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H-Fibrations: Fibrations in homotopy
category

Ali Pakdaman®, Saba Dehrooye, Mehdi Tajik, and Behrooz
Mashayekhy

Abstract. In this paper we generalize fibrations by H-fibrations, the maps
which homotopically lift homotopies. We replace the equalities in the defini-
tion of covering homotopy property with the homotopy relation so that we
can first get an expression of the concept of covering homotopy property in
the homotopy category. After introducing H-fibrations, we will have a ho-
motopy expression of some concepts related to fibration, such as path lifting,
lifting function and unique path lifting property, to generalize some results in
fibration. In particular, we show that an #-fibration has homotopical path
lifting property and also prove that a map is an H-fibration if and only if it
has a homotopical lifting function.

1 Introduction

1.1 Motivation Fibrations are maps with the covering homotopy prop-
erty. A map p : £ — B has the covering homotopy property if for every
space X, every map f : X — F and every homotopy F : X x I — B with
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po f: F o Jy, there exists a homtopy F: X x I — E such that po F=F
and F o Jy = f, where Jo: X — X x I is Jo(z) = (x,0).

Putting this definition in diagrammatic form, we have that p has the
covering homotopy property if and only if for every commutative square

L}E

X

~ bl
F -
J

XX}F—HB,

there exists a map ﬁ, as indicated by the dashed arrow, that makes the two
triangles commute in the 7OP category: Category of topological spaces
and continuous maps.

A homotopical version of the covering homotopy property, that is, the
weak covering homotopy property introduced by K. Fuchs [2]. A map p :
E — B has the weak covering homotopy property if in the definition of the
covering homotopy property, Fo Jo = f is replaced by the fiber homotopy
Fo Jo >~ f We recall that two maps fo, fi : X — E are said to be fiber
homotopic with respect to p, denoted by fo ~, f1 if there is a homotopy
F: fo~ f1 such that po F =po fo =po f1 [T].

In diagrammatic form, we have that p has the weak covering homotopy
property if and only if for every commutative square (in 7TOP category)
there exists a map F , as indicated by the dashed arrow, that makes the lower
triangle commutes in the 7OP category and the upper triangle commutes
to fiber homotopy, i.e. commutes in the homotopy category HT OP: The
category that has topological spaces for objects and homotopy equivalence
classes of continuous maps for morphisms. In fact H7 OP is the quotient
category of TOP by the homotopy relation on morphisms.

A. Dold, et.al [1, 2, 4], studied the maps which have the weak covering
homotopy property, called h-fibrations (or Dold fibrations). They proved
that the weak covering homotopy property is invariant under the fiber ho-
motopy equivalence, the fibers of an h-fibration have the same homotopy
type, for every h-fibration there exists the long exact sequence, and etc
(see [1, 2, 4]).

We introduce H-fibrations as another homotopical generalization of fi-
brations. An H-fibration is a map which has the homotopical covering
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homotopy property: in the definition of the coverlng homotopy prop-
erty, po F' = F' is replaced by po F~ F, rel X x I.

In diagrammatic form, the dashed arrow makes the upper triangle com-
mute in the 7T OP category and the lower triangle commute in the HT OP.
This approach led us to use the name #H-fibration.

It is well known that fibrations by the unique path lifting property have
interesting results (see [7]). A map p : E — B has the unique path lifting
property if for given paths a and 5 in F with the same initial point, poa =
p o [ implies that @ = B. In [6] it is shown that an h-fibration with the
unique path lifting property is a fibration and therefore do not give a new
result. Here, we consider unique path homotopical lifting property, that is
a homotopical analogue of unique path lifting property, but stronger of it.

A map p: £ — B has the unique path homotopical lifting property if
for given paths a and 5 in E with the same initial point, po& ~ po 8 rel I
implies that & ~ 3 rel I (see [5]). We show that an H-fibration even with
unique path homotopical lifting necessarily is not a fibration, while some
important results of fibrations with unique path lifting property are satisfied
for H-fibrations with unique path homotopical lifting property.

As main results, we show that an H-fibration has homotopical path
lifting property and also prove that a map is an H-fibration if and only if it
has a homotopical lifting function.

1.2 Preliminaries Throughout this article, all spaces are path con-
nected, unless otherwise stated. A map f : X — Y means a continuous
function and I := [0,1]. The map o« : I — X is called a path from
xg = a(0) to x1 = a(1).

For given maps p: £ — B and f: X — B, a map f~': X — FE is called
a lifting of f if po f = f, and p has unique lifting property, if every two
lifts f,f of f with the same image on some points of X, are equal. When
F: X xI—Y is amap, we say that F' is a homotopy from Fy to F; and
write F' : Fy ~ Fy, where F; : X — Y is Fj(x) = F(«,1), for i = 0,1. The
constant map from X to Y which sends all points to y € Y is denoted by
Cy.
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2 H-fibrations

In this section we introduce H-fibrations, the maps which have homotopical
covering homotopy property.

Definition 2.1. A map p : F — B is said to have homotopical covering
homotopy property, if for every space X, every map f: X — E and every
homotopy F': X X I — B with po f F o Jy, there exists a homotopy
F Xx]—)EsuchthatpoF FrelXxIandFoJO—f,Where
I= {0,1}.

A map p: E — B is said to be an H-fibration if it has homotopical covering
homotopy property.

Clearly every fibration is an H-fibration. The following example shows
that an H-fibration necessarily is not a fibration.

Example 2.2.

(i) Let E =1 x1—{(0,3)}, B =1 and p be the projection on the
first component. Moreover, let F' : X x [ — B, f: X — E be maps with
po f: FoJy. Let e = (1, %), and define a homotopy F:XxI—>E by

~ {ﬂx) +2(e — f(a))t te [

=

1
F(z,t) = 1 2]
Define H : X x I x I — B by H(x,t,5) = (1 s)po F(x,t) + sF(x,t). Then
H: poF F rel X x I because

H(x,t,0) :poﬁ(x,t),
H(x7 t’ 1) = F(:L‘7 t)?
H(z,i,s) = (1—s)po F(z,i) + sF(z,i) = po F(x,i) = F(x,i), fori=0,1.

Also, F o Jy = f. Note that F(z,t) is a line (consisting of two line
segments) from f(z) to (F(z,1), 0) which passes through the point e at
t = 3. Hence for every z € X, poF( 1) = p(e) = 1 while F(z,1) is not
necessanly 1. This shows that p o F # F.

(ii) Let B = {(¢,0)|t € I}U{(t,t)[t € I —{1}},B=Tandp: E — B be
the projection on the first component. Let f: X—>Fand F:XxI—B
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be maps with po f: F o Jy. Define,

- {(1 —2t)f(2) te

@)
—_ ol

I

I,

F(z,t) = ((275— 1)F(x,t),0) te[s,1].

9

N[

Therefore, by the gluing lemma F is continuous. Define H: X x I x [ — B
by H(z,t,s) = (1—s)poF(x,t)+ sF(xz,t). Then for every x € X and every
t,s € I we have

H(z,t,0) =po F(x,t),

H(z,t,1) = F(z,t),

H(z,0,s) = (1 —s)po F(z,0) + sF(z,0) = po F(z,0) = F(z,0),
H(z,1,8) = (1—s)po F(z,1) + sF(z,1) =po F(z,1) = F(z,1).

Moreover, FoJy = f. Note that similar to the part (i), F(z,t) is a line (con-
sisting of two line segments) from f(z) to (F(x,t),0) which passes through

the point (0,0) at ¢ = 5. Hence for every z € X, po F(z, 3) = 0 while

F(z,1) is not necessarily 0. This shows that p o F+F.

A map p : E — B has path lifting property if for a given b € B,
e € p~1(b) and a path « in B beginning at b, there exists a path & in E
such that a(0) = e and po & = « (see [7]). Also by replacing poa = « by
pod ~ a,rel I, it is said that p has homotopical path lifting property and
a is a homotopical lifting of a (see [6]). We know that fibrations and h-
fibrations have path lifting property and homotopical path lifting property
(see [6, 7]).

Proposition 2.3. If p: E — B is an H-fibration, then p has homotopical
path lifting property.

Proof. If o is a path in B and e € p~!(a(0)), we show that a has a ho-
motopical lifting at e. Let F : {*} x I — B be the homotopy defined by
F(x,t) = a(t) and f : {*} = E be the map f(x) = e. Thenpof Fo.Jy
and since p is an H-fibration, there exist two homotopies F': {} x [ — E
and H : {x} x I x I — B such that H : poF ~ Frel {x} x I and Fo.Jy = f.
Let a(t) = F(x,t) and define H : I x I — B by H(s,t) = H(*,s,t). There-
fore we have a(0) = F(x,0) = F o Jo() = f(x) =e and H : poa ~ o rel I,
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because for every s,t € I we have

H(s,0) = H(x,s,0) :pof(*,s) =poal(s),

H(s,1) = H(x,s,1) = F(%,8) = a(s),

H(0,t) = H(x,0,t) = po F(x,0) = po a(0) = F(x,0) = a(0),
H(1,t) = H(x,1,t) =po F(x,1) =poa(l) = F(x,1) = a(1)

If p: E — B is an H-fibration and A C B, then pl,-1(4) cpH(A) = A
is not necessarily an H-fibration. Let p be the H-fibration in Example
2.2, (ii), and A = {(¢,0)|t € [,1]}. Since plp-1(4) has not the homotopical
path lifting property, by Proposition 2.3, p|,-1(4) : p~1(A) = A is not an
‘H-fibration. This shortcoming is fixed when A is a path component.

Proposition 2.4. Letp: E — B be a map.

(i) If p is an H-fibration, then for every path component A of E, p(A) is a
path component of B and p|a : A — p(A) is an H-fibration.

(ii) If E is locally path connected and for every path component A of E,
pla: A — p(A) is an H-fibration, then p is an H-fibration.

Proof. (i) p(A) be path connected. Let a be a path in B such that «(0) €
p(A). If e is a point of A such that p(e) = «(0), then by Proposition 2.3, there
is a homotopical lifting & of o beginning at e. Since A is a path component
and e € A, a belongs to A, so p(@) is a path in p(A) and po a ~ a, rel I.
Then « is a path in p(A) which implies that p(A) is path component.

Now, let f: X — Aand F: X x I — p(A) be two maps such that po f =
F o Jy. Since p is an H-fibration, there exists a homotopy F:XxI—>E
such that poF ~ F, rel X x I and Foly= f For every r € X, F(x —) and
F(z,—) are paths beginning at FoJO( ) and F(z,0) = po f( ), respectively.
Since, F o Jy(z) = f(z) € Aand FoJy=po f € p(A), we have F(z,t) € A
and F(z,t) € p(A). N

(ii) Let f: Y — F and F : Y x I — B be maps such that F oJy=po f.If
{A;]j € J} are the path components of E, then {4;|j € J} are disjoint open
subsets of E. Let V; = A i), f |V V; = Ajand Fj = F|V;xI. For
everyy € Vj, I ({y} x 1) is contalned in the path component of B containing

FoJo(y) = po f(y). Also, since po f(y) = po fi(y) € po f;(V;) = p(4;)
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and p(A;) is a path component of B, ImF; = F(V; x I) C p(A;) for all
j Because p|A; : Aj — p(A;) is an H-fibration, there exists a homotopy
F : V; x I — A; with homotopy H; poﬁj ~ Fj, rel {V;} x I and
F o} JO = f]

Define F: Y xI — F and H : Y><I—>BbyF|Vx1 — F} andH|Vx1 = H;.
Since {Vj|j € J} is an open cover of Y and Vj‘s are disjoint, F and H are
well-defined. We claim that H : po F ~ F,rel Y x I. For every y € Y,
there exists a unique j € J such that y € V;. Then for every s,t € I we
have

H(y,s,0) = H;(y,s,0) =po F,(y,s) =po F(y,s),

H(y787 1) = Hj(yvs7 1) = F‘](y,S) = F(y,S),

H(y,1,t) = Hj(y,1,t) = po Fj(y,1) = Fj(y,1) = po F(y,1) = F(y,1)
Moreover, Fo Jo = fand so p is an H-fibration. O

Theorem 2.5. Composition of two H-fibrations is an H-fibration.

Proof. Let p: E —» E' and p' : E' —» B be two H-fibrations, f : X — E
and I’ : X xI — B be two maps such that (p’op)of: FoJy. Since p' is an
H-fibration and po(po f f) FoJy, there exists a homotopy G : X xI — £
such that Go Jy = po f and p /oG ~F, rel X x I Since p is an H-fibration,
there exists F : X x I —s E such that FoJo = f andpoF G, rel X x 1.
Thus p o(po F) p' oG, rel X x I which implies that (p'op)o F ~F, rel
X x I because p' o G ~ F, rel X x I. O

Definition 2.6. [6, Definition 2.21]

Let p: E — B be a map and B = {(e,w) € E x BHw(0) = p(e)}. A
homotopical lifting function for p is a continuous function \ : B — E!
which assigns to each point e € F and path w in B starting at p(e), a path
Ae,w) in FE starting at e such that it is a homotopical lifting of w.

Note that the topology on B! is the compact-open topology and the
topology on B is the subspace topology induced by the product topology
on E x B
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Theorem 2.7. A map p: E — B is an H-fibration if and only if it has a
homotopical lifting function.

Proof. Assume that p is an H-fibration. Define two maps ]?: B — E and
F:BxI— Bby f(e,w) =e and F((e,w),t) = w(t) which are continuous.
Since F((e,w),0) = w(0) = p(e) = po f(e,w) and p is an H-fibration, there
exists a homotopy F' : B x I — E such that po F ~ F, rel B x I and
FoJy=f. Define A : B— ET by Ae,w)(t) = F((e,w),t). Then,

Ae,w)(0) = f((e,w),O) =Fo Jo(e,w) = ]?(eﬂ")) =€

poAe,w)=po F(le,w),—) ~ F((e,w),—) = w, rel I.

Continuity of A comes from the continuity of F'. Therefore \is a homotopical
lifting function for p.

For the converse, let A : B — E! be a homotopical lifting function for
p. Also, let f: X — F and F : X x I — B be the maps such that
po f: F o Jy. Define g : X — B! by g(z)(t) = F(z,t). By assumption
for the path g(x) : I — B starting at p o f(x), there exists a homotopical
lifting Ay == A(f(2),9(x)) : I — E of g(x). Then there exists a homotopy
H :Ix1— Bsuchthat H:po\; =~ g(z), rel I. Therefore we can define
amap F : X xI - E by F(z, ) = Az(t) which is continuous because
A is continuous. Hence F(z,0) = A\;(0) = f f(z). Moreover, by defining
H : X xIx1I—- Bby H (z,t,5) = H(t,s). We have H : po F ~ F, rel
X x I since for every x € X and every s,t € I we have

H'(x,t,0) = H(t,0) = po A\g(t) = po F(z,1),

H,(J?,t, 1) = H(t’ ) = g( )(t) = F(.CL‘,t),

H’(:J;,O,s) :H(O,S) :po)‘l’(o) :pol?’(a:,()) :pof(x) (.CU 0)

H'(z,1,s) = H(1,s) = poAs(1) =po F(z,1) = g(z)(1) = F(x,1)
Thus, p is an H-fibration. O

Remark 2.8. Every fibration p : £ — B with contractible base space
B is fibre-homotopy equivalent to the trivial fibration pr : B x FF — B
(see [3, Proposition 2.1]). But this is not true for H-fibrations. For instance,
Example 2.2 is an H-fibration with contractible base B := I that is not
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fibre-homotopy equivalent to the trivial fibration. Because, the fibers of
pr: I x F' — I have the same homotopy while in Example 2.2 this is not
true. In fact, in part (i), p~1(0) has two path components but the other
fibers are path connected and in part (ii), p~1(0) and p~1(1) are singletons
but the other fibers have two points.

Foramap f: X — E, by f: X xI — E we mean f(z,t) = fopr(z,t),
for every x € X and any t € I.

Definition 2.9. Let p : £ — B be a map. The maps fo,f1 : X — FE
are said to be homotopically fiber homotopic, with respect to p denoted by
fo ~np f1, if there is a homotopy F': fo ~ fi such that poF’ ~ po fo =pofi,
rel X x I.

Note that the above definition guarantees po fo = po fi. Also, by defini-
tions of fiber homotopy and Definition 2.9, if two maps are fiber homotopic,
they are also homotopically fiber homotopic. Moreover,

Proposition 2.10. Let p : E — B be a map. The homotopically fiber
homotopy with respect to p is an equivalence relation on the set of maps
from X to E.

Proof. Clearly, it is reflexive and symmetric. Now, consider the maps
fo, f1,fo : X — E with fy ~py f1 and fi ~hp f2. By definition, there
exist homotopies F : fo =~ f1, G: fi~ fo, T :poF ~po fo =po fi rel
XxfandK:poG:poflzpofg rel X x I. Define, H : X x I — E and
H :X xIxI— Bhby

F(z,2 1
H(z,s,t) = (z,2s) $€ [(1]’ 2]’
G(zx,2s-1) se(3,1],
1
H (2 5.1) = T(x,2s,t) s € [?, 50,
K(z,2s —1,t) s¢€l3,1].

Then H : fog ~ fo. T and K are continuous and

T(z,1,t) :pofl(aj, 1) =po fi(zx) :pofl(x,O) = K(z,0,t).
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Hence by gluing lemma H " is continuous. Also, H' :po H ~po fo =po fo
rel X x I because

1
HI($,870) _ T($72830) =po F(.’E,QS) s E [?7 5]7
K(z,2s-1,0) =poG(z,2s—1) se|3,1],
which is po H and
f 1
H/(ﬂf,s, 1) = T(x,2s,1) =po f1($,?8) se [(1)’ 5]7
K(x728—1,1):p0f1($,28—1) 36[571]’

which is po fi =po fo = po fo. Since
H'(z,0,t) = T(z,0,t) = po F(z,0) = po fo(z,0) = po fi(z,0),
we have
H'(x,0,t) = po H(x,0) = po fo(z,0) = po fa(x,0)
and since
H'(z,1,t) = K(z,1,t) = po G(z,1) = po fi(z,1) = po fo(z, 1),
we have
H'(z,1,t) =po H(z,1) =po fi(z,1) =po fo(z,1).
O]

Now, we have the following proposition which is a homotopical version
of [7, Theorem 2.8.10]. We recall that for a homotopy F' : X x I — E, by
Fp and Iy we mean F|X x {0} and F|X x {1}, respectively.

Proposition 2.11. Let p: E — B be an H-fibration and F, F' : X xI — E
be homotopies. Given homotopies H : po F ~po F' and G : Fy ~ F} with
H|X x {0} x I = po @, there exists an extension H of G from F to F’ with
poﬁ:H, rel X x I x 1.
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Proof. Let A = (I x {0}) U ({0} x I)U (I x {1}) € I x I. We know that
there exists a homeomorphism ¢ : I x I — I x I such that §(A) = I x {0}
(see [7, Theorem 2.8.10]). So we have the homeomorphism 6 : X x I x I —
X x I x I defined by 6(z,r,s) = (z,0(r,s)). Define f : X x A — E by
FIXxIx{0}=F, fIXx{0} xI=G|X x{0} xI, fIX xIx{l}=F"
Since H|X x A=po f,

Hof X xIx{0}=pofobh X xIx{0}.

Since p is an H-fibration, there exists G: X xIxI — E with the homotopy
T: poG Ho0~ 1relX><I><IandGoJo— 007X x I x {0}
Define H : X><I><I—>EbyH Goo.
Let T" : X x I x I x I — B be the map T"(z,r,s,t) = T(0(x,1,5),1).
Therefore, T : po H ~ H rel X x I x I because
T (x,7,8,0) =T(0(x,r, ),0) =po é(@(aﬁ,r, s))
T'(x,7,8,1) = T(0(x,7,5),1) = Ho 0~ (0(x,r, ) = H(x,7,5).
For (x,7,0) € X x A, By definition of § and 0, there exists r" € I such that
O(x,r,0) = (z,7',0). Since T : poG ~ Hof ! rel X x I x I, we have
T (x,7,0,t) = T(x,7’,0,t) = poé(a:,r’,O) = poéoe(x,r, 0) = poﬁ(x,r, 0),
T'(z,7,0,t) = T(x,r',0,t) = Ho 0 Y(x,r',0) = H(x,r,0).
Also, for (z,7,1) € X x A, there exists r”” € I such that 6(z,r,1) = (z,7”,0),
then
T'(z,r,1,t)) = T(z,7",0,t) = Ho 6 Y(z,r",0) = H(z,r,1).
Moreover, H:F ~F and H is a extension of G because
H(x,r,0) =G ob(z,r,0) = f o' 0b(x,r,0) = f(x,r,0) = F(x,r),
H(z,r,1) =G ob(z,r,1) = fob o b(x,r,1) = f(z,r,1) = F'(z,7),
I:T(:B,O,s) =Go 0(z,0,s) = fof ' ob(z,0,s) = f(x,0,s) = G(x,0, 5).

O
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By using this proposition, we can show that liftings of a homotopy with
the same starting map by an H-fibration is unige up to homotopically fiber
homotopy.

Theorem 2.12. Let p : E — B be an H-fibration and F,F' : X x I — FE
be two homotopies in which Fy = Fy andpo F =po F'. Then F ~p, F'.

Proof. Let H : X xIxI — Band G : X x{0} xI — E be the corresponding
constant homotopies H : poF' = po F' and G : Fy = F{). Since, H(x,0,s) =
po F(z,0) = poG(z,0,s), by Proposition 2.11 there exists a homotopy
H from F to F’ such that po H H rel X x I x I. By the definitions,
H=poF =pokF' Then, poH poF =poE’ rel X x I x I and hence
the result holds. O
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