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Nucleus topology in equality algebras

Sogol Niazian®*, Rajab Ali Borzooei, and Mona Aaly Kologani

Abstract. In this paper, we define the concept of nucleus map on equality
algebras and study related results. Then, using this concept and upsets, a
topology on equality algebras is constructed and it is shown that the equality
algebra with this topology becomes a topological space. In addition, some
properties of topological space such as compactness and connectedness are
investigated. Moreover, we study the continuity of all operations with respect
to the topology on equality algebras. Finally, the relations between the two
topologies in quotient equality algebras are revealed.

1 Introduction and Preliminaries

Algebra and topology are indeed fundamental areas of mathematics that
complement each other in many ways. Algebra deals with the study of
mathematical operations and structures, while topology focuses on proper-
ties that are preserved under continuous transformations, such as bending
and stretching. Together, these two fields provide a powerful toolkit for
understanding and solving mathematical problems. They are used together
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in the field of mathematics known as algebraic topology. Algebraic topology
is a branch of mathematics that uses algebraic tools to study topological
spaces. Topological spaces are mathematical structures that capture the
notion of closeness or continuity, while algebraic structures provide a way
to analyze these spaces using algebraic techniques. By combining algebraic
and topological methods, algebraic topology allows mathematicians to study
properties of spaces that are not easily accessible through purely topological
or algebraic means.

Topology on logical algebraic structures is a fascinating field that ex-
plores the relationship between the algebraic properties of structures like
lattices, Boolean algebras, etc., and their topological properties. It involves
studying concepts like open and closed sets, convergence, continuity, and
compactness within the context of these structures.

The motivation for introducing equality algebras came from EQ-algebras
which are defined by Novék in [18]. In EQ-algebras, compared to equality
algebras, there is an additional operation ®, called product, which is very
loosely related to the other operations. Therefore, there might not exist
deep algebraic characterizations of EQ-algebras, and intention was to de-
fine a structure similar to EQ-algebras but without the product. This new
logical algebra, the equality algebra, has two connectives, a meet opera-
tion and an equivalence, and a constant. Equality algebra is introduced
by Jenei [9]. Since equality algebra can be a good alternative to possi-
ble algebraic semantics for fuzzy type theory, the study of equality algebra
is very valuable. Recently, many mathematicians have studied this alge-
braic structure in various fields. For instance, the relation between equality
algebra with other algebraic structure, filters, ideals, annihilators and co-
annihilators are investigated that continued in [1-3, 7, 8, 12, 13, 15].

Lately a lot of mathematicians have been looking into the idea of topol-
ogy on logical algebraic structures specifically BL-algebras. For instance
Borzooei in [6] looked at how separation axioms are connected to (semi)
topological quotient BL-algebras. They explored when a (semi)topological
quotient BL-algebra can be a Tj-space or Hausdorff or regular or normal.
In [5], the authors introduced the concept of quasi-filter neighborhoods in
(semi)topological BL-algebras and discussed some of their characteristics
through statements and proofs. Furthermore by applying the idea of quasi-
filter they discovered certain situations in which a B L-algebra can be turned
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into a metrizable structure.

In quantale senmatics of linear logic we can see that ! is just a quantic
conucleus and 7 is a closure operator, but not a quantic nucleus in general.
As we all know, the quantic nuclei and the quantic conuclei play an im-
portant role in quantale theory, because they determine the quotients and
subobjects in the category of quantales. The quantic nucleus and the quan-
tic conucleus are dual, but there is no obvious connection between them
in general quantale. So it is an interesting work to study the relationship
between the quantic conuclei and the quantic nuclei. In [19], the corre-
sponding relationship between the quantic nuclei and the quantic conuclei
is not one-to-one in general quantale. In which kind of quantale, there
is a good corresponding relationship between the quantic nucleus and the
quantic conucleus.

The concept of a nucleus on a residuated lattice was introduced by
Galatos and Tsinakis in [11], and they used nuclei to give some characteri-
zations for a residuated lattice to be an integral generalized MV-algebra.

In this paper, we define the concept of nucleus map on equality algebras
and some related results are investigated. Then by using this notion and
upsets, a topology is constructed in equality algebra and it is shown that an
equality algebra endowed with this topology becomes a topological space.
Furthermore, some properties of the topological space are investigated such
as compactness and connectedness. Moreover, we study continuities of all
the operations with respect to the topology in an equality algebra. Finally,
the relationships are revealed between the two topologies on quotient equal-
ity algebras.

2 Preliminaries

Definition 2.1. [9] An algebraic structure (E;A,~,1) of type (2,2,0)
is called an equality algebra if it satisfies the following conditions, for all

) (E,A,1) is a commutative idempotent integral monoid,
) T~y=y~uw,
3) z~xz=1,
) x~1=nuz,
) x<y<zimplisx~z<y~zandz~z<x~y,
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(E6) x~y<(zA2)~(yAz),
(E7) x~y<(z~z)~(y~2).

An equality algebra (E, <) with a binary relation defined by “x <y if
and only if z Ay = x” is a poset. Also, we define the operation “—” on F
as: x > y=x~ (xAy).

An equality algebra (E,~,A,0,1) is called a bounded equality algebra if
for every x € E, 0 < z. In a bounded equality algebra E, we define the
negation operation “” by: 2’ =2 —-0=12~0, for all z € E.

A lattice equality algebra is an equality algebra which is a lattice.

If for any z,y,z € E, z — (y —» 2) = (v = y) — (r — z), then F is
called a positive implicative or a p-equality algebra, for short (see [3, 21]).

Note: From now on, let (E; A, ~, 1) or E be an equality algebra, unless
otherwise stated.

Proposition 2.2. [9, 21| The following conditions hold, for any x,y,z € E:
(i) 2 —=y=14f and only if x <y,

(i) lsz=2,z—=1=1andz -z =1,

(i) z <y — =,

(V) < (@) -y,

(V) 2= (y—2)=y—(z—2),

(vi) x <y impliesy > z<z—zandz—x<z—y,

(vil) If E is a lattice, then (xVy) = z= (x — 2) A (y — 2).

(vili) ((z—=y)—=y) 2y=z—y,

(ix) z—=y<(z—oa)—(z—y andx—y<(y—2z2) — (zr—2).

Definition 2.3. [9] Let ) # F C E. Then F € F(E) if and only if, for all
r,2yeFlE, 1€ Fandifx € Fandx -y € F, then y € F.

A filter F'is called a proper filterof E, if F' # E. Clearly, if F is bounded,
then F' € F(E) is proper if and only if it is not containing 0. Let F' € F(E).
The relation 67 on E by (z,y) € 0F if and only if {z - y,y >z} C Fisa
congruence relation. Let £ = {[z]| z € E}, where [z] = {y € E | (z,y) €
0r}. Then % is an equality algebra and the binary relation <p on % by

[x] <p [y] if and only if x — y € F' is a poset.

Definition 2.4. [16] Let ) # A C E. The smallest filter of E containing
A is called the generated filter by A in E which is denoted by (A). Indeed,
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A= N F

ACFeF(E)

Proposition 2.5. [16] Let 0 # A C E. Then

(A)={zeEla = (a2 = (- = (an = 7)) =1,
for somen € N and ay,---,,a, € A}.

In particular, for any element a € E, we have
(a) ={xr € E|a—="xz=1, for somen € N},

where v = y =y andz ="y =2 — (x ="t y). IfF € F(E) and
a€ E\F, then

(FU{a})={x € E|a—"x€cF, for somen e N}.
If F,G € F(E), then

(FUG)={z € E| g—x€cF, forsomegecG}
={zxecFE| f—xeq, for some feF}.

Definition 2.6. [8, 15, 16] Let F' be a proper filter of F and z,y € E.
Then

(i) F is a mazimal filter of E if it is not included in any other proper
filter of E. The set of all maximal filters of E' is denoted by Max(E).

(ii) F'is a prime filter of E if for any z,y € B, x -y € Fory —x € F.
The set of all prime filters of E is denoted by Prime(E).

(iii) If E is a lattice, then F is called a V-irreducible if x V y € F implies
x € ForyekF, forany x,y € E. The set of all V-irreducible filters
of E is denoted by Spec(E).

Proposition 2.7. [15] (i) Fach mazimal filter of E is prime. Indeed,
Mazx(E) C Prime(E).

Suppose E is a lattice. Then

(ii) F € Spec(E) if and only if % is a chain.

(iii) Prime(E) C Spec(E).
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Definition 2.8. [20] Let E be an equality algebra. The mapping f : £ — E
is called a modal operator, if it satisfies the following conditions, for all
x,y € B

(f1) = < f(x);

Definition 2.9. [14] A map ¢ : E — FE is a closure operator, if for any
x,y € FE we have

(@) 7 < e(a),

c) If z <y, then c(z) < c(y),

(
(c3) e(e(x)) = e(=).

3 Nucleus map on equality algebras

In this section, we introduce the concept of nucleus map on equality algebra
and some related properties are investigated. Also, by using properties of
equality algebra we make some nucleus map on equality algebra.

Definition 3.1. The map p : E — FE is called nucleus on FE, if for any
x,y € B

(N1) o < pla).

(N3) u(z Ay) = plx) A p(y)-
The set of all nucleus maps on F is denoted by NU(F).

Example 3.2. (i) Clearly, Idg and the fixed function p : E — FE such that
for any x € E, u(x) = 1 are nucleus maps on E.

(ii) Suppose E = {0,a,b,c,1} is a poset such that 0 < ¢ < a,b < 1.
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Define “~” on E as follows:

1 ~ 0O ¢ a b 1
0 1 0 0 0 O
a b
C 0 1 b a c
¢ a 0O b 1 ¢ a
0 b 0O a ¢c 1 b
1 0O ¢ a b 1

Then (E, A, ~,0,1) is a bounded equality algebra. Define i : E — E where
w1(0) =0, p(a) = pu(c) = a and pu(b) = u(1) = 1. Clearly, u € NU(E).

Proposition 3.3. Let p € NU(E). Then for any x,y € E, we have

fx<y7thenu() u(y).

(iil) p(z) = ply) <z — py).
(iv) plx Ay) = p(p(@) Ay) = ple A p(y) = plp(@) A py)-
Proof. (i) Clearly, by (Nl) we have 1 < p(1) < 1. Hence, p(1) = 1.
ii) If x < y, then x = & A y. Hence, by (N3), u(z) = plz Ay) =

(
) A ply). Thus, p(z) < p(y).

)(111) By (N1), we have = < pu(x) and by Proposition 2.2(vi), u(x) —
(

p(y)-

iv) By (N1), < p(z) and so z Ay < p(z) Ay and by (ii), we get

p(x Ay) < p(p(x) Ay). (3.1)

In addition, by (N1), y < u(y), and so p(z) Ay < u(x) A u(y). By (ii), we
have

(@) Ny) < p(p() A p(y)). (3.2)

Moreover, by (N3), u(z Ay) = p(x) A p(y), and so p(p(z Ay)) = plp(z) A
1(y)). By (N2), we get

p(@ Ay) = p(p() A py))- (33)
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Hence, by Equations (3.1), (3.2) and (3.3), we have

w(z Ay) < pp(z) Ay) < plp() A ply) = plzAy).
The proof of other case is similar. O

Note. It is obvious that every modal operator on F is nucleus on F.
Moreover, by (N1), (N2) and Proposition 3.3(ii), we get any nucleus is a
closure operator on E.

In the following, by using the properties of equality algebra we try to
construct some special nucleus maps on equality algebras.

Theorem 3.4. Let E be a lattice and x,y, z € E. If E satisfies the condition
(xANy) = z=(x—2)V(y — z), then

(i) the map w, : E — E; by we(x) = (x — a) — a, is nucleus on
E, for any a € E. Specially, if E is a bounded, take a = 0, then w, =" is
nucleus on E.

(ii) any map p: E — E such that u(x) — p(y) =z — p(y) is a nucleus.

Proof. (i) By Proposition 2.2(iv), z < (z — a) — a = wy(x), so (N1) holds.
Also, by Proposition 2.2(viii), wg(we(x)) = we((z = a) = a) = (((z —
a) = a) = a) = a=(r— a) > a=wg Thus, (N2) holds, too. Finally, by
assumption and Proposition 2.2(vii), we have

wa(x ANy)=((zAy) —a)—wa=((x—=a)V(y—a)—a
=((x—=a)—=a)AN((y = a) = a) =we(z) Awa(y).

Hence, (N3) holds. Therefore, w, € NU(E).

(ii) Assume z € E. Since z — pu(z) = p(z) — plx) = 1, we get
z < p(z), and so (N1) holds. By (N1), u(x) < u(u(x)). For converse, by
assumption we have p(u(x)) = p(z) = p(x) — p(z) = 1. Thus, p(p(x)) <
p(x), and so p(p(x)) = p(x). Hence, (N2) holds. Suppose z,y € E such that
x < y. Since by (N1), z <y < p(y) we have u(z) = u(y) =z — p(y) = 1,
and so u(x) < p(y). Hence, from zAy < z,y, we have p(zAy) < p(x) Ap(y).
Moreover, by assumption we have:

(() A p(y)) = plx Ay) = (p(x) = pleAy) VvV (uy) = plzAy))
= (v = wxAy)V(y—= pulxAy))
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= (zAy) = plz Ay)
=1. by (N1)

Thus, pu(z) A p(y) < p(x Ay), and so p(z) A p(y) = p(z Ay). Hence, (N3)
holds. Therefore, u € NU(E). O

Theorem 3.5. Let i € NU(E) be a homomorphism. Then p < w, if and
only if a € Fix,(F), where Fix,(F) ={x € E | p(x) = z}.
Proof. Let 1 < wq. Then p(x) < wy(x), for any x € E. Take x = a. Hence,
wla) <wg(a) =(a = a) — a=a.
Thus, p(a) < a. By (N1) we get pu(a) = a, and so a € Fiz,(E).
Conversely, by (N1) and Proposition 2.2(vi), respectively, we have
wr —a) = a<(r—a)—>a (3.4)

Now, assume a € Fiz,(£) and x € E. Then

w(z) < (u(x) = a) = a by Proposition 2.2(iv)
= (u(x) = pla)) = a  since a € Fix,(F)
= (

w(x = a)) — a by homomorphism
<(x—a)—a by (3.4)
= we(x).

Hence, for any z € E, u(z) < wq(z). Therefore, p < w,. O

Note: A non-unite element a € E is said to be a co-atom of E if
whenever ¢ < b <1,thenb=aor b=1.

Theorem 3.6. If E is a p-equality algebra such that x — (y A z) = (x —
y) A (x — z), then

(i) the map py : E — E defined by p,(x) = u — x is a nucleus on E,
for any v € E.

(ii) If u € E is a co-atom and a € Fiz,, (E), then a — ¢ € Fix,, (E),
forany ce E.

(iii) the structure (Fix,,(E),A,~,1) is an equality algebra where for
any x,y € Fixy,, (E),

rry = (x—=>y) Ay — ).
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Proof. (i) For any x € E, by Proposition 2.2 (iii), z < u — x = py(z), so
(N1) holds. Also, since E is a p-equality algebra, we have pu,(py(x)) = u —
(u—2)=@w-—-u) - (u—z)=1—(u—2)=u—x = p(z). Thus,
(N2) holds. In addition, by assumption, we have

(T Ay) =u— (Ay)=(u—=2)A (U —=Yy) = pu(T) A pu(y).

Hence, (N3) holds. Therefore, u, € NU(E).

(ii) By assumption, we have u,(a — ¢) = a — ¢, and so a — ¢ €
Fizy, (E).

(iii) Consider z,y € Fix,(FE). Since p is nucleus, by (N3) we have
plx ANy) = plx) Aply) = 2 Ay. Thus, x Ay € Fix,(FE). Moreover,
by (ii), Fiz,,(E) is closed under —, respectively. Thus, by assumption
(Fizy, (E),A,~,1) is an equality algebra. O

Example 3.7. (i) Let £ = {0,a,b,1} be a chain where 0 < a < b < 1.
Define “~” on E as follows:

~ | 0 a b 1 - | 0 a b 1
0 1 b a 0 0 1 1 1 1
a | b 1 0 a a b 1 b 1
b | a 0 1 b b a a 1 1
1 0 a b 1 1 0 a b 1

Then FE is a p-equality algebra with condition z — (yAz) = (x = y)A(z —
z), for all z,y,z € E.

(ii) Suppose E = {0, a,b,¢,d,1} is a poset such that 0 < a,b < ¢ < d < 1.
Define “~” on FE as follows:

~ 0 a b ¢ d 1
0 1 d d d ¢ 0
a d 1 ¢ d ¢ a
b d ¢ 1 d ¢ b
c d d d 1 d c
d c ¢ c¢c d 1 d
1 0 a b ¢ d 1

Then (E,A,~,0,1) is a bounded equality algebra. Obviously, E satisfies in
condition x — (y A z) = (x — y) A (x — z), but is not a p-equality algebra,
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since

l=a—d=a—(c—=b#(a—c)—(a—b=1—->d=d.

4 Nucleus topology on equality algebras

In this section, a topology is constructed by nucleus and upsets in equal-
ity algebra and it is shown that an equality algebra endowed with this
topology becomes a topological space. Furthermore, some properties of the
topological space are investigated such as compactness and connectedness.
Moreover, we study continuities of all the operations with respect to the
topology in an equality algebra.

Let (X; <) be a poset. Then for any Y C X, we define 1Y = {x € X |
Jy €Y, s.t., y < x}. The set Y is called upset if 1Y =Y. The set of all
upsets of X is denoted by I'(X).

An upset Y is called finitely generated if there exists n € N such that
Y =t {y1,y2,-..,Yn}, for some y1,y2,...,y, € Y. Obviously, Y C1 Y, for
any Y C X.

Proposition 4.1. Suppose (X;<) is a poset and {Y;}icr C P(X). Then

(i) If Y; CYj, then 1 Y; C1 ;.
(ii) If {Yi}ier CT(X), then UY; € I'(X).

i€l
(iii) If {Yi}ier CT(X), then OY; € ['(X).
i€l
(iv) If Y; e T'(X), thenY; = | T x.
zeY;
Proof. The proof is straightforward. O

Definition 4.2. Assume a € E and u € NU(E). For any X € I'(X), define

DHX)={x € E|a" u(x) € X, for some n € N},

where for any n € N, a = p(z) =a = (a — (- (a = p(2))---)).

Note. If E is bounded, then Df(X) = E. So, from now on, we always
consider a # 0 even if E is bounded, unless otherwise stated.
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Example 4.3. Consider the nucleus map in Example 3.2(ii) and X = {b, 1}.
Then D5 (X) = {a,b,1}.

Proposition 4.4. Let ) # X, Y € I'(E), p € NU(E) and a € E. Then we
have the following properties:

(i) a € DE(X) and 1 € Dy(X).

(i) DE(X) € T(E).

(iii) X C DL(X).

(iv) If X C Y, then DE(X) C DE(Y).

(v) If F € F(E) and p is a homomorphism, then D4 (F) € F(E).
Proof. (i) By (N1), a < pu(a) and so a = p(a) =1 € X, for any n € N.
Thus, a € D4(X). Since X € I'(E) and a — p(l) = 1 € X, we get
1 € DH(X).

(ii) Assume 2 < y and = € D4 (X). Then there is n € N such that a =
p(z) € X. Since p € NU(E), by Proposition 3.3(ii), we have u(z) < p(y).
By Proposition 2.2(vi), a = u(z) < a = pu(y). Since a % u(z) € X and
X €eI(E), weget a = u(y) € X, andso y € D4(X). Hence, D (X) € I'(E).

(iii) Suppose = € X. By Proposition 2.2(iii) and (N1) we have

v <) <a—p(r) <adp@) < <a o).

Since x € X and X € T'(E) we have a - u(x) € X, for any n € N. Hence,
r € D4 (X), and so X C Dy(X).

(iv) Let € D5(X). Then for n € N, a = pu(z) € X. Since X C Y, we
get a = p(r) €Y, and so x € DE(Y).

(v) By Proposition 3.3(i), u(1) = 1 and clearly, 1 € D4(F). Suppose
z,x — y € DY (F). Then there exists n,m € N such that a %% u(x) € F and
a > p(z — y) € F. So, by Proposition 2.2(x) and (v), we have:

a (e —y)=a> (ux) = uy))
<o (@ p@) = (@’ p)

= (@5 p@) = (a2 (@ u(y))

Since a =% pu(z — y) € F, a 3 p(z) € F and F € F(E), we have a "3"
u(y) € F. Hence, y € D4(F), and so D4 (F) € F(E). O
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Theorem 4.5. Let ) # X € T'(E) and a,z,y € E. If u € NU(E) such that
@ —y) =z — p(y), then

(i) Da(Da(X)) = Da(X).
(ii) DL :T(E) — T'(E) is a closure operator on T'(E).

Proof. (i) By Proposition 4.4(iii), X C D§(X) and by Proposition 4.4(iv),
we get D4 (X) C Dh (D4 (X)). Conversely, z € D4 (D5 (X)), then for n € N,
a > pu(x) € DY(X). Thus, there exists m € N such that a = p(a = u(z)) €
X. By assumption, we have a =% (a - p(p(z))) € X. Since u € NU(E),
by (N2), a 33 (a 2 p(z)) € X, and so a "3 pu(z) € X. Hence, z € DE(X).
Hence, D4(D4 (X)) C DL (X). Therefore, D (D4 (X)) = Dh(X).

(i) By (i) and Proposition 4.4(ii), (iii) and (iv), we get D4 is a closure
operator. O

Proposition 4.6. Let a € E, p € NU(E) and O # X, € T(E) fora el .
Then

(i) DE0) =0 andD“(E):E.
( ) DZL UaEIX UDH

acl
(111) mae[ Dg(X ) - ,DH (ﬂael )
(iv) If | I |< oo, then D4 (Naer Xa) = Naer P4 (Xa)-

Proof. (i) It is clear.

(ii) If {DL(Xa)}aer € T(E), then by Propositions 4.1(ii), we have
Uaer Xa € T(E). If 2 € DY (Unyer Xa), then there is n € N such that
a = p(x) € Unes Xa- Thus, there exists n € I such that a = p(z) € X,
and so x € D“(X ). Hence, z € (J,c; Dh(Xa), and so Di (Uper Xa) €
U DH(Xa). Now, since Xo € Jyey Xo for any o € I, by (iii) we get

ael
Dh(Xa) € Di (Uper Xa)- S0 Uaer Ph(Xa) € Di(Uyer Xa).  Hence,

Dg (UaeIX ) UaeI DM(Xoc)-
(iii) If z € N, D4 (Xa), then z € Dy (X,) for any a € I. Hence, there is

ne € N for any a € T such that a =% u(z) € Xo. We put t = max{na }aer-
By Proposition 2.2(iii), a 8 u(z) < a 4 wu(z) for any o € I. Since
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X4 € T(E) for a € I, we obtain a 5 u(z) € X, for any o € I. Hence,
a5 pu(z) e Nacr Xa» and so z € D (N,er Xa) - Hence, N, Ph(Xa) C
Dg (mocel Xa) :

(iv) By Propositions 4.1(iii), N,e; Xoa € T(E). If | I |= k, and = €
Dy (m];:1 Xa>, then there is n € N such that a = u(x) € ﬂ];:1 Xq. Then

a pu(zr) € X, for 1 < a <k Thus, z € DE(X,) for 1 < a < k and so
x € ﬂ§:1 Dl (X,). Conversely, holds by (iii). Therefore, D4 (e Xa) =
ﬂae[ Dg(XOé)‘ O

Theorem 4.7. For anya € E and p € NU(E), 7, = {D4(X) | X e (E)}
forms a topology on E and (E,1,) is a topological space.

Proof. By Proposition 4.6, it is straightforward to see that (F, 7,) is a topo-
logical space. O

Example 4.8. Let E and p be as in Example 3.2(iii). Then I'(E) =
{0,{1},{b,1},{a,1},{c,a,b,1}, E} and 7, = {0, {a,b,c, 1}, E}.

Proposition 4.9. (i) For any a € E, {a} is dense in topological space
(B, 7).

(ii) If E is bounded, then 1y is a trivial topology on E.
(iii) The set B, = {DL(T x) | x € E} is a base for the topology 1, on E.

Proof. (i) For proving that {a} is dense, we have to show that {a} = E.
Suppose U is a closed subset of E such that {a} C U. So, U° is open,
thus there exists X € I'(E) such that U¢ = D§(X). By Proposition 4.4(ii),
a € Dy (X), and so a € UNU® = ), which is an absurd. Hence, U¢ = (), and
so U = E. Therefore, {a} is dense.

(ii) Let X € D(E). If X = 0, then DY (X) = 0. Tf X # 0, since X € T'(E),
we get 1 € X. Also, for anyn € Nand z € F, 0 5 u(z) =1 € X, and so
x € Dj(X). Hence, 7o = {0, E'} is a trivial topology.

(iii) Suppose U is an open subset of (E,7,). Then there is X € I'(E)
such that U = D4 (X). Since X € T'(E), we have X = J{t = | z € X}. By
Proposition 4.4(vii), Dy (X) = J{DL (1 z) | z € X}. Thus B, is a base for
the topology 7, on FE. O

Theorem 4.10. Assume p € NU(E), a,b€ E and ) # X C E.
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(i) If a <b, then Di(X) C D4(X).
Suppose u satisfies the condition u(x — y) = x — u(y), for all z,y €
E. Then

(ii) If a < b, then the topology Ty is finer than the topology Tq.

(iii) X is compact in (E,7,) if and only if X C D&+ {®iy, Tigy -+, Ti, }),
for some i, xiy,-, 2, € X.

Proof. (i) Assume z € D}(X). Then there exists n € N such that b =
p(x) € X. Since a < b, by Proposition 2.2(vi) we get b — p(z) < a — u(x).
In addition, by Proposition 2.2(vi), we get

b— (b— p(x) <b—(a— u) <a—(a— px)).

Thus, b = wx) <a 2 (). By repeating this method, we have b = pu(z) <
a > p(x). Since b > p(x) € X and X € I'(E), we get a — u(z) € X.
Hence, x € D4 (X), and so Di'(X) C Di(X).

(ii) Let B, and By be the bases for the topologies 7, and 73, respectively.
If D4(1 x) is an element of the base B, such that z € D5(1 ), for z € E,
then there is n € N such that a = u(z) €1 =, that is, z < a = pu(z). Since
by Proposition 2.2(iii) and (N1), z < u(z) < b = u(z), and z €1 z, by
Proposition 4.4(ii), z € D} (1 z) € By. From Proposition 4.4(v) and a < b
it follows that Di'(1 z) C D5 (1 z). We will prove that D4 (1 z) C D5 (T ).
Let u € Di(1 2). Then there is m € N such that a 5 p(u) €1 2 and so
z<a u(u). By Proposition 3.3(ii) and (N2),

u(=) < pla ™ p(w) = a 2 plu(w)) = a 2 (),
By Proposition 2.2(v),

n

a’u(z) <a (ag,u,(u)) =a — p(u).

Thus z < a "™5" pu(u), that is, u € D4 (1 x). Hence, Dh (1 z) C DL (1 ), and
so DJ'(1 z) C D4(1 x). Therefore, the topology 7, is finer than the topology
Ta.

(iii) Suppose X C Dh (1 {xiy, Tiy, -+, Ti, }), for some x;,, Ty, -+~ , T4, €
X. If {Dh(X;) | i € I} is a family of open subsets of F such that X C

U D% (X:), then there is t; € I such that z;; € Dg(Xy,), for j € {1,2,---,,n}
el
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and so by Proposition 4.4(i), (iii) and Proposition 4.5(i), we obtain D} (1
;;) € D (Xy,). By using Proposition 4.6(ii) we have

X CDE(M @iy, Tigs -, @i }) = D (T @iy ) UDE (T wip) U -+ UDE(T 4,
- DZL(XU) Upg(XtQ) U--- UDg(th)'

So, X is a compact subset of (E, 7).

Conversely, suppose that X is a compact subset of E. Since X C (J (1
zeX
x), by Proposition 4.4(iii) and Proposition 4.6(ii) we have X C | D4 (*
reX
z). Hence {DL(1 z) | * € X} is a family of open subsets of E whose

union contains X. By hypothesis, there are z;,, x;,, -, 2;, € X such that
X C DY {wiy, Tiy, -+, i, }). By Proposition 4.6(ii) we get X C Dy(1
{$17m27"'77mn})' D

Remark 4.11. (i) According to Proposition 4.4(i), Dy (X) € T'(E), thus
1 € DY(X). If there is a subset of E such as V such that 1 ¢ V, then
V' is not an open subset of 7,. Hence, 7, is not the power set of E.

(ii) If F is bounded, then by Proposition 4.4(i), it is clear that the topo-
logical space (F,1,) is compact.

(iii) The topological space (F,7,) is an irreducible topological space, since
for any two arbitrary closed subsets of F, such as U; and Us, where
E = U;UUs, we get that there exist X and X such that U7 = DL (X))
and US = Di(X2), respectively. By Proposition 4.4(ii), a € Uf N US,
and so a ¢ Uy UUs = E, a contradiction.

(iv) Since for any X € I'(E) and a € E, 1 € D5(X), it is clear that (E,7,)
is not Ty, 11, T, T35 and Ty.

Theorem 4.12. Consider E is bounded. Then the topological space (E, 1)
18 connected.

Proof. Let ) £ U C E which is both closed and open. Then there exists an
upset X of F such that U = D4 (X). Since E is bounded, if 0 € U, then by
Proposition 4.4(i), U = E. Otherwise assume 0 € E'\ U. Since U is closed,
we get '\ U is open, thus, F\ U is an upset. From 0 € E\ U we have
E\U = E, so U =, a contradiction. We conclude that {0}, E'} is the set
of all closed and open subsets of E¥. Hence F is connected. ]
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Remark 4.13. Let u € NU(FE) be a homomorphism. Then by (N1) and
(N2), we have

= p(y) < ple — w(y) = p@) = plp(y) = p@) = uy).

Also, by Proposition 3.3(iii), p(z) = pu(y) < x — p(y). Hence, p(x — y) =
x — p(y), for any x,y € F.

Theorem 4.14. Let a,b € E and yp € NU(E) be a homomorphism.

(i) If b € Fix,(E), then (E,—,Tq) is a left topological equality algebra.
(ii) If E and satisfies in (x Ny) — z= (x — z) V (y — z), then (E, A\, T,)

1s a semi-topological equality algebra.

Proof. (i) Consider the map g, : F — FE such that for any = € E, g,(z) =
b— x and b € Fiz,(E). We prove that g, '(D4 (1 x)) € 7,. We know that

g, (Dt @) = {u € B | go(u) € DY(T )}
—{ueE|IneNstz<aub—u}.
=G

We show that G € I'(E). Suppose u < v such that u € G. Then there exists
n € N such that z < a = p(b — u). Since u < v, by Proposition 2.2(vi) and
Proposition 3.3(ii), we have b — v < b — v and so pu(b — u) < u(b — v).
Again, by Proposition 2.2(vi), z < a = u(b — u) < a = u(b — v). Thus,
v € G. Now, we prove that G = D;(G). By Proposition 4.4(ii), we have
G C D4(G). For converse, suppose u € Dy (G). Then there exists m € N
such that a % p(u) € G. Thus,

aBpuu)eG=ImecNstr<aub—(aB u))).

In addition, we have

[a Soub— (e B ,u(u)))} — [a jars w(b — u)}
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=a8 [(b — (a5 () = ud— u)} by Remark 4.13
= [(b — (a3 u(u)))] — [a (b — u)} by Proposition 2.2(v)
= {(a (b — p(u) )] — {a (b — u)} by Proposition 2.2(v)

)
(b — u) by Proposition 2.2(x)
(

Thus, z < a = pu(b — (@ 5 p(w))) < a "5 u(b — u), and so u € G. Hence,
DL(G) € G, so G = DH(G). Tt shows that g, is continuous. Therefore,
(E,—,71,) is a left topological equality algebra.

(ii) Consider the map f, : E — E, defined by fy(x) = bAz, forallxz € E.
We show that f, ' (D5 (1 x)) € 7,. For this, we have

F (Dh(t @) = {u € E| fo(u) € D(T 2)}
={ueFE|unbe D z)}

={ucE|ImecNstz<apubAru)}.
:=C

We show that C € T'(E). For this, assume u < v such that u € C. There
exists n € N such that z < a = w(bAw). Since u < v, we have u Ab < vAb
and by Proposition 3.3(ii), p(u A b) < p(v A b) and by Proposition 2.2(vi),
for n € N, we have x < a = pu(bAu) < a = u(b Av). Hence, v € C, and so
C € T(E). Now, we prove that Dy (C) = C. By Proposition 4.4(ii), we have
C C DL(C). Conversely, suppose u € D4(C). Then there exists n € N such
that a = p(u) € C. Then

aSpu)eC=ImeNstr<aBubA(a> pu))

Thus,

m+n

[a oA (a0 u(u)))} — [a = pu(bA u)}

> {u(b A (a5 ,u(u)))} — [a 5 u(d A u)} by Proposition 2.2(x)
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=a {,u (b Ala 2 u(u))) — u(bA u)] by Proposition 2.2(v)
=a> [(b A(a S pu)) = p(dA u)] by Remark 4.13
= (b N u(u))) — {a 5 ou(d A u)] by Proposition 2.2(v)
{ — (agu b/\u))} V(a3 plu) — (agp(b/\u))}
A

u))] by Proposition 2.2(x)
))] by Remark 4.13
)

=
>
>
&
< <
= E
L=
=
@Al_|
> =
QO“

m-+n

Thus, z < a 5 ub A (a = ) < a i wbAu), and so z < a —
u(b Au). Hence, u € C, and so D4 (C) C C. Thus, D4(C) = C, which means
that f, is continuous. Therefore, (E, A, 7,) is a semi-topological. O

In the following, quotient topology and topology on quotient structure
of equality algebra are studied.

Let F € F(E) and 7 : E — £ the canonical homomorphism defined
by m(z) = [z]. Define fi : & — %F, such that j(m(x)) = 7(u(z)), that is,
f([z]) = [p(z)], for all z € E. One can easily check that /i is a nucleus on %
induced by a nucleus p on E. It is clear that (%, T[a]) is a topological space,

where the set 71, = {Df;}(%) | FCUe I‘(E)} is a topology on % and the

set {Dﬁl] (1 [2z]) | [=] € %} is a base for the topology 7, on £. Moreover,
the set 7, = {[D5(U)] | F C U € I'(E)} is the quotient topology on £ and
(£,7,) is the quotient topological space. The set {[D(1 z)] | 2 € E} is a
base for the quotient topology 7.

Proposition 4.15. Consider F,G € F(E) such that F C G. Then D{;] (%) =
Du(G)

F
Proof. Let x € E. Then

Dl (?) _ {[x] e % |In €N st o] B i) €

}
|

QTR

- {[m] € % | In €N s.t [a] & [u(z)] €
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G—IEInENst[a—hu( )}Eg}

e ]xED”(G)}

G
F

(e
{ GIEInGNsta—HL()GG}
(e
D

Theorem 4.16. Assume F € F(E). Then

(i) [D(t 2)] € DE, (1 [a)-
(ii) The quotient topology 7, is finer than the topology T,

Proof. (i) Let [u] € [DE(T )] = {[v] | v € D4(1 x)}, for any u € E. Then
there is v € D4(1 x) such that [u] = [v], so there is n € N such that
r<a p),and so x — (a = p(v)) = 1. Thus, [z] = ([a] = [u(v)]) = [1]

From [u] = [v] we have [z] — ([a] = [1(u)]) = 1. Hence, [u] € Df;] (1 [z]).
(ii) As we know, {Dﬁd (1 [z]) | [z] € %} is a base for the topology 7.

In addition {[D4 (1 z)] | = € E} is a basis for the topology 7, on £. By (i),

it is clear that the quotient topology 7, is finer than the topology 74. [

Theorem 4.17. Suppose p € NU(E) is a homomorphism. Then for F €
F(E), we have

() [DE(1 2)) = Dy (1 [a).
(ii) The quotient topology T, and the topology Tla] @re same.

Proof. By Theorem 4.16, we have [Dh(1 z)] C Df; (T [z]).  Conversely,

suppose [u] € Dﬁ] (1 [z]). Then there is n € N such that [] < [a] = u([u]).

Thus, 2 — (a = u(u)) € F. So, there is v € F such that v = z — (a =
p(w)). Then by Proposition 2.2(v) and assumption, we have

1:U—>(x—>(agu(u))):x%(ag(v%u(u)))
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=2 — (a3 pulv—u)) by Remark 4.13

Hence, v — u € D4(1 ). Since v € F, we get [u] = [1] = [u] = [v] = [u]

S
[D4 (1 )], and so Dﬁl] (1 [z]) C [DL (1 x)]. Therefore, [D5 (1 z)] = Df;] (1 [z])-
O

(ii) By (i) the proof is clear.

5 Conclusions and future works

In this paper, the concept of nucleus map on equality algebras is defined
and some related results are investigated. Then by using this notion and
upsets in equality algebra, a topology is constructed and it is shown that an
equality algebra endowed with this topology becomes a topological space.
Furthermore, some properties of the topological space are investigated such
as compactness and connectedness. Moreover, continuities of all the opera-
tions with respect to the topology in an equality algebra is studied. Finally,
the relationships are revealed between the two topologies on quotient equal-
ity algebras.
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