~ o
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because we know o > %(a(A%—l)— Va2(A+1)2 +4A(1 - 2a)>. Therefore
foranylgkgnand%§a<1,wehave

S (K1a) < %(a(A +1) + Va2(A+1)2 +4A(1 - 2a)) + (k= De.

Again from [20], we have spec(Ay(K2)) = {1,2« — 1}. Thus SX? (K2)
=1+ (1 — L%J )(204 —1), k=1,2,...,n. Using this and the last relation
involving S (K1) into S$(G) < ST (K1 ) + (m — A)SY (K), we get
s¥@) < %(Q(A +1) 4+ /a2(A T+ 1)2 + 4A(1 — za)) 4 (k- Do+ (m—
A)(l +(1-[1])@2a - 1)), i1 <a<landk=12,...,n The result
follows from here just by rearranging the terms. O

Theorem 3.5. Let G be a connected graph with n > 2. If% <a<1, then

4
Ea.(G) < a(4m — 3A — 7’” F1) +V/a2(AT 12 +4(1—20)A.  (3.3)
Equality is satisfied if and only if G = Ky p_1.

Proof. Using the upper bound for SXQ (G) from Lemma 3.4 in the relation
Ea,(G) = 25’&?((?) — 2917 (Lemma 2.4), for 3 < o < 1 we get

Ea,(G) <a(dm—3A+20—1)+/a2(A+1)2 +4(1 - 20)A - 2| 1] (2a — 1)(m — A) — dame
= a(dm —3A - 1)+ /a2(A+ )2 +4(1 —20)A — 2 || (2a — 1)(m — A) — 2a0 (22 —1).
(3.4)

Note that ¢ > 1. For 1 < a < 1, we have 2 |1| (2a — 1)(m — A) > 0
as m > A. Also, for a connected graph, m > n — 1, and hence 2m > n,
which implies 2a0(22 — 1) > 0. Moreover 2ac (22 — 1) > 2a(22 —1).
Substituting this along with 2 |1 | (2 — 1)(m — A) > 0 in (3.4), we obtain
Ea (G) < a(dm —3A —1) + /a2(A +1)2 + 4(1 — 20)A — 2a(22 — 1) =
a(dm —3A — 42 4+ 1) + /a2(A + 1)2 + 4(1 — 2a)A.

Next we verify the equality condition. Consider the star graph K1 ,_1,
where m = A = n — 1. Substituting these into (3.3), the right hand side
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becomes a(n—4+2)+/a?n? + 4(1 — 2a)(n — 1). From [20], the spectrum
of Aa(Kl,n—l) is:

{%(an +a2n? +4(1 — 2a)(n — 1)),04[”_2},
1

i(an —Va?n2 +4(1 —2a)(n — 1))}

Applying this and QO‘T’" =20 — %a into Ea, (Kin-1) = > 1y }pi(K1,n—1) -
%‘Tm‘ lead us to obtain Eh (Kin-1) = a(n — 4 + %) +
Va?n? +4(1 — 2a)(n — 1). Thus Ki,,—1 satisfies the equality for any 3 <
a < 1.

Now consider the reverse direction. We assume that a connected graph

G* satisfies the equality in (3.3). Therefore

Ea (G*) = a(dm —3A — 22 4 1) + \/a2(A +1)2 + 4(1 — 2a)A
= a(dm —3A —1) + /a2(A + 1)2 + 4(1 — 2a)A — 20((277" - 1).
(3.5)

G* satisfies (3.4) also. If (3.4) and (3.5) both hold simultaneously for G*,
then G* must satisfy o = 1 and 2 L%J (2ac — 1)(m — A) = 0 both. Since
% < « < 1, this implies m = A for G*. If dy > dy > ... > d,, is the degree
sequence of G*, then 2m =", d; = A+ " ,d;. Asm = A, it becomes
A = 3" ,d;. Since G* is connected, each d; > 1 for i = 2,3,...,n. So
A >>",1, giving A > n — 1. On the other hand, in any graph, the
maximum degree A < n —1. Hence A =n—1,andson—1= > ,d;,
which is the sum of n — 1 positive integers, each at least 1. This forces the
degree sequence of connected graph G* to be {n —1,1,1,...,1}, implying
that K1 ,—1 becomes the only candidate for G*.

Thus, equality holds in (3.3) if and only if G & Kj 5,1, for any a € (1, 1),
which completes the proof. O

4 Lower bounds for A,-energy of a graph

This section presents two new analytic lower bounds for the A,-energy of
a graph. Both bounds are obtained via spectral relations combined with
classical inequality techniques. We begin with Theorem 4.1, which is exact
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for certain extremal families and forms the basis for a detailed comparative
analysis with known bounds from the literature.

Theorem 4.1. Let 0 < a < 1. Then for a graph G,

402m?
Fa (G)> ———1a*Z1 +2(1 — a)®*m — 4.1
1.6) 2 =022 4201 - e - X (11)
The equality holds for the graphs K, and K%g.
._2am
Proof. For 0 < a < 1, let us consider a; = p; and z; = %
. n R P (pi— Qtjlm) _ 2am—2am _
1 = ].,2,... n. Then Zlfll‘l — Zl 1|p2 2am| - Zz 1‘pz 2am‘ 0 and
Yoy |z = % = 1. Now applying Lemma 2.5, we get
2am) ’ 1( ) 1( )
)ZZ} o= zom| = g\ B BB 0 ) = 5l

that is, m| Sr it —2em S pi] < 360.4,(G). Applying 37 pi?

2Z1 +2(1 — a)2m and Y @' pi = 2am from [20], we get E4, (G) >
on (G }a (21 - ) +2(1 — a)*m|. We know from [8] that Z; > #
with equality if and only if G is regular. Thus, the quantity inside the mod-
ulus sign being positive, we can remove the modulus and get the required
inequality.

To prove the equality, we know from [20] that spec(A = {n —
1, an — 1~ 1]} and spec(A (Kn n)) = {g, 0‘2" n=2] , QI — ”} Usmg these
information, it can be easily seen that the graphs K and K 22 satisfy the
desired equality. O

In Remark 4.3 below, we discuss the strength and effectiveness of our
result given in Theorem 4.1, in comparison with the lower bounds due to
Zhou et al. [25, Theorem 1.1 and Theorem 1.2], which are stated as follows:

Lemma 4.2. [25] Let G be graph and% <a<l. Forpi1 >p2>...>pyas
eigenvalues of Ao (G), we write 9; = ]pi—Qo‘Tm] fori=1,2,...,n. Arranging
the ¥;’s in non decreasing order, we rename them as & > & > ... > &, > 0.
Then
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(a) If&, >0, Ex, (G) > 2\/[a221 +2(1 — a)?m — %]nﬁﬁlg‘ Equal-
ity holds if and only if G = 5Ky or gK2Tm+1 U
h(Kgﬂ_s_LanJr1 \ F'), where g and h are some non-negative integers,

277" > 2 is an integer, and F is a perfect matching of KszJrLszH.

22
a?Z142(1—a)2m—2a-m”

(b) If &, =0, Es,(G) > g n—. Equality holds if and only

if G~ K.

Remark 4.3. Compared to Lemma 4.2, Theorem 4.1 has several structural
advantages: it is valid for the entire range 0 < o < 1, has a single unified
formula with no branch conditions, and in terms of spectral quantity, it
depends only on the A,-spectral spread © 4, (G) (requiring just p; and py,).
In contrast, Lemma 4.2 applies only for % < «a < 1, has separate cases
for & > 0 and &, = 0, and requires the computation and ordering of
all deviation terms to identify & and &,. These features make our result
easier to apply and more broadly applicable. Moreover, we conducted a
numerical investigation over diverse graph families, a glimpse of which is
shown in Table 1. It has been observed that in most of the cases the bound
in Theorem 4.1 outperforms that in Lemma 4.2, especially for large and

irregular graphs.

Graph « Theorem 4.1 Bound | Lemma 4.2 Bound | Better Bound
S 0.50 2.25 2.24 Theorem 4.1
F3 0.60 4.89 2.20 Theorem 4.1
Cy 0.70 2.78 2.71 Theorem 4.1
Ba 0.80 7.00 6.43 Theorem 4.1
Pio 0.90 2.68 0.76 Theorem 4.1

Table 1: Numerical comparison of our result (Theorem 4.1) and Lemma 4.2
for different graphs and « values.

In addition, several other lower bounds from the literature such as The-
orem 3.3 from [22] were also tested numerically against Theorem 4.1. Not
only did they fail to outperform our bound in most of the cases, but in many
instances they even underperformed relative to Lemma 4.2 itself. This re-
inforces the strength, versatility, and competitiveness of Theorem 4.1 as a
reliable lower bound for the A,-energy.

The next result directly follows from Theorem 4.1 upon substituting
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the A,-spectral spread © 4, (G) by its upper bound in terms of basic graph
invariants given in Lemma 2.8. While this substitution renders the bound
more computationally convenient, it comes at the cost of some sharpness
compared to the original form in Theorem 4.1.

Corollary 4.4. Let 0 < o < 1. Then for a graph G,

8a2m?

Es,(G) > \/2@221 +4(1 — a)?m — -

Equality holds for G = K%

’% °
Next we establish an alternative bound which retains sharpness for sev-
eral extremal graph classes.

Theorem 4.5. Let G be a connected graph. Then

(a) If0<a <%, then Ea, (G)> 2[% — 20m 4 (20— 1)A]. Equality
holds for the graphs K, and Kg,% forall0 < a < %, and Ky pn—1 for
1
(b) If% <a <1, then E4,(G) > 20;51 + 4(1720‘)7”. Equality holds for the
graphs K, and K%,% for all % <a<l.

Proof. (a) From [2], we have p1(G) > (1 — a)qi1(G) + (2a — 1)A for 0 <
o < 1. Tt is known [13] that ¢1(G) = 2 + 71 (L(G)), where £(G) is the
line graph of G. From [20], we know that for any graph G, 71 (G) > 277”

2x|B(L(G _ Zi—2m
Therefore for the graph L£(G), we get v1(L(G)) > >‘<V|'(E(G)))|)‘ = S-S0,

Therefore ¢1(G) > 2 + Zl_% and using this, from above we get pi(G) >
(1—-a)(2+ %) + (2a — )A = % + (2a — 1)A. From Lemma
24, Ba,(G) = mps [pstic- %) > 2830(G) — dam = 2[py(G) — 22m] >

1<k<n n = -
2[% + (2a — A — %‘Tm], the last inequality comes after using the
lower bound for p;(G) we obtained.
To talk about the equality cases, using

spec(Aa(Ky)) = {n—1,an — 1[”_1]}, 20sz =a(n—1),

we observe that E4 (K,) =|n—1—a(n—1)|+ (n—1)lan —1 — a(n —
1) = 2(1 — a)(n — 1), while using Z; = n(n —1)? and A = n — 1 for
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K,, the right hand side becomes 2 [“‘iﬁﬁ%‘m — Zominl) (2o —1)(n —

2n
2
1)}, simplifying which gives 2(1 — «)(n — 1), same as E4, (K,). Thus
<

1
K, satisfies the equality for 0 < « % Similarly for the graph K 23,

using spec(Aq (K2 n)) = %,0‘2—"["*2}70471 — 2} and 22 = 2 we get

Epo (K2 ) =[5 =G+ n-2)[F - F|+]an— 5 - G| = (1 —a)n. Also,
n3 ﬁ

Zy = %3 and A = 5 make the right hand side 2[%—2()‘7‘*—1—(2&—1)%],

4
after simplification which turns out to become (1 — a)n. Hence K zn

too satisfies the equality for 0 < a < % For the star Ki,_1, we use

spec(Aa(Kin-1)) = {3(an + /a2n2 +4(1 - 2a)(n — 1)), a2 L (an —

Vazn? +4(1-2a)(n—1))}, 222 = W, Zi=(n-12%+(n—1) and

A = n—1 particularly for o = 5, and similar to as we did for K, and K%,%a

eventually we obtain that E4, (K1,-1) = right hand side quantity of the
2

inequality = n —2+ 5. Thus the equality holds for K3, 1 too, when a = %

(b) Let 3 < @ < 1. Then from [2], p1(G) > aq(G) + (1 — 2a)71(G).
As seen in the proof of part 4, ¢;(G) > 2 + Zl_% and v (G) > 277” Using
these, the first inequality produces p1(G) > o(2+ %) +(1—2a) x 22 =
af 4 w By plugging this into E4,(G) > 2[p1(G) — 222], we are
able to obtain the desired inequality.

The equality cases follow in the manner similar to that of part (a). [

5 Relations between A,-energy and other graph energies as-
sociated with a graph

This section demonstrates how E4,(G) is related to other graph energies,
like €(G), EL(G), as well as €(L(G)). We begin with the following relation.

Theorem 5.1. If G is a connected graph with n > 2 and ( is the adjacency
rank of G, then for % <a<l,

4dam(
-

Ep(G) +aEL(G) > 2€(G)

(5.1)

Equality holds if and only if a = % and G = K%’%.
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Proof. Let ¢* and ¢~ be the numbers of the positive and the negative
eigenvalues (including multiplicities) of A(G), respectively. Therefore 1 <
(F<n—-1,1<(¢ <n-1and (= ("4 (. From Lemma 2.4,

¢t N
Ba(@) = max {250 - 20 L 5 03 - A (5.2)

« n - n
=1

Analogous to Lemma 2.4, for Er(G), it is a well known result from [6] that
k
EL(G) = max {2Zu, - 4’”’“}. Putting k = ¢,
<k<n Py n

EL(G) 2 2300 i = 5 (5-3)

Now Ao (G) = aD(G) + (1-a)A(G) = a(D(G) — A(G)) + A(G) = aL(G) +

A(G). Applying Lemma 2.6, we get p, < aft; + Yn—it1, 1 < 4 < n and

pi = apn + 7, 1 <i<n. We know that u, = 0 and since for % <a<l,

Ao (G) is a positive semidefinite matrix, p, > 0. Therefore from the above
inequalities, for % <a<1, we get

ap; 2 —Yn—it1, 1<i<n (5.4)

and pi >, 1<i<n. (5.5)

Using (5.5) in (5.2), we get Ea, (G) > 235 v — dam 1 < < 1 and
using (5.4) in (5.3), we get aBL(G) > =235 Vi1 — %, l<a<l
Adding these two inequalities, for £ < a < 1. we get Ea,(G) + aEL(G) >

2| 8L i s gt |~ 2 () = 2 8 Il S5, gl -
%—mc =2¢(G) — 4“—;‘4. Thus we get the required inequality.

Now we discuss the equality of (5.1). Putting a = 1 in (5.1), for a
bipartite graph G, we get Ea, (G)+3EL4(G) > 2€(G)— QmC , as the signless
2

Laplacian spectrum and the Laplacian spectrum of a blpartlte graph are
identical. Therefore 4EA1 (G) > 4¢(G) — m. Now Kz x is a bipartite

graph. Using spec(A (Kgg)) = 1% 0‘2”[” 4 o "} for o =0, 3, We can
easily verify that the equality is true for G K o Conversely let the
equality be hold for a connected graph G and for some « (% < a< ).

Then the inequalities in (5.4) and (5.5) become equality:
Qi = —Yp—it1 for 1<i< (™ (5.6)
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and pi=r for 1<i<(t. (5.7)

From (5.7), we get p1 = 71 = v (say). We get from [20] that if G is
a connected graph with p; = i, then G is ~i-regular. Therefore G is
a connected ~y-regular graph. Since L(G) = ~I, — A(G), we have p; =
Y—Yn—i+1, 1 < i < n. Inparticular g1 = y—7,. Also from (5.6), aug = —7x.

Combining these two relation, we get a(y — ) = —Vn, i.e. v = —71257-
This gives |y,| > 7, because %= > 1 when % < a < 1. But |y,| can

not be greater than the spectral radius v according to Perron-Frobenius
theorem [15], so |y, = 7, i.e. 7 = —y and a = % Yo = =Y = —m
implies that G is bipartite (from [4]). Also as we have already seen that G
is regular, each partite set of G is equal in size, and the order n is even. If
G is any connected bipartite graph other than K 2 satisfying the above
conditions, then it has diameter at least 3. Applying Lemma 2.7 for o = 0,
we can say that G has at least 3 + 1 i.e. 4 distinct adjacency eigenvalues,
which indicates ¢(*,(~ > 2 as adjacency eigenvalues are symmetrical about
origin for a bipartite graph. So (5.6) and (5.7) hold for i = 2. As it is
already proved that a = % is necessary for the equality, so putting a = %
and ¢ = 2 in (5.6), we get po = —27v,_1 = 272, the last equality holds due to
the symmetry of adjacency eigenvalues of G. Also from L(G) = vI,, — A(G),
we have o = v — y,—1, which implies pe2 = v + 72 similarly. Comparing
last two expressions for po, we get 292 = v + 72 i.e. ¥ = 7, which is a
contradiction according to Perron-Frobenius theorem as «; = . Therefore
there exists no connected graph other than K zn holding the equality and

the proof finally concludes. O

Theorem 5.2. Let G be a graph with s isolated vertices. If 0 < o < 1, then
|Ea,(G) — (1 — a)&(L(G)) — 2(1 — a)(n —m)| < |20 — 1|(2m — 1+ 25) + |n — 2am|.  (5.8)

Equality holds for G = C,, and o = l.

Proof. We note Ao (G) — 222], = aD(G) +(1-a)AG) — 2], = (1 -

a)(Ls(G) —2I,) + (2a — 1)(D(G) )+ (1 — 22m) I,. Therefore
Era(G) = £(4a(G) - %‘Tmz )

E(In)

n

< (1— )E(Ls(G) — 2I,) + |20 — 1|E(D(G) — I,,) + ‘1 _ 20m
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=(1—a) i |a:(G) =2 + 20 = 1| 0L, |di(G) — 1] + ‘1 — 2am
(5.9)

n,

by using Lemma 2.1 and Lemma 2.2. Our claim is >, |[di(G) — 1| =
2m —n + 2s. We consider different cases for all possible values of s. Let X
= 1",]di(G) —1]. For s =0, d;(G) > 1, i = 1,2,...,n. Therefore X =
Yor(di(G)—=1) =2m—n, as Y ;" ; di(G) = 2m. Thus the required relation
holds in this case. For 1 <s<n—1, X =3 " 7F(d;(G) — 1) +s = 2m —
(n—s)4+s=2m—n-+2s. When s =n, i.e. G is a null graph on n vertices,
X =3",10—-1] =n. Also 2m —n+2s = 0—n+ 2n = n. So the equality
holds in this case too. Hence Y " |d;(G) — 1| = 2m —n+2s. Applying this
and the relation Y ;" | |¢;(G) —2| = €(L(G))+2n—2m (from [7]) in (5.9), we
get B4, (G) < (1—a)(E(L(G))+2n—2m) + |2a—1|(2m—n+2s)+|n—2am)|.

Rearranging the relation between A,(G) and Lg(G) by keeping only
(1 —a)(Ls(G) —2I,) in the left hand side, then obtaining matrix energy in
both sides and following the similar procedure as above, we get E4, (G) >
(1—a)(E(L(G))+2n—2m) — |2a —1|(2m —n+2s) — [n — 2am|. Combining
the two inequalities obtained for E,(G), we get the required result.

Next we need to verify the equality condition. Substituting o = % and
G = C,,, we obtain the left hand side of (5.8) as |EA% (Cn) — 3E(L(Cy)) —

lyn n
2 }(n—n)], using Ea, (Ca) = S21y (A3 (Ca) = 27| = X, NG} x
21, + SA(Cy)) =1 = 1 [3A(A(C))| = 2€(C,) and £(C,) = C,, which
becomes zero. Putting a = 5, s = 0 and m = n for G = C,,, the right

hand side also reduces to zero. Hence the equality holds for G & C),, and
. O

2%

o =

N[

By setting @ = 0 in Theorem 5.2, we obtain the following corollary,
which establishes a relation between adjacency energy of G and that of its
line graph £(G). The proof is immediate and thus omitted.

Corollary 5.3. Let G be a graph with s isolated vertices. Then
|€(G) — €(L(G)) — 2(n —m)| < 2(m + s).

Furthermore, assuming G to be connected (so s = 0) yields the following
corollary.
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Corollary 5.4. Let G be a connected graph. Then
‘(’E(G) —&(L(G)) —2(n — m)| < 2m.

Using a similar proof technique as in Theorem 5.2, the following theorem
which involves one more basic graph invariant ‘number of pendant vertices’
can be obtained easily.

Theorem 5.5. Let G be a graph with s isolated vertices and p pendant
vertices. If 0 < a < 1, then

|E4.(G) — (1 — a)€(L(G)) —2(1 — ) (n — m)| < |2a = 1|(2m — 2n + 4s + 2p) + 2a|n — m|.
Equality is satisfied for G = Cy, for all 0 < a < 1.

With o = 0, and further by restricting G to be a strictly binary tree
(which has no isolated vertex and has exactly ”T“ pendant vertices), we
derive the next two corollaries directly from Theorem 5.5.

Corollary 5.6. Let G be a graph with s isolated vertices and p pendant
vertices. Then

|€(G) — E(L(G)) —2(n — m)’ < (2m —2n +4s + 2p).
Equality is satisfied for G = C),.
Corollary 5.7. Let G be a strictly binary tree on n vertices. Then

|€(G) — €(L(G)) —2| <n-—1.

6 Concluding remarks

We, by means of Theorem 5.2 and Theorem 5.5, introduce for the first time
in the literature, a broad and explicit link between the general A,-energy of
a graph and the adjacency energy of its line graph; a completely new bridge
in the theory of graph energies with wide applicability across spectral graph
theory. Although the theorems are stated as relations between two energies,
they can be effectively used to produce lower and upper bounds for E4_(G),
obtained by expanding modulus terms in the expressions, especially when
direct computation of Ey4_ (G) is difficult, whether due to the complexity
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of G or its associated matrices, but £(G) is simpler or (L(G)) is easier to
compute.

In Theorems 3.1, 4.1, 4.5, 5.2 and 5.5, equality cases have been iden-
tified only for certain specific graph classes. Finding additional classes of
graphs for which equality hold in these bounds (if exists), or establishing
the converses, remain as open problems.
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