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Abstract. Edge coloring of a graph is a function from its edge set to the set
of natural numbers (called colours). A path in an edge-colored graph with no
two edges sharing the same color is called a rainbow path. An edge-colored
graph is said to be rainbow connected if every pair of vertices is connected
by at least one rainbow path. Such a coloring is called a rainbow coloring
of the graph. The minimum number of colors required to rainbow color a
connected graph is called its rainbow connection number, denoted by rc(G).
For example, the rainbow connection number of a complete graph is 1, that
of a path is its length, and that of a star is its number of leaves. For a
basic introduction to the topic, see Chapter 11 in [4] and for a comprehensive
treatment of the area see the recent monograph by Li and Sun [6]. The
concept of rainbow coloring was introduced in [3].
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1 Introduction

Edge coloring of a graph is a function from its edge set to the set of natural
numbers (called colours). A path in an edge-colored graph with no two
edges sharing the same color is called a rainbow path. An edge-colored
graph is said to be rainbow connected if every pair of vertices is connected
by at least one rainbow path. Such a coloring is called a rainbow coloring
of the graph. The minimum number of colors required to rainbow color a
connected graph is called its rainbow connection number, denoted by re¢(G).
For example, the rainbow connection number of a complete graph is 1, that
of a path is its length, and that of a star is its number of leaves. For a basic
introduction to the topic, see Chapter 11 in [4] and for a comprehensive
treatment of the area see the recent monograph by Li and Sun [6]. The
concept of rainbow coloring was introduced in [3].

It is one of the applications of rainbow coloring in modeling the problem
of message transmission with complete security [1]. Suppose that G repre-
sents a network. We wish to send messages between any two vertices in a
network and require that each link on the path between the vertices (each
edge on the path) be assigned a distinct channel (e.g., a distinct frequency).
The color of each edge indicates the frequency used to transmit the message
Clearly, we want to minimize the number of different channels we use in
our network. In this paper, we study the rainbow connection number of
Cartesian products of some classes of graphs.

2 Preliminary definitions and theorems

In this section, we collect definitions and concepts needed in this paper. All
graphs considered are finite, connected, undirected, and without multiple
edges. The distance between two vertices v and v in G is the length of the
shortest path between them and is denoted by dg(u,v).

Eccentricity of a vertex v of graph G is the maximum distance between
a vertex v to all other vertices of G, denoted by eccg(v). The diameter of
a connected graph G is the maximum eccentricity of its vertices, denoted
by diam(G). The radius of G is the smallest eccentricity of its vertices,
denoted by rad(G).

Definition 2.1. Given two graphs G and H, the Cartesian product of G
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and H, denoted by GOH,, is a graph defined as follows: V(GOH) = V(G) x
V(H). Two distinct vertices (g1, h1) and (g2, he) of GOH are adjacent if and
only if either g1 = g2 and {hi,ho} € E(H) or hy = hg and {g1,92} € E(G).

Definition 2.2. The n-dimensional hypercube is a graph whose vertex set
is {1,0}" (i.e., there are exactly 2" vertices, each labeled with a distinct
n-bit string), and with an edge between two vertices if and only if they
differ in exactly one bit position, and denoted by @,,. By the definition of
Cartesian product of graphs, we have @, = Q,— 10Ky = 0" | K».

Definition 2.3. The star graph of order n is denoted by S, is a tree on n
nodes with one node having vertex degree n — 1 and the other n — 1 having
vertex degree 1.

Proposition 2.4. [7] Let G and H be two graphs, then the Cartesian
product GLH is connected if and only if both G and H are connected, also
diam(GOH) = diam(G) + diam(H).

Lemma 2.5. Let G and H be connected graphs, then re(GOH) < rc(G) +
re(H)

Proof. Suppose that cg and cp are rainbow colorings of graphs G and H,
respectively, with distinct color sets A and B. We define an edge coloring
cqoom of GUH as follows:

AR / !/
carm{(g. ), (g )} = {CG{” piog (G andh =H,
cg{h,W'}if hih/ € E(H)and g = ¢'.

For every two vertices (z,y) and (2/,y’) of GOH there are two cases:

(1) If (z,y) and (2/,y’) are in same copy of G or H. Then, according to
the rainbow coloring of the graphs G and H, this copy has a rainbow path
between those two vertices.

(2) If (z,y) and (2/,y’) are not in the same copy of G or H. Then, We
consider the path P : (z,y)---(2',y) -+ (2’,y') such that the first part of
the path P from (z,y) to (2/,y) is in a copy of G and the second part of
the path from (2/,y) to (2/,4') is in a copy of H. Therefore, according to
the rainbow coloring of graph G, there is a rainbow colored path between
(z,y) and (2',y) with colors from A. Similarly, by a rainbow coloring of
the graph H between (2/,y) and (z/,y’), there is a rainbow path with colors
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from B. Then, there is a rainbow path between (z,y) and (2/,y'). As a
result, cgop is a rainbow coloring of GOH. Then, rc¢(GOH) < re(G) +
re(H). O

Remark 2.6. For example, let G = H = P, be two graphs with rc¢(G) =
re(H) = 1. Clearly, GOH = Cy and r¢(GOH) = r¢(G) + re(H) = 2.

The last example shows that the upper bound in Lemma 2.5 can be
reached.
Note that, for any connected graph G by definition of rainbow coloring, we
have, rc(G) > diam(G).

Corollary 2.7. Let G and H be connected graphs. Then
diam(GOH) < re(GOH) < re(G) +re(H).
Proposition 2.8. Let G and H be graphs, then if rc(G) = diam(G) and
re(H) = diam(H). Then re(GOH) = diam(GOH) = rc(G) + re(H)
Proof. By 2.4 and 2.7, we have
diam/(G) + diam(H) = diam(GOH)
< re¢(GOH)
<rc(G)+rc(H)
= diam(QG) + diam(H).
Then r¢(GOH) = re(G) + re(H). O
In the next section, we study the rainbow connection number of the

Cartesian product of some classes of graphs and find their upper and lower
bounds.

3 Main results

Let P,, C,, Sn, and K, be the path, cycle, star(K;,—1), and complete
graph of order n, respectively. In addition, let P, C, S and K be the class
of paths, cycles, stars and complete graphs consequently. A trivial graph is
a graph of order 1.

Since re(Ky,) = diam(K,,) =1, re(P,) = diam(P,) = n—1, and rc¢(Cay,) =
diam(Cs,) = n, and according to Proposition 2.8, we have the following
corollaries.
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Corollary 3.1. r¢(GOH) = diam(GOH) for any two graphs G and H from
KUP.

Corollary 3.2. Let n,m € N. Then
(1) re(P,0C%,) = diam(P,0C,) =n—1+m,
(2) re(K,0Cy,) = diam(K,OCs,) = m+1,
(3) re(Co,0Coy,) = diam(Co,0C,) = n + m.

Corollary 3.3. Let @y, be a n-hypercube graph. Thenrc(Qy) = diam(Qy) =
n, for any n € N.

In [2] the authors proved that, for any two connected graphs G and H,
re(GOH) < 2rad(GOH).
Theorem 3.4. Let n,m € N with n is odd and G = K,,,0C,,. Then
n

re(G) = diam(K,,0C,) = L§J +1.

Proof. Combine the fact that rc(K,,0Cy) > diam(K,,0C,) = [ 5] + 1.
Conversely, suppose that V(Cy,) = {v1,...,v,} and V(K,,) = {ug,...,um}
are vertex sets of C,, and K,,, respectively. Then,

V(ChOKy) = {(vi,uy)|1 <i<n;1 < j<m}

is a vertex set of G, so there are m copies of C,, and n copies of K,, in G
that denoted by K/, for (1 < i < n). We consider the edge partitioning of
the graph G as follows

Ei = {(viy uj) (vi up)[1 <6 < m, 1 <y j < mi,

E{ = {(vi,uj)(Vig1,u5)]1 <P <n, 1 <j<m,vpqe1 =01}
Let E; be every edge in a complete graph K/, for (1 < i < n) and E] be
any edge between K and Kit! (1 <i < n) such that K" = K.
Suppose that k = diam(K,,0C,) = [§] + 1.
Now, we define a coloring ¢ of the graph G as follows:

() = i 1<i<k-—1,
S li—ka1 kE<i<n.
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1+ 1 1<i<k—1,
cE)=qQi—k+2 k<i<n,
1 1= n.

We have to show that there is a rainbow path between any two vertices in
the graph G. Let (z,y) and (2,y') be arbitrary vertices in G.

(i) If x = 2/ or (y =), then (z,y) and (2/,y’) are in the same copy of
K,, or C, so by the coloring ¢, there is a rainbow path between (z,y) and
(«',y') of length at most of k — 1.

(ii) If  # 2’ and y # ¢/ then (x,y) and (2/,y’) are not in the same copy
of K, or Cy, so there is a path between those two vertices of length at most
k so that in a copy of C,,, there is a rainbow path between (z,y) and (z/,y)
like as P of length at most £ — 1. Then, that path passes through k copies
of K,,.

According to the coloring ¢, at least the color of the edges in one copy
among k copies of K, differs from the colors of the edges of the path P.
Let edge {(z",y), (¢",y')} has different color from the colors of path P.
Therefore, by using the path (z,v),..., (2”,y), (",y), ..., (2',y')} between
(xz,y) and (2/,y'), so a path of length k such that whose edges are colored
with k different colors is obtained. Then, (z,y) and (2/,y’) are connected
by a rainbow path.

As a result, every two vertices of G are connected by a rainbow path of
maximum length k. Therefore, ¢ is a rainbow coloring of G with k colors.
Then,

re(CnOK ) = diam(CpOK ) = L%J +1.

Theorem 3.5. Let n,m € N with n is odd. and G = P,,0C,, then

re(G) = diam(G) = LgJ +m— 1.

Proof. Suppose that V(G) = {v;;|1 < j <m, 1 <i < n} is the vertex set
of G and partition the edges of graph G as follows.

Eji ={vjivjinll <i<n, 1 <j<m, vjng1 = vj1}



Rainbow connection number of cartesian product 7

Bl ={vjivjil <i<n, 1<j<m—1}

Such that Ej;; is the set of edges of a cycle jth CJ and E;Z is the set
of edges between vertices of cycle C? and vertices of cycle C4t Since
n is odd, there exists k = |§] such that n = 2k + 1. We know that
re(G) > diam(G) = |5] +m — 1. Now, we define an edge coloring of G,
c: E(G)—{1,2,...,k+m — 1} of the edges of G as follows

) 1<i <k,
cleji) =1 . .
1 —k kE+1<i<n.

7 1<i<kandj=1,
clef ) =qk+1 k<i<nandj=1,
k+j l<j<m-—1

We will show that c is a rainbow connected coloring for G. We must show
that every two vertices of G are connected by a rainbow path.
Suppose that z = v;;,y = vj ; are two arbitrary vertices of G there are
two cases.

(1) If i =4 or j = j' so x and y are in same copy of P, or C), then z
and y are connected by rainbow path of length at most m — 1 or k.

(2) If i # 4" and j # 7' (j < j'), We consider two cases.

a) Suppose that j = 1 then there is at least two paths between the
vertices z and y of length d(z,y) < diam(G) = k +m — 1 like as

P vy, v, .00V, Vg

Q ULy e e UL, V240 ooy Ug gt

According to the coloring ¢, at least one of the paths P and @ is the rainbow
path.
b) Suppose that 2 < j < 5/, in this case there is a rainbow path between
x and y as follows
P UgiyeveyUjligy ey Ugr gt

Thus, ¢ is a rainbow coloring of G and r¢(G) < k+ m — 1 and so 7¢(G) =
k+m—1. ]
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Lemma 3.6. Let T,, (m > 4) be a tree that has at least three pendant ver-
tices (not path) then,

re(K,0T,,) <rc(Ty)=m—1

Proof. We have re(T,,) = m — 1. Assign m — 1 distinct colors to all edges
of T;,. Define the coloring of the edges of K,0T,, as follows. For every
two adjacent vertices x and y from 7T,,, in K,07,, there exist two adjacent
copies of K, that are opposite of x and y, so assign the color of edge xy to
all edges between these two copies of K,.

In tree T, we consider P the path of length diam(T,,) < m—1 and suppose
that u,v € P and d(u) = d(v) = 1 (u and v are end-vertices of the path P)
in graph K,,0T,,, since d(u,v) < m—2. Then, there is a color among m — 1
colors such as a, which is different from colors on the edges of path P. So, by
assigning color (a) to all edges in two copies of K,, opposite of u and v, and
assigning every color among m — 1 color without color (a) arbitrarily assigns
to the all edges in every copy of K,,. Since every two vertices of K,07T,, are
connected by a rainbow path. Therefore, re(K,07,,) < m — 1. O

Let Sy, = K1 ,m—1 be astar graph from order m, with vertex set V(.S,,) =
{v1,v9,...,vn} such that the vertex v; of degree m—1 and the other vertices
of degree 1. Since Sy, is a tree, so rc(Sy,) =m — 1.

Theorem 3.7. Let n,m € N andn > 1. then, rc(K,0S,,) =4 whenm > 5
and re(K,08,) = 3.

Proof. For the first equal, we have diam(K,0S,,) = 3 and m > 5. Assume,
to the contrary, that there exists a rainbow connected coloring ¢ of K,,00.5,,,
using at most three colors.

In every copy of S,,, between every two vertices (without center vertex)
exists just one path of length two and many paths of length 4. Since coloring
¢ has at most three colors and m > 5 then there exists at least two vertices
in K,,05,, are not connected by a rainbow path. So that rc¢(K,0S,,) > 4.
On the other hand, let V(Sy,) = {u1,...,un} and V(K,) = {v1,...,vn}
vertex sets of S,, and K, then the vertex set of K,,0.5,, is
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partition the edges of K, 0.5, into two sets E1 and F» as follows
Er = {(vi, uj) (v, uy)| 1 <4,i" <n, 1< <m}
Ey = {(vi,u1)(vi,uy)| 1 <i<n,2 < j <m}

Now, we define an edge coloring with 4 colors for graph K,0S5,, as follows

{9

P j>2.

3 i=1,
c(Ep) = .

4 1# 1.

For every two nonadjacent vertices x = (v;, u;) and y = (v, u;) of KOSy,
if one of j or 5’ equal to 1, then there is a rainbow path of length 2 from x
to y.
Otherwise, we have the following cases.

If ¢ = ¢ = 1, so there exists the rainbow path

P = (vi,u;), (v1,u1), (v2,u1), (v2,uj), (v1,uj)

between x and y of length 4.

We now consider the case, if at least one of 7 and ¢’ is not equal to 1, then
the path P’ = (v;,u;), (vi, u1), (v1,u1), (v1,uj), (v, ujr) is a rainbow path
of length at most 4 from x to y.

Then, there exists rainbow coloring of K, 0.5,, uses four colors. Therefore,
re(K,08y,) = 4.

Clearly, by 3.6, the remaining equal rc(K,0S;) = 3 is hold. O

Theorem 3.8. Let n,m € N such that n,m > 3. then rc(S,08,,) = 4.

Proof. Suppose that V(S,) = {vo,v1,...,v,—1} such that d(vg) = n — 1
and the vertices v;, (1 < ¢ < n — 1) are pendant vertices and V(S,,) =
{uo, w1, uz, ..., um—1} such that d(ug) = m—1 and the vertices u;, (1 < j <
m — 1) are pendant vertices. Now define a coloring ¢ of the graph S,05,,

1 e = (vo, uo)(vo, uj), 1 < j <m—1,
)2 e = (vo,up)(vi,up), 1 <i<n-—1,
ele) = 3 e = (vo,uj)(vi,u;), 1 <i<n—-1,1<j<m-—1,
4 e = (vi,uo)(vi,uy), 1<i<n—-1,1<j<m-—1
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Clearly, in the coloring ¢, between any two nonadjacent vertices z = (v;, u;)
and y = (vy,uj) of $,08,,, we have the path

P = (/Uia U]), (/Uia UO), (UO)UO)a (/U(]vuj’)a (/Ui’a u]’)

which is a rainbow path of length at most 4. Thus r¢(S,05,,) < 4, since
diam(S,08S,,) = 4. Then, rc(S,05,,) = 4. O

Theorem 3.9. Let n,m € N and n > 1. Then rc(P,0S,,) = n+ 1 when
n,m > 3 (We remove the other cases because Ko = Sy = Py).

Proof. Graph P,0S,, contains n copies of Sy, (S},S2,...,5m). Now,
let {vj,vi,vd,...,v¢ 1} be a vertices of Si for (1 < i < n) such that v}
the center of S and d(v}) = m — 1. Since diam(P,0Sy,) = diam(P,) +
diam(Sy,) = n + 1 then rc¢(P,0S8,,) > n+ 1.

Now, we define an edge-coloring ¢ of P,,05,, as follows. for 1 <i <n and
1<j<m-1,

p

1 ;o oe= vév} and i = 1(mod 2),
2 ; e=uvgu; and i = 0(mod 2),
_Ji+2 ; ezvévé”'l for 1<i<n-—2,
ele) = n+2—-1 e:v;'-fuj.ﬂ for 1<i<n-—2,
3 ;e :vg_lvg,
(n+1 ; e:vyflv? for 1<j<m-1.

For any two nonadjacent vertices x = U;- and y = v;/, of the graph P,0.5,,,

we have

(i) If  and y on same copy of Sy, then ¢ = ¢’ and so the path P : x =
U;-, vé, v6+1, v]ifl, v} = y is a rainbow path between x and y in P,0.5,,.

(ii) If  and y on distinct copies of S,,, suppose that ¢ < i’ then there
is the path P’ : z = U},Ué,véﬂ,z};frl, ;'.TLQ,...,U;.I, = y is a rainbow path
between x and y in P,0S,,.

Indeed, every two vertices of P,005,, are connected by a rainbow path of
length at most n + 1. It follows that the coloring ¢ is rainbow coloring for
P,085,,. So rc¢(P,0Sy,) <n+ 1.

Therefore, r¢(P,0S,,) =n+ 1. O
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We have
diam(CQn—&-lDCQm—&-l) < TC(CQn+1DCQm+1) < TC(CQn+1) + TC(CQm-l—l)

for any two positive integers n and m. So n + m < re(Copt10Com+1) <
n+m-+2. For example, we know that diam(Cs) = diam(Cy) = 2, rc(Cy) = 2
and rc(Cs) = 3. Therefore, 4 < re(C50C5) < 6 and 4 < re(C40C5) < 5.
In addition, there is a rainbow coloring with 4 colors for C40C5 (see Figure
2). Then r¢(C40C5) = 4. In Theorem 3.12, we generalize this example. To
prove that, we need the following lemma.

Lemma 3.10. [3] rc¢(Cy) = [§] for each integer n > 4.

Before we prove Theorem 3.12, we explain the rainbow coloring by the
following example.

Example 3.11. Figure 1 shows a rainbow coloring of CglL1Cy with 7 colors.
Then, rc(Cg0Cy) = diam(CgCy) =7
Let V(Cp) = {vi]1 <4 < n} and V(Cp) = {u;]1 < j < m}, In Theo-
rem 3.12, the vertex (v, u;) € V(C,OCy,) is denoted by v; ; for notational
simplicity.
Theorem 3.12. Let n,m € N and G = C3,0C5, 1. Then
rc(G) = diam(G) = n +m.

Proof. In any connected graph G, we have rc¢(G) > diam(G), and so
rc(Con0Com41) > n+ m. Now, suppose that V(G) = {v; ;|1 <i<2n, 1<
Jj < 2m + 1} is the vertex set of G. We can partition the edges of G into
two subsets as follows:

E={ej;j=vvij41[1<i<2n, 1 <j<2m+1, viomy2 = vi1},
E'={¢;j=vijvit1;11 <i<2n,1<j<2m+1, vopt1,; = v1,}

Now, we define the edge coloring ¢ : E|JE" — {1,2,...,n + m} of the edges
of G as follows:

J 1<j<m,

orl <i<2n; clej;i)=
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Figure 1: rainbow coloring of (Cs[1Cy)

' 1<4< 1

forie {Lin+1}: c(efy) =1 sjsm+l,
7 J—m m+1<j<2m+ 1.

m—+1 l<i<n+41,

if i¢{lin+1} clef;) = {

m+i—n n+1<i<2n.

We will show that c is a rainbow edge-coloring of G. We want to show that
any two vertices of G are connected by a rainbow path.

Suppose that x = v; j,y = vy j are two arbitrary vertices of G. There
are the following cases.

(1) If i = 4" or j = j' then z and y are in the same copy of Cy, or
Com+1. By comparing the edge coloring ¢ of G with the rainbow coloring
of a cycle C, that is defined in Lemma 3.10, it is clear to see that x and y
are connected by a rainbow path of length at most n if j = j' (m if i = ¢').
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(2) If i # ¢ and j < j’ there is d(x,y) < diam(G) = m + n, We consider
three subcases.
(A) Let j <m+1<j and j' — j < m, then the path

P Vi 5y Vij+1y -y Vim+1, Viklm+1s - -« Vil ma4-1, Vi m4-2y - -+ 5 Vgl 57

is a rainbow path between x and y in G such that the colors of the first
part of the path (between v; ; and v; 1) are 4,5 +1,...,m, the colors of
the second part of the path (between v; 41 and vy ,41) are ' — ¢ distinct
colors of the set {m +1,m+2,...,m+ n} and the colors of the third part
of the path (between vy 41 and vy ;) are colors 1,2,...,j — 1. So, in this
case, there is a rainbow path between v; ; and vy ; in G. See the black bold
path in Figure 1.

(B) If m+1 < j" such that (|j" — j| > m), then the path P» of length at
most m + n.

Py x =0 5,0ik15, 0§ = O jy V0 g1y, Vit jr =Y

is a rainbow path between z and y in G like as, the first part of the path
from z to ¢ on a cycle C3 such that the colors of edges of this part are
{j,m+2,....,m+n}, and the second part of the path from ¢ to y on a cycle
cy 41 Such that the edges in this part are colored by distinct colors of the
colors {1,2,...,5—1} and {5,/ + 1,...,m+ 1} on a cycle of Cop,+1. So,
the path P» is a rainbow path between x and y in G.

(C) In the case that 7 < j* <m+1or m+1 < j < j then the following
path P5 of length at most m +n

P3 L= U555V 5410058 = Vg 57, Vik1,575 -+ - Uit 7 = Y
is a rainbow path between x and y in G. The colors of the first part of the
path (between x and s) are j,j + 1,...,j" — 1, and the colors of the second
part of the path (between s and y) are j' or 5/ —m and some distinct colors
of the set{m +2,...,m + n}.
As a result, the coloring ¢ is a rainbow coloring of G. Then, rc¢(G) <
m + n. Therefore, re¢(G) = m + n. O

Example 3.13. Figure 2 shows a rainbow coloring of C4[1C5 with 4 colors.

Conjecture 3.14. Let n,m € N\{1}. Then, rc(Co,+10C+1) = n+m+1.
Specially, rc¢(Cop+10Co,4+1) = 2n+ 1 for n € N\ {1}.
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Figure 2: rainbow coloring of C4[JC5
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