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Characterization of Monoids by
Condition (PW Ps) of right acts

Hossein Mohammadzadeh Saany* and Zohre Khaki

Abstract. In [8] Valdis Laan introduced Condition (PW P). Golchin and
Mohammadzadeh in [3] introduced Condition (PW Pg), where Condition
(PW P) implies Condition (PW Pg), but the converse is not true in general.
In this paper at first we introduce a generalization of Condition (PW Pg),
called Condition (PW Ps). Then will give some general properties and a
characterization of monoids for which all right acts satisfy this condition.
Also, we give a characterization of monoids, by comparing this property of
their right acts with some others. Finally, we will give a characterization of
monoid S, for which S, for any non-empty set I and ngs , satisfy Condition
(PW Ps).

1 Introduction

For a monoid S, with 1 as its identity, a non-empty set A is called a right S-
act, usually denoted by Ag (or simply A), if on which S acts unitarian from
the right, that is, there exists a mapping A x S — A, (a, s) — as, satisfying
the conditions a(st) = (as)t and al = a, for all a € A and s,t € S. Let A
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and B be two right S-acts. A mapping f : A — B is called a homomorphism
of right S-acts or just an S-homomorphism if f(as) = f(a)s, for a € A and
s € S. The set of all S-homomorphisms from A into B is denoted by
Hom(A, B). Also Act-S is the category of right S-acts.

In [8], Condition (PW P) is defined as the principal weak form of Condi-
tion (P). In [3], Condition (PW Pg) is defined as the weak form of Condition
(PWP).

In this paper at first we introduce a generalization of Condition (PW Pg),
called Condition (PW Pg) and will give some general properties, we also
show that Condition (PW Pg) implies Condition (PW Pg) but the converse
is not true in general. Then, we will give a characterization of monoids S
over which all right S-acts satisfy Condition (PW Pgs) and also a character-
ization of monoids S for which this condition of right S-acts has some other
properties and vice versa. Finally, we give a characterization of monoid S,
for which S%, for any non-empty set I and S gxs , satisfy Condition (PW Pg).

We refer the reader to [5, 6], for basic definitions and terminologies
relating to semigroups and acts over monoids and to [2, 8, 9], for definitions
and results on flatness which are used here.

2 General Properties

In this section we introduce Condition (PW Pg) and give some results on it.

Recall from [3, 6, 8] the following:
The right S-act A satisfies Condition (P), if for all a,a’ € A, 5,5 € S,

as=d's' = (3a" € A)(Fu,v € S)(a = a"u,d = a"v and us = vs).
The right S-act A satisfies Condition (PW P), if for all a,a’ € A, s € S,

as =a's = (3" € A)(Fu,v € S)(a = a"u,a’ = a"v and us = vs).
The right S-act A satisfies Condition (PW Pg), if for all a,a’ € A, s € S,

as =da's = (Fa” € A)(3u,v € S)(3e, f € E(9))

(ae = d"ue,d' f =a"vf,es =s= fs and us = vs).

The right S-act A satisfies Condition (PW P,), if for all a,a’ € A, e € E(S),
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ae =d'e = (3a” € A)(Fu,v € S)(a = a"u,d’ = a"v and ue = ve).

We can easily see that the right S-act A satisfies Condition (PW Pg) if and
only if as = d’s, for a,a’ € A, s € S, implies that there exist a” € A,
u,v € S and e, f € E(S) such that ae = a"u, d'f = a"v, es = s = fs and
us = vs.

Definition 2.1. The right S-act A satisfies Condition (PW Pg), if for all
a,a € A, s€ S,

as =da's = (3a" € A)(Ju,v,r,r" € 5)
(ar = d"u,a'r" = ad"v,rs = s =1r's and us = vs).

Clearly, Condition (PW Pg) implies Condition (PW Ps) but the converse
is not true in general, see example 2.4.

Theorem 2.2. Let S be a monoid and A be a right S-act. Then:

(1) Ss and Og satisfy Condition (PW Pg).
(2) Condition (PW Pg) and Condition (PW Pg) are equivalent in idem-

potent monoids.

(3) I is a non-empty set and A = [] Ai, where A;, i € I, is right S-act. If

i€l

A satisfies Condition (PW Pg), then A; satisfies Condition (PW Pg),
for every i € I.

(4) If I is a non-empty set and A = |[ A;, where A;, i € I, is right

i€l

S-act, then A satisfies Condition (PW Pg) if and only if A; satisfies
Condition (PW Pg), for every i € I.

(5) Let {Bj|i € I} be a non-empty family of subacts of A. If for any
1,12 € I there exists ig € I such that B;, UB;, C B;, and B;, satisfies
Condition (PW Pg), then |J B; as a subact of A satisfies Condition

el
(PW Ps).

(6) Let{B;li € I} be a non-empty chain of subacts of A. If every B;, i € I,
satisfies Condition (PW Pg), then |J B; as a subact of A satisfies

el
Condition (PW Pg).
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(7) Any retract of an act satisfying Condition (PW Pg) satisfies Condition
(PW Ps).

Proof. Parts (1), (2), (3), (4) and (7) are obvious.

(5): Suppose that as = d's, for a,a’ € |J B; and s € S. Then there
el

exist 41,12 € I such that a € B;; and @’ € B;,, and so, by assumption, there

exists iy € I such that B;, UB;, C B;, and B;, satisfies Condition (PW Ps).

Therefore

(3a” € Byy)Bu,v,r, v € S);ar = a"u,d'r’ = a"v,
rs=s=r1's,us = vs.

Since B;, C |J B; thusa” € |J B;, and so |J B; satisfies Condition (PW Ps).
icl iel icl

(6): is a special case of (5). Let a € B;, and a' € B;,. Without lose of

generality, let B;, C B;,. Then a,d’ € B;; U B;, = B;,. By assumption,

B, satisfies Condition (PW Ps), and so, by (5), |J B; satisfies Condition
el
(PW Ps). 0

Recall from [6, 8, 10, 11, 15] the following:

An element s of a monoid S is called right cancellable if ts = t's, for
t,t’ € S, implies t = ' and monoid S is called right cancellative if every
element s of S is right cancellable. A right S-act A is called torsion free
(TF) if ac = d'¢, for a,a’ € A and right cancellable element ¢ € S, implies
a=ad.

A right S-act A is called principally weakly flat (PW F') if the functor
A®g—, preserves all embeddings of principal left ideals into S. Also, an
element s of a monoid S is called left almost regular if there exist elements
75T 1y ey Tiny S1, -+, Sm € S and right cancellable elements ¢y, ..., ¢, € S such
that

§1C1 = ST'1
§2C2 = 5172
SmCm = Sm—1Tm

S = Sy,TS.
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If all elements of S are left almost regular then S is called left almost regular
monoid.

A right S-act A is called GP-flat, if a ® s = @’ ® s in A®RgS for s €
S and a,d’ € A, implies the existence of a natural number n such that
a®s" =ad ®s"in ARgSs". It is obvious that every principally weakly flat
act is GP-flat and it is proved that every G P-flat act is torsion free, but
the converse of both implications are not true in general.

A monoid S is called left PP if every principal left ideal of S is projective,
or equivalently for every s € S there exists an idempotent e of S such that
kerps = kerp.. It is left PSF if every principal left ideal of S is strongly flat,
as a left S-act. This is equivalent to saying that .S is right semi-cancellative,
that is, whenever su = s'u, for s,s',u € S, there exists r € S such that
u = ru and sr = s'r. Obviously every left PP monoid is left PSF.

An act Ag is called strongly torsion free (STF) if as = bs, for any
a,b e A and any s € S, implies a = b.

Theorem 2.3. Let S be a monoid. Then for a right S-act A the following
statements hold:

(1) (PWP) = (PWPg) = (PWPs) = PWEF.
(2) If S is left PSF, then

(PW Ps) & PWF.
(3) If S is left PP, then
(PWPg) & (PWPs) & PWF.
(4) If S is left almost regular, then
(PWPg) & (PWPs) & PWF & GP-flat & TF.
(5) If S is right cancellative, then

STF < (PWP) < (PWPg) < (PWPs) < PWF < GP-
flat & TF.
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Proof. (1): Clearly (PWP) = (PWPg) = (PWPs). Now let A satisfies
Condition (PW Pg) and as = a's for a,a’ € A and s € S then there exist
a’ € A and u,v,r,r" € S such that ar = a"u, a’r’ = a"v, rs = s = r's and
us = vs. So

a®Rs=a@rs=ar@s=ad"us=ad"Qus=a"Qus=d"v®s=
dr'®s=d r's=d ®s
in Ag ® Ss. Thus A is PWF.
(2): Suppose the right S-act A is PWF and let as = a's for a,d’ € A

and s € S. By assumption, there exist n € N and elements a1, as, ...,a, € A,
81y .0y Spy b1, eyt € S such that

a = a181
a1t1 = a8 S§18 = tls
a2t2 — ass3 §98 = tQS
aptn, = a SpS = ty,S.

Since S is left PSF, s1s = t1s implies the existence of 1 € S such that
ris = s and sir; = t171. Also s9s = tos implies sor1s = torys, and so,
there exists ro € S such that ros = s, s9rire = torire then rires = s,
S;T1Tro = t7;1"17‘2, for ¢ = 1, 2.

Continuing this procedure, there exist r1, 79, ..., r,, € S such that riry...r,s =
S, 8;T1T9...Ty, = t;T172...1y, for 1 < i < n. Let r1rs...r,, = r. Thus rs = s and

s;r = tir, for 1 < i < m. So ar = a1817 = a1t1r = 89T = ... = ApSpT =
antnr = a'r. Let u = v = r = 7" and @’ = a. So A satisfies Condition
(PW Pg).

(3): Suppose S be a left PP monoid. Then by [3, Theorem 2.5, A is
principally weakly flat if and only if A satisfies Condition (PW Pg) and by
(1),(3) is true.

(4): Suppose S be a left almost regular monoid. Then by [6, IV, Theorem
6.5] every torsion free right S-act is principally weakly flat. Therefore for
a right S-act A, torsion freeness and principal weak flatness are equivalent.
Also PWF = GP-flat = TF then for a right S-act A, we will have,
PWF < GP-flat < TF. On the other hand, according to the doual
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of [6, IV, Proposition 1.3] every left almost regular monoid is left PP. So
by (3) for a right S-act A, we will have (PW Pg) < (PWPg) < PWF.
Thus (4) is obtained.

(5): By (1) and definition, we will have STF = (PWP) = (PW Pg) =
(PWPs) = PWF = GP-flat = TF. Since S is a right cancellative
monoid for a right S-act A, we will have STF < TF. Thus (5) is true. O

We recall from [6] that a right ideal K of S satisfies Condition (LU) if
for every k € K there exists [ € K such that [k = k.

Example 2.4. Consider the commutative monoid S = {z'|i € R,m €
N} U {1} such that

J m-{—n

n .
! 1< ]
e =4t e
x; i=j.

Let K = {z]"|i € R,m € N}. It is evident that K is an ideal of S. Let

z;" € K and j <i. Then 27'z]" = 27", and so K satisfies Condition (LU).

K
Hence, by [6, III, Proposition 12.19], A = S][S is weakly flat and so is
principally weakly flat. Since S is left PSF (refer to [12, Example 1.6]),
according to Theorem 2.3, A satisfies Condition (PW Pg), Now, we proceed
to show that A does not satisfy Condition (PW Pg). Since

(L z)z = (1, y)zi"
and e = 1 is the only idempotent such that ex]® = z}", there must exist
a” € A and u,u' € S such that (1,z) = a"u, (1,y) = a"v and uz]* = 'z

Notice that (1,z) = a”u implies «” = (1,z) and u = 1 but there is no
element u' € S such that (1,y) = (1, z)u.

3 Characterization of monoids by Condition (PWPyg) of right
acts

In this section we give a characterization of monoids by Condition (PW Ps)
of right S-acts. Also, we give a characterization of monoids, by comparing
Condition (PW Ps) of their acts with some others.

Theorem 3.1. Let S be a left almost reqular monoid. Then for a right
S-act A, the following statements are equivalent:



8 H. Mohammadzadeh Saany, Z. Khaki

1) A satisfies Condition (PW P).

)
2) A satisfies Conditions (PW Pg) and (PW P,).
3) A satisfies Conditions (PW Ps) and (PWP,).
4) A is PWF and satisfies Condition (PW P,).
5) A is GP-flat and satisfies Condition (PW P,).
)

(
(
(
(
(
(6) A is torsion free and satisfies Condition (PW P).
Proof. Implications (1) = (2) = (3) = (4) = (5) = (6) are obvious.

(6) = (1): Let as = d's, for a,d’ € A and s € S. Since S is left
almost regular, there exist elements 7,711,792, ..., 7y, S1, S2,...,Sm € S and
right cancellable elements ¢y, co, ..., ¢, € S such that

S§1C1 = 8T
S§2C2 = 51712

SmCm = Sm—1Tm
S = S;TS.

Therefore asic; = asr; = a’sr1 = a’sic1, and so, by assumption, as; = a’sy
becuase A is torsion free. Also

asoco = asire = a's1ry = a’soco,

which implies ass = a’ss. Continuing this procedure as; = a’s;, for 1 < i <
m. On the other hand sicy = sr1 = s,,7s11 = s;rsic; which implies s; =
smrs1. Continuing this procedure, s; = s,rs;, for 1 < i < m. Therefore
Sm = SmTSm, and so, s,7, 18y € E(S). Now as,, = da’s,, implies as,,r =
a’'spr. Since A satisfies Condition (PW P,), there exist a” € A and u,v € S
such that a = a’u, d’ = a"v, us;,r = vs,yr. Also s = s,,rs implies us =
USmTS = VS, s = vs, that is, A satisfies Condition (PW P). O]

Now, an equivalent condition for a cyclic S-act satisfying Condition
(PW Pg) is given.

Theorem 3.2. Let S be a monoid and p be a right congruence on S.
Then the cyclic right S-act S/p satisfies Condition (PW Pg) if and only
if (zt)p(yt), for xz,y,t € S, implies the existence of elements u,v,r,r" € S
such that ut = vt, (xr)pu, (yr')pv and rt =t = r't.
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Proof. Necessity: Suppose that S/p satisfies Condition (PW Pg) and let
(xt)p(yt), for z,y,t € S. Then [z],t = [y],t, and so there exist r, 1", w, w1, we €
S such that rt =t = r't, [z],r = [w],w1, [y],r" = [w],w2 and wit = wat. If
ww; = u and wwy = v then [z],r = [1],u and [y],r" = [1],v and so, (zr)pu,
(yr")pv and ut = vt.

Sufficiency: Let [z],t = [y],t, for z,y,t € S. Thus (zt)p(yt) and so,
by assumption, there exist w,v,r, 7" € S such that ut = vt, (zr)pu, (yr’)pv
and rt = t = r't. Hence [z],r = [1],u and [y]," = [1],v. So S/p satisfies
Condition (PW Pg). O

Corollary 3.3. Let z € S. Then the principal right ideal zS satisfies
Condition (PW Pg) if and only if zxt = zyt, for xz,y,t € S, implies the
existence of elements w,v,r,r’ € S such that ut = vt, zar = zu, zyr’ = zv
and rt =t = r't.

Proof. Since zS = S/ker),, the result follows from Theorem 3.2 if we put
p = ker,. O

Theorem 3.4. For any monoid S the following statements are equivalent:

(1) All right S-acts satisfy Condition (PW Ps).

(2) All finitely generated right S-acts satisfy Condition (PW Pg).
(3) All cyclic right S-acts satisfy Condition (PW Pg).

(4) All monocyclic right S-acts satisfy Condition (PW Pg).

(5)

5) All monocyclic right S-acts of the form S/p(s,s?), s € S, satisfy Con-
dition (PW Pg).

(6) All right Rees factor acts of S satisfy Condition (PW Pg).

(7) All right Rees factor acts of S of the form S/sS, s € S, satisfy Con-
dition (PW Pg).

(8) S is regular.

Proof. Implications (1) = (2) = (3) = (4) = (5) and (3) = (6) = (7) are
obvious.

(5) = (8): All monocyclic right S-acts of the form S/p(s, s?), s € S, are
principally weakly flat, by Theorem 2.3(1). Thus by [6, IV, Theorem 6.6],
S is regular.
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(7) = (8): All right Rees factor acts of the form S/sS, s € S, are
principally weakly flat, by Theorem 2.3(1). Thus by [6, IV, Theorem 6.6],
S is regular.

(8) = (1): Since S is regular then it is left PP. So by [6, IV, Theorem
6.6] and by Theorem 2.3(3), all right S-acts satisfy Condition (PW Ps). O

Recall from [10], that a right S-act A satisfies Condition (EP), if for all
ac A, sses,
as =as' = (Fa’ € A)(Ju,v € S)(a = d'u = a’'v and us = vs').
It satisfies Condition (E'P), if for all a € A, 5,8,z € S,

(as = as', sz = s'z) = (3’ € A)(3u,v € S)(a = d'u = a'v and us = vs').
Recall from [3], that a right S-act A satisfies Condition (E), if for all a € A,
s, €8,

as =as' = (Fa’ € A)(Fu € S)(a = a'u and us = us’).
It satisfies Condition (E'), if for all a € A, s,5',2 € S,
(as =as',sz=5z) = (a' € A)(Fu € S)(a = d'u and us = us’).
Example 3.5. Condition (F) does not imply Condition (PW Pg) in general,

2N

because if S = (N, ) then Ay = N][N = (1, 2)NU(1, y)N. Clearly, (1,z)N =
Ny = (1,y)N. Since, Ny satisfies Condition (F) then subacts (1,z)N and
(1,y)N satisfy Condition (F). So Ay = (1,z)N U (1, y)N satisfy Condition
(E). But Ay does not satisfy Condition (PW Pg), because on the other hand
(1,2)2 = (1,y)2 implies that there exist @ € Ay and 7,7, u,v € S such that
(1, z2)r = au, (1,y)r' = av, r.2 =2 =1"2 and u2 = v2. Since r.2 =2 =1".2
implies r =" =1 so (1,z) = au and (1,y) = av. Now, (1,z) = au implies
that there exists | € N\2N such that a« = (I,z). So (1,y) = av = (I, x)v,
which is contradiction. So Ay does not satisfy Condition (PW Pg).

Theorem 3.6. For any monoid S the following statements are equivalent:

(1) All right S-acts satisfy Condition (PW Ps).
(2) All right S-acts satisfying Condition (E'P) satisfy Condition (PW Ps).
(3) All right S-acts satisfying Condition (E') satisfy Condition (PW Psg).
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(4) All right S-acts satisfying Condition (EP) satisfy Condition (PW Pg).
(5) All right S-acts satisfying Condition (E) satisfy Condition (PW Pg).
(6) S is regular.

Proof. Implications (1) = (2) = (3) = (5) and (2) = (4) = (b) are
obvious.

(5) = (6): Let s € S. If sS = S, then there exists x € S such that
sx = 1. Thus sxs = s, and so, s is regular. Now let sS # S. Then

sS
A=STIS={(l,z)leS\sS} UsSU{(t,y)teS\sS}
is a right S-act and
B={(l,z)[le S\sS} UsS=Ssg={(t,y)|teS\sS} UsS=C.

where B and C' are subacts of A. Also, A = B|JC is generated by two
elements (1,z) and (1,y). Since S satisfies Condition (E), B and C' satisfy
Condition (F), and so, A satisfies Condition (E). Hence, by assumption, A
satisfies Condition (PW Pg). Since (1,z)s = (1,y)s, then there exist a € A
and w,v,r,r" € S such that (1,2)r = au, (1,y)r’ = av, rs = s = r’s and
us = vs. Now (1,2)r = au and (1, y)r’ = av imply either r € sS or 1’ € sS.
If r € 55 there exists s’ € S such that » = ss’, and so, s = rs = ss’s. Thus
s is regular. If v’ € sS, then Similarly s is regular. Therefore S is regular.
(6) = (1): It is obvious, by Theorem 3.4. O

If s € S such that sS # S, then, by [6, III, Proposition 12.19], the right
sS
S-act S|[S is principally weakly flat if and only if sS satisfies Condition

(LU) and this is equivalent to saying that s is regular. On the other hand if S
is regular, then S is left PP, and so, by Theorem 2.3(3) for every right S-act,
Condition (PW Pg) is equivalent to principally weakly flat. Hence Theorem
3.6 is true, if we substitute Condition (PW Pg) by principally weakly flat.
Moreover, for finitely generated right S-acts and for right S-acts generated
by at most (exactly) two elements Theorem 3.6 is also true.

Theorem 3.7. A right S-act A satisfies Condition (PW Pg) if and only
if for a,a’ € A, s € S and homomorphism f : ¢S — sS, af(s) = d'f(s)
implies that there exist a” € A, u,v,r,r" € S such that f(u) = f(v), f(r) =
f(1)=f(") and a®@ sr=a"@u, d ® 7' =ad" @v in A®gS.
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Proof. Necessity: Let af(s) = a/f(s), for homomorphism f : ¢S — 59,
a,a’ € A and s € S. Then, asf(1) = a’sf(1), and so, there exist a” € A,
u,v,r, 7" € S such that asr = a"u, a’sr’ = a"v, rf(1) = f(1) = ' f(1) and
uf(1) =vf(1). Thus f(r) = f(1) = f(') and f(u) = f(v). Now, by [6, II,
Proposition 5.13], asr = a"u and a’sr’ = v imply a ® sr = ¢” ® u and
a ®sr'=ad" ®vin A®gS, as required.

Sufficiency: Let as = d’s, for a,a’ € A and s € S. Define

f=ps:s5— 58
xTr— IS.

It is obvious that f is a homomorphism and af(1) = &' f(1). Thus, by
assumption, there exist a” € A, u,v,r,7’ € S such that a @ r = a” ® u,
d@r =d ®@vin A®gS, f(u) = f(v) and f(r) = f(1) = f(+'). By [6, II,
Proposition 5.13], a @ r = a” ® u and o’ @ ' = a” @ v imply ar = a"u
and a'r’ = a”v respectively. Also, f(u) = f(v) implies us = vs and f(r) =
f(1) = f(r') implies rs = s = r's, by definition f. Hence A satisfies
Condition (PW Pg), as required. O

By putting » = ' = 1 in the above theorem, we have the following
corollary.

Corollary 3.8. A right S-act A satisfies Condition (PW P) if and only if
for a,a’ € A, s € S and homomorphism f : ¢S — gS, af(s) = d'f(s),
implies that there exist ' € A and u,v € S such that f(u) = f(v) and
a®@s=ad"Qu,d s=d"@v in ARgS.

Theorem 3.9. For any monoid S the following statements are equivalent:

(1) All right S-acts satisfy Condition (PW Pg).

(2) All generators in right S-acts satisfy Condition (PW Pg).

(3) All finitely generated generators in right S-acts satisfy Condition (PW Pg).
(1)

All generators generated by at most three elements in right S-acts
satisfy Condition (PW Pg).

(5) S x Ag satisfies Condition (PW Pg), for every generator right S-act
A.

(6) S x Ag satisfies Condition (PW Pg), for every finitely generated gen-
erator right S-act A.
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(7) S x Ag satisfies Condition (PW Ps), for every generator right S-act
A generated by at most three elements.

(8) S x Ag satisfies Condition (PW Pg), for every right S-act A.

(9) S x Ag satisfies Condition (PW Pg), for every finitely generated right
S-act A.

(10) S x Ag satisfies Condition (PW Ps), for every right S-act A generated
by at most two elements.

(11) A right S-act A satisfies Condition (PW Ps), if Hom(Ag, Ss) # 0.

(12) A finitely generated right S-act A satisfies Condition (PW Pg), if
Hom(Ag,Ss) # 0.

(13) A right S-act A generated by at most two elements satisfies Condition
(PWPg), if Hom(Ag,Ss) # 0.

(14) S is regular.

Proof. Implications (1) = (2) = (3) = (4), (5) = (6) = (7), (8) = (9) =
(10), (11) = (12) = (13), (1) = (5) and (1) = (11) are obvious.

(1) & (14): Tt is obvious, by Theorem 3.4.

(2) = (8): It is obvious that the mapping 7 : S x Ag — Sg, where
m(s,a) = s, for a € A and s € S, is an epimorphism in Act-S, and so,
by [6, II, Theorem 3.16], S x Ag is a generator. Thus by assumption,
S x Ag satisfies Condition (PW Pg).

(10) = (1): Suppose as = a’s for a,a’ € Aand s € S. If B¢ =aS|Jd'S.
It is obvious that Bg is a subact of Ag and Bg is generated by at most
two elements. Then by assumption, right S-act S x Bg satisfies Condition
(PWPs). Since, as = a's implies (1,a)s = (1,a’)s, there exist (w,b) €
S X Bg, u,v,r,r’" € S such that (1,a)r = (w,b)u, (1,d')r" = (w,b)v, us = vs
and rs = s = r’s. Then ar = bu and a’'r’ = bv and so Ag satisfies Condition
(PW Ps).

(13) = (2): Suppose A be a generator right S-act, and as = a’s for
a,a’ € Aand s € S. Let Bg = aS|Jd’S. Tt is obvious that Bg is a subact
of Ag generated by at most two elements. Since Ag is a generator, there
exists an epimorphism 7 : Ag — Sg. Obviously 7* = 7|gg : Bs — Ss
is a homomorphism, then Hom(Bg,Ss) # (. Thus, by assumption, Bg
satisfies Condition (PW Ps). Now as = d’s in Bg implies that there exist
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a’ € Bg C Ag, u,v,7,7" € S such that ar = a"u, a'r’ = a’v, us = vs and
rs = s = r's. Hence, Ag satisfies Condition (PW Ps), as required.

(7) = (2): Suppose A be a generator right S-act and as = da's for
a,a’ € A and s € S. Since Ag is a generator there exists an epimorphism
m:Ag — Sg. Let m(z) = 1. If Bg = aS|Jd'SJzS. It is obvious that Bg
is a subact of Ag which is generated by at most three elements. Obviously
the mapping 7* = 7|y : Bg — Sg is an epimorphism, and so Bg is a
generator. Therefore by assumption, right S-act S x Bg, satisfies Condition
(PWPs). Now as = a's in Bg implies (1,a)s = (1,a’)s in S x Bg and so,
there exist (w,a”) € S x Bg, u,v,r,r" € S such that (1,a)r = (w,ad”)u,
(1,d)r" = (w,a")v, us = vs and rs = s = r’s. Thus ar = a"u and
a'r’ = a”v. Hence, Ag satisfies Condition (PW Ps), as required.

(4) = (2): Suppose A be a generator right S-act and as = a’s for
a,a’ € A and s € S. Since Ag is a generator there exists an epimorphism
m:As — Sg. Let w(z) = 1. If Bg = aS|Jd’SJ=2S, then Bg is a subact
of Ag generated by at most three elements. It is obvious that the mapping
™ = 7m|gy : Bs — Sg is an epimorphism, then Bg is a generator, and
so, by assumption, Bg satisfies Condition (PW Pg). Now as = a's in Bg
implies that there exist a” € By C Ag, u,v,r,r" € S such that ar = a”u,
ar’ = a"v, us = vs and rs = s = r’s. Hence, Ag satisfies Condition
(PW Pg), as required. O

A right S-act A is called $R-torsion free if for any a,b € A and c € S, ¢
right cancellable, ac = be and a R b (R is the Green’s equivalence) imply
that a = 0.

Theorem 3.10. For any monoid S the following statements are equivalent:

(1) All right S-acts satisfy Condition (PW Pg).
(2) All R-torsion free right S-acts satisfy Condition (PW Pg).

(3) All R-torsion free finitely generated right S-acts satisfy Condition
(PW Pg).

(4) All R-torsion free right S-acts generated by at most two elements sat-
isfy Condition (PW Pg).

(5) All R-torsion free right S-acts generated by exactly two elements sat-
isfy Condition (PW Pg).
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(6) S is regular.

Proof. Implications (1) = (2) = (3) = (4) = (5) are obvious.

(5) = (6): Every right S-act satisfies Condition (EP) is R-torsion free,
by [14, Proposition 1.2]. Therefore by assumption, all right S-acts satisfy-
ing Condition (EP) generated by exactly two elements satisfies Condition
(PW Pg). Since Theorem 3.6, for right S-acts generated by exactly two
elements is true, .S is a regular monoid.

(6) = (1): It is obvious, by Theorem 3.4. O

Notation: C; (C,) is the set of all left (right) cancellable elements of S.
It is clear that C; (C,) is not empty. because 1 € C;j(C,).

We recall from [6] that a right S-act A is (strongly) faithful if for s,t €
S the equality as = at for (some) all @ € A implies that s = ¢. It is
straightforward that every strongly faithful right S-act is faithful, but the
converse is not true in general.

By [1, Lemma 2.10], there exists at least one strongly faithful cyclic right
(left) S-act if and only if Sg (5S5) is a strongly faithful right (left) S-act,
which it is equivalent to saying that S is a left (right) cancellative monoid.

Lemma 3.11. For any monoid S the following statements are equivalent:

(1) There exists at least one strongly faithful right(left) S-act.

(2) There exists at least one strongly faithful finitely generated right(left)
S-act.

(3) There exists at least one strongly faithful cyclic right(left) S-act.

(4) There exists at least one strongly faithful monocyclic right(left) S-act.
(5) For every s € S, sS(Ss) is a strongly faithful right(left) S-act.
(6)

There ezists s € S such that sS(Ss) is a strongly faithful right(left)
S-act.

Ss(sS) is a strongly faithful right(left) S-act.

For every s € S, sS C Cj(Ss C ().

There exists s € S such that sS C C;(Ss C C,).

S is a left(right) cancellative monoid, that is, S = Cy(S = C,).
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Proof. By [1, Lemma 2.10], it is suffices to show that statements (4) and
(7) are equivalent.

(7) = (4): Since S/p(s,s) = S/Ag = Sg; (s € 5), the result is obvious.

(4) = (7): Suppose there exists at least one strongly faithful monocyclic
right(left) S-act, then there exists at least one strongly faithful right(left)
S-act. Let A be a strongly faithful right(left) S-act, and let ls = lt(sl = tl),
for I,t,s € S. Then for every a € A, als = alt(sla = tla). Since A is
strongly faithful, the last equality implies that s = ¢t. Hence S is a left(right)
cancellative monoid and so the result follows. O

Theorem 3.12. For any monoid S the following statements are equivalent:

(1) All strongly faithful right S-acts satisfy Condition (PW Pg).

(2) All finitely generated strongly faithful right S-acts satisfy Condition
(PWPsg).

(3) All strongly faithful right S-acts generated by at most two elements
satisfy Condition (PW Pg).

(4) All strongly faithful right S-acts generated by exactly two elements
satisfy Condition (PW Pg).

(5) Fither S is not left cancellative or S is regular.
(6) Either S is not left cancellative or S is a group.
Proof. Implications (1) = (2) = (3) = (4) are obvious.

(4) = (5): If S is not left cancellative, then we are done proved. Other-
wise, if sS = 5, for s € S, then s is regular. Now let s5 # S. Then

sS
A=ST[S={{l,z)leS\sS} UsSU{(t,y)teS\sS}
is a right S-act and
B={(l,z)[le S\sS} UsS=Ss={(t,y)|teS\sS} UsS=C.

Since S is left cancellative, it is strongly faithful, by Lemma 3.11. Therefore
B and C are strongly faithful as subacts of A. Thus A is strongly faithful,
and so, by assumption, it satisfies Condition (PW Ps). Now by the proof
(5) = (6) of Theorem 3.6, S is regular.
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(5) = (6): If S is left cancellative, then it is regular. Thus for every
s € S, there exists x € S such that szs = s, which implies s = 1. Hence
Ss =, for every s € S and so S is group.

(6) = (1): If S is not left cancellative, by Lemma 3.11, we obtain the
result. Otherwise, S is regular because it is group, and so, by Theorem 3.4,
the result is proved. ]

Using a similar argument as in the proof of above theorem and that Sg
is always a faithful right S-act, we have the following theorem.

Theorem 3.13. For any monoid S the following statements are equivalent:
(1) All right S-acts satisfy Condition (PW Ps).

(2) All faithful right S-acts satisfy Condition (PW Pg).

(3) All finitely generated faithful right S-acts satisfy Condition (PW Pg).

(4)

4) All faithful right S-acts generated by at most two elements satisfy Con-

dition (PW Pg).

(5) All faithful right S-acts generated by exactly two elements satisfy Con-
dition (PW Pg).

(6) S is regular.

For fixed elements u,v € S, a binary relation P,, on S can be defined
as follows:

(z,y) € Pypy e ux =vy(x,y €5).

For s,t € S, let ps; = kerAs V ker); and for any right ideal I of S, let p;
denote the right Rees congruence on S, i.e., for x,y € S,

(r,y) €pr e (x=yVa,yecl).
For z,y € S
L(z,y) = {(a,b) € S x S|ax = by}
is either empty or a subact of g(S x S). Similarly, we define

R(z,y) = {(a,b) € S x S|za = yb}.
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Therefore P, , = R(u,v), for every u,v € S.

Recall from [6] that a right S-act is called cofree if it is isomorphic to
the act X = {f|f is a mapping from S to X}, where fs is defined by
fs(t) = f(st), for f € X and s,t € S.

An S-act Qg is called injective (Inj), if for any monomorphism ¢ : Ag —
Bg and any homomorphism f : Ag — Qg there exists a homomorphism
f:Bs — Qg such that f = fu. It is called (fg-) weakly injective ((fg-)WT),
if it is injective relative to all embeddings of (finitely generated) right ideals
into S.

Theorem 3.14. For any monoid S the following statements are equivalent:

(1) All fg-weakly injective right S-acts satisfy Condition (PW Ps).
(1) All weakly injective right S-acts satisfy Condition (PW Pg).
(2) All injective right S-acts satisfy Condition (PW Pg).

(3) All cofree right S-acts satisfy Condition (PW Pg).

(4)

4) (Vs € S) (Fu,v,r, 1" € S)(rs = s =1r's ANus = vs) and the following
conditions hold:

(1) Pu,v C P’r,s o kerAs o Ps,r’
(ii) kerA, C ker),
(iii) kerA, C kerA,.
Proof. Implications (1) = (2) = (3) = (4) are obvious, because cofree =
Inj=WI= fg—WI.
(4) = (5): Let s € S and S, S2 be two distinct sets, where |S1| = |S2| =

|S| and o : S — Sy, B: S — Sy are bijections. Put X = (S/kerAs) U S; U
So, and define the mappings f,g: S — X as follows:

f(z) [Ylkern, if thereexistsy € S; x = sy
z) =
a(x) if xeS\sS

[Ylkerr, @f there existsy € S; x = sy

B(x) ifreS\sS
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If there exist y1,y2 € S, such that sy; = syo, then (y1,y2) € kers, and so,
[Y1)kern, = [Y2)kerr,, thatis, f(sy1) = f(sy2). So f is well-defined. Similarly,
g is well-defined. According to our definition of f and g, we clearly have
fs = gs. By assumption, the cofree right S-act X° = {h S — X} satisfies
Condition (PW Ps), and so, there exist mapping h: S — X, u,v,r,7’ € S
such that fr = hu, gr' = hv, rs = s = 1's and us = vs. Let (I1,l2) € Py,
for l1,1l5 € S, then

f(rly) = (fr)ly = (huw)ly = h(uly) = h(vly) = (hv)ly = (gr')le = g(r'ls).

Thus there exist y;,y2 € S such that rly = sy; and r'ly = sy, and so
f(rly) = Wilkers, and g(r'l2) = [y2]kern,, which imply sy; = syz. Also

rll = SYy1 = (llayl) € Pr,s
sy1 = sy2 = (y1,y2) € kerAs = (l1,l2) € P sokerAso Py
SY2 = T/lg = (yg, lg) (S str/

that is, P, C P, s0kerAso Ps,/, and so (i) is proved.
Now let (t1,t2) € kerA,, for t1,t2 € S. Then ut; = uty and so

f(T'tl) = (f?”)tl = (hu)t1 = h(utl) = h(utg) = (hu)tg = (f?")tg = f(?"tg).

From definition f, we consider two cases as follows:

Case 1. rty,rta € S\ 55, then a(rt;) = a(rty), which implies (t1,%2) €
ker\,.

Case 2. rtq,rto € sS then there exist y1,y2 € S such that rt; = sy; and
rto = sya. Therefore f(rt;) = f(rte) implies rt1 = sy; = sya = rta, that is
(t1,t2) € kerA,. Similarly, (iii) is proved.

(5) = (1): Suppose that A is a fg-weakly injective right S-act and
as = a's, for a,a’ € A and s € S. By assumption, there exist u,v,r,r’ € S
such that rs = s = r’s, us = vs and conditions (i), (ii), and (iii) hold.
Define

pruSUvS — A
arp dpeS: x=up
T

ar'q JqeS: x=uvq
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First we show that ¢ is well-defined. If there exist p, ¢ € S such that up = vq,
then (p,q) € P,,. By (i), there exist y1,y2 € S such that (p,y1) € P,
(y1,y2) € kerAs and (y2,q) € Ps,r. Thus rp = sy1, sy1 = syz and sy2 = r'q.
Therefore arp = asy; = a’sy; = a’sys = a’r’q. If there exist p;,ps € S
such that up; = ups then (p1,p2) € ker,, and so by (ii), rp; = rpa, which
implies arp; = arps. If there exist ¢1,q2 € S such that vqgr = vge, by
(iii), similar to the pervious case, a'r’'q1 = a’r’q2. Thus, ¢ is well-defined,
and obviously it is a homomorphism. Since, by assumption, A is fg-weakly
injective, there exists a homomorphism v : S — A such that ¥|,sups = @
Let a” = 4(1). Then

that is, A satisfies Condition (PW Psg). O

In the following, we give a classification of monoids when Condition
(PW Pg) of their acts implies some other flatness properties.

Theorem 3.15. For any monoid S the following statements are equivalent:

(1) All right S-acts satisfying Condition (PW Ps) are generator.

(2) All finitely generated right S-acts satisfying Condition (PW Ps) are
generator.

(3) All cyclic right S-acts satisfying Condition (PW Ps) are generator.

(4) All right Rees factor acts of S satisfying Condition (PW Pg) are gen-
erator.

(5) S = {1}.

Proof. Implications (1) = (2) = (3) = (4) are obvious.

(4) = (5): Og = §/Sg satisfies Condition (PW Pg), by Theorem 2.2,
and so, by assumption, ©g = S/Sg is generator. Hence there exists an
epimorphism 7 : ©g — Sg, which implies S = {1}.

(5) = (1): Since S = {1}, all right S-acts are generator. O
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Recall from [2, 4], the following:

A right S-act A is called principally weakly kernel flat (PW KF) if the
mapping ¢ is bijective for every pullback diagram P(Ss, Ss, f, f,S), s € S
and it is translation kernel flat (T K F) if the mapping ¢ is bijective for every
pullback diagram P(S, S, f, f,S).

A right S-act A satisfies Condition (P’), if for all a,a’ € A, 5,5,z € S,

(as =d's',sz = §'z) = (Fa” € A)(Ju,v € S)(a = a"u,a’ = a’v and
us = vs').

Theorem 3.16. For any monoid S the following statements are equivalent:

(1) S is left PSF and every right S-act satisfying Condition (PW Pg) is
PWKEF.

(2) S is left PSF and every right S-act satisfying Condition (PW Pg) is
TKF.

(3) S is left PSF and every right S-act satisfying Condition (PW Pg)
satisfy Condition (PW P).

(4) S is left PSF and every right S-act satisfying Condition (PW Pg)
satisfy Condition (P').

(5) S is right cancellative.

Proof. Implications (1) = (2) = (3) and (4) = (3) are obvious, since
PWKF = TKF = (PWP) and (P') = (PWP).

(3) = (5): Suppose S is not right cancellative. If I = S\ C, then,
by [7, Lemma 3.12], I is a proper right ideal of monoid S. Let

A:Sﬁ[S:{(l,xﬂlES\I} UIu {(t,y)\tES\I}.
and
B:{(l,x)\ZES\I} UI%SS%{(t,y)]tGS\I} Ul=C,

So A = BUC is generated by two elements (1,z) and (1,y). Since S is
left PSF, by [7, Lemma 3.12], I satisfies Condition (LU). Thus, by [6,
ITI, Proposition 12.19], A is PWF. Also, by Theorem 2.3(2), A satisfies
Condition (PW Pg), and so, by assumption A satisfies Condition (PW P).
Therefore (1,z)i = (1,y)i for ¢ € I, implies that there exist a” € A and
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u,v € S such that (1,z) = a"u, (1,y) = a"v and wi = vi. But (1,2) = a"u
and (1,y) = a”v imply that there exist wy,wy € S\ I such that o’ =
(w1, x) = (w2,y), which is a contradiction.

(5) = (4): Since S is right cancellative, by [4, Theorem 2.2], all torsion
free right S-acts satisfy Condition (P’), but by Theorem 2.3(1), (PW Pg) =
PWF = TF. Thus all right S-acts satisfying Condition (PW Pg) satisfy
Condition (P’). Also, every right cancellative monoid is left PSF.

(5) = (1): Since S is right cancellative, by [7, Lemma 3.13] and Theorem
2.3(5), Condition (PW Pg) and PW KF are equivalent. Also, every right
cancellative monoid is left PSF. O

It is clear that the above theorem is also true for finitely generated right
S-acts and right S-acts generated by at most (exactly) two elements.

We recall from [7] that a right S-act A satisfies Condition (PW Psg,) if
for all a,a’ € A, s € S,

as=da's = (Ir € S)(ar = da'r and rs = s).
Corollary 3.17. For any monoid S the following statements are equivalent:

(1) All right S-acts satisfying Condition (PW Ps) are PW KF and satisfy
Condition (PW Psg).

(2) All right S-acts satisfying Condition (PW Pg) are TKF and satisfy
Condition (PW Psg).

(3) All right S-acts satisfying Condition (PW Ps) satisfy Conditions (PW P)
and (PW Pgs.).

(4) All right S-acts satisfying Condition (PW Pg) satisfy Conditions (P")
and (PW Pgs.).

(5) S is right cancellative.

Proof. Implications (1) = (2) = (3) and (4) = (3) are obvious.

(3) = (5): Sg satisfies Condition (PW Pg), by Theorem 2.2(1). Thus by
assumption, Sg satisfies Condition (PW Psg.), and so, S is left PSF. Also,
all right S-acts satisfying Condition (PW Ps) satisfy Condition (PW P).
Thus S is right cancellative, by Theorem 3.16.

(5) = (4): All right S-acts satisfying Condition (PW Ps) satisfy Con-
dition (P’), by Theorem 3.16. Now let A satisfies Condition (PW Ps) and
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as =a's for a,a’ € Aand s € S. Since A satisfies Condition (PW Ps), there
exist a’ € A, u,v,r,r’ € S such that ar = a"u, a'r’ = a'v, rs = s = 1’s and
us = vs. Since S is right cancellative, r = 7' = 1 and u = v. Hence a = d/,
and so, A satisfies Condition (PW Psg.).

(5) = (1): All right S-acts satisfying Condition (PW Pg) are principally
weakly kernel flat, by Theorem 3.16. Also by the proof of (5) = (4), all
right S-acts satisfying Condition (PW Pg) satisfy Condition (PW Pss.). O

By the proof of Theorem 3.16, we conclude that the above corollary is
true for finitely generated right S-acts and also right S-acts generated by
at most (exactly) two elements.

Theorem 3.18. For any monoid S the following statements are equivalent:

(1) All right S-acts satisfying Condition (PW Ps) are (strongly) faithful.

(2) All finitely generated right S-acts satisfying Condition (PW Pg) are
(strongly) faithful.

(3) All cyclic right S-acts satisfying Condition (PW Pg) are (strongly)
faithful.

(4) All right Rees factor acts of S satisfying Condition (PW Pg) are (strongly)
faithful.

(5) S={1}.
Proof. Implications (1) = (2) = (3) = (4) and (5) = (1) are obvious.

(4) = (5): Og = 5/Sg satisfies Condition (PW Ps), by Theorem 2.2(1).
Thus, by assumption, it is (strongly) faithful, and so S = {1}. O

We recall from [6] that a right S- act A is called divisible if Ac = A, for
any left cancellable element ¢ € S.

Theorem 3.19. For any monoid S the following statements are equivalent:

(1) All right S-acts are divisible.
(2) All right S-acts satisfying Condition (PW Ps) are divisible.

(3) All finitely generated right S-acts satisfying Condition (PW Ps) are
divisible.
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(4) All cyclic right S-acts satisfying Condition (PW Ps) are divisible.

(5) All monocyclic right S-acts satisfying Condition (PW Ps), are divisi-
ble.

(6) Sc=S, for every c € C.

Proof. Implications (1) = (2) = (3) = (4) = (5) are obvious.

(5) = (6): The monocyclic right S-act Ss = S/As = S/pua), € S,
satisfies Condition (PW Pg), and so, it is divisible, that is S¢ = S, for every
ce (.

(6) = (1): It is obvious, by [6, III, Proposition 2.2]. O

Theorem 3.20. For any monoid S the following statements are equivalent:

(1) All right S-acts satisfying Condition (PW Ps) satisfy Condition (PW Psg.).

(2) All finitely generated right S-acts satisfying Condition (PW Pg) satisfy
Condition (PW Psg.).

(3) All cyclic right S-acts satisfying Condition (PW Pg) satisfy Condition
(PW Psge).

(4) All monocyclic right S-acts satisfying Condition (PW Ps) satisfy Con-
dition (PW Pgs.).

(5) S is left PSF.

Proof. Implications (1) = (2) = (3) = (4) are obvious.

(4) = (5): The monocyclic right S-act Ss = S/Ag = S/pa), € S,
satisfies Condition (PW Pg), and so, it satisfies Condition (PW Pgs.). Thus
S is left PSF, by [7, Theorem 2.2].

(5) = (1): Suppose A satisfies Condition (PW Pg). Thus A is PWF,
by Theorem 2.3(1), and so, A satisfies Condition (PW Pss.), by [7, Theorem
2.8]. O

4 Characterization of monoid S by Condition (PWPg) of S
and S5*®

In this section, we give equivalent conditions that Sé, for any nonempty set
I and S5*° satisfy Condition (PW P).
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Recall that for any nonempty set I, Sé is the product of a family of S
in Act-S.

Recall from [1, 10, 13] following:

The right S-act S xS equipped with the right S-action (s, t)u = (su, tu),
for s,t,u € S is called the diagonal act of S and will be denoted by D(S)
or Sg.

A monoid S is called left PCP, if all principal left ideals of S satisfy
Condition (P) or equivalently sz = tz, for s,t,z € S, implies that there
exist u,v € S such that z = uz = vz and su = tv. Note that in some
papers, such as [13], left PCP is denoted by left P(P).

A monoid S is called weakly left P(P) if as = bs, xb = yb, for s, z,y,a,b €
S, imply the existence of r € S, such that zar = yar and rs = s. It is ob-
vious that left PP = left PSF = left PCP and by [13, Proposition 2.2] it
is proved that every left PC' P monoid is weakly left P(P) monoid.

Theorem 4.1. For any monoid S the following statements are equivalent:

(1) S is left PSF.
(2) S is left PCP and S§ satisfies Condition (PW Ps) for every n € N,

(3) S is weakly left P(P) and S% satisfies Condition (PW Ps) for every
n € N.

(4) S is left PCP and D(S) satisfies Condition (PW Pg).
(5) S is weakly left P(P) and D(S) satisfies Condition (PW Ps).

Proof. Implications (2) = (3) and (4) = (5) follow from [13, Proposition
2.2].

Implications (2) = (4) and (3) = (5) are obvious.

(1) = (2): Every left PSF monoid is left PCP. Also, S§ is principally
weakly flat for every n € N, by [10, Corollary 2.16]. Since S is left PSF,
S¢ satisfies Condition (PW Pg) for every n € N, by Theorem 2.3(2).

(5) = (1): S is weakly left P(P) and D(S) is principally weakly flat, by
Theorem 2.3(1). Hence S is left PSF, by [13, Theorem 2.5]. O

Theorem 4.2. For any commutative monoid S the following statements
are equivalent:

(1) S is left PSF.
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(2) S% satisfies Condition (PW Ps), for every n € N.
(3) D(S) satisfies Condition (PW Pg).

Proof. Implication (1) = (2) is obvious, by Theorem 4.1.

(2) = (3): It is obvious.

(3) = (1): D(S) is principally weakly flat, by Theorem 2.3(1), and so,
S is left PSF, by [13, Proposition 3.2]. O

Theorem 4.3. For any monoid S the following statements are equivalent:
(1) S is left PP.

(2) S is left PSF and [1]gerp, as a submonoid of S, s € S, contains a
right zero.

(3) S is left PCP and [1)perp, as a submonoid of S, s € S, contains a
right zero.

(4) SL satisfies Condition (PW Pss.), for any nonempty set I.
(5) ngs satisfies Condition (PW Pss).

(6) S is left PSF and SL satisfies Condition (PW Ps), for any nonempty
set 1.

(7) S is left PCP and S§ satisfies Condition (PW Ps), for any nonempty
set 1.

(8) S is weakly left P(P) and SL satisfies Condition (PW Ps), for any
nonempty set I.

(9) S is left PSF and ngs satisfies Condition (PW Pg).
(10) S is left PCP and ngs satisfies Condition (PW Pg).
(11) S is weakly left P(P) and ngs satisfies Condition (PW Pg).

Proof. Implications (1) < (6), (1) < (7) and (1) < (8) are obvious, by [13,
Corollary 2.6] and Theorem 2.3.
Implications (2) = (3), (9) = (10), (4) = (5) and (6) = (9) are obvious.
(6) = (4): It is obvious, by Theorem 2.3(2) and [7, Theorem 2.8].
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(5) = (6): By [7, Theorem 2.8], S5** is PWF, then Sk is PW F, for any
nonempty set I, by [12, Proposition 2.2]. Now let zs = ys, for z,y,s € S.
Put S x S =1, take ig € I and define

T 1=1 Yy 1=1
TN i A PR N
for every i € I. Then (x;)rs = (y;)1s, and so, by assumption, there exists
r € S such that (z;);r = (y;)rr and rs = s. Thus ar = z;,r = y;,r = yr,
that is, S is left PSF, and so, S is left PP, by [13, Corollary 2.6]. Hence
(PW Ps) and PWF' are equivalent, by Theorem 2.3(2).

(1) = (2): Clearly left PP implies left PSF and [1]kerp,, s € S, is
a submonoid of S. Since S is left PP, there exists e € E(S) such that
kerps = kerpe, and so, (1,e) € kerp, = kerp,, which implies e € [1]erp, -
Let t € [1]kerp,- Then (1,t) € kerps = kerp. implies te = e, that is, e is a
right zero element in submonoid [1]jer), -

(3) = (1): By assumption, for s € S, there exists e € [1]geyp, such
that te = e, for any ¢t € [1|gerp,. Now (l1,l2) € kerp. implies lie = lse.
Also e € [1]gerp, implies s = es, and so l;s = ljes = lges = Iys, that is,
kerpe C kerps. Take (x,y) € kerps which implies zs = ys. Since S is
left PCP, there exist u,v € S such that zu = yv and s = us = vs so
(1,u), (1,v) € kerps, and so, u,v € [1]perp,. Therefore ue = e = ve which
implies zue = e, yve = ye, that is, kerps C kerp.. Hence S is left PP, as
required.

(10) = (11): It is obvious, by [13, Proposition 2.2].

(11) = (1): By Theorem 2.3(1), S5*% is PWF. So Sk is PWF, by [12,
Proposition 2.2]. Since by assumption, S is weakly left P(P), S is left PP,
by [13, Corollary 2.6]. O

Now investigate the previous theorem for commutative monoid S.

Theorem 4.4. For any commutative monoid S the following statements
are equivalent:

(1) S is left PP.
(2) SL satisfies Condition (PW Ps), for every nonempty set I.
(3) S5*% satisfies Condition (PW Pg).
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Proof. Implication (1) = (2) is obvious, by Theorem 4.3.

(2) = (3): It is obvious.
(3) = (1): By Theorem 2.3(1), ngs is PWF, and so, SL is PWF,

by [12, Propositions 2.2]. Hence S is left PP, by [13, Proposition 3.2]. [
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