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Picard group of dual categories

Adriana Mejia Castano

Abstract. We provide an explicit description of the Picard group (the
group of isomorphism classes of invertible objects, those that have an inverse
under the tensor product) of the dual category of the category of comodules
over a supergroup algebra, by using the description of this group for group-
theoretical categories. In fact we prove that there is a subgroup relation
between these groups. As an interest application of this group in a modular
context, it can be used to construct examples of symmetric special Frobe-
nius algebras. They also plays an important role in the theory of braided
tensorcategories for the classification of group extensions of fusion categories.

1 Introduction

Given a monoidal category C the Picard group Pic(C) of C is the group of
isomorphism classes of invertible objects, those that have an inverse under
the tensor product. This group has been calculated in several contexts,
for example in derived categories [6], autoequivalence categories [7], stable
module categories [14] and tensor categories [2], [3], [10]. It is the last
context which interests us in this article.
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As an interest application of this group in a modular context, it can be
used to construct examples of symmetric special Frobenius algebras A [5].
This group also plays an important role in the theory of braided tensor
categories, in particular, it is used in the classification of group extensions
of fusion categories [4]. In this article we explicitly describe the Picard
group of certain dual categories. Let G be a finite group, F' a subgroup of
G,w € Z(G,k*) a 3-cocycle and ¢ € C?(F,k*) a 2-cochain such that di =
wrxFxp. The Picard group for a group-theoretical category C(G,w, F, 1))
was described in [13], [9]; and each bimodule, when G is abelian and w is
trivial, is parametrized by the following set

L={(g,p):9€ R, pe F}

where R is a representative set of F\G/F and F'is the group of 1-dimensional
F'-representations.

Consider now the following category: Let H := A(V,G,u) be a finite
supergroup algebra, where u € G be an element of order 2 and V a finite-
dimensional G-module such that

u-v=—v, forany v € V.

We want to describe the Picard group of the dual category of the category
of A(V,G,u)-comodules. To this end, are necessary all the exact inde-
composable Comod(H )-module categories, which are parametrized by tuple
(W, 3, F,1) where F C G be a subgroup, ¢ € Z?(F,k*) be a 2-cocycle,
W C V be an F-invariant subspace, and 8 : W x W — k be a symmetric
F-invariant [12]. Consider the following subgroup

L={(g,p)€L:g-WCWB(g 'v,g'w)=pv,w)}.
Let M be the module category parametrized by (W, 3, F,1), we prove that
Pic(Comod(A(V,G, u))j\/‘<w,5,F,w)) ~L

which is a subgroup of Pic(C(G, 1, F,)).

2 Preliminaries and Notations

2.1 Hopf algebras Throughout this paper k will denote an algebraic
field of characteristic 0 and k* =k — {0}. If H is a finite-dimensional Hopf
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algebra, then
HycHiC---CHp=H

will denote the coradical filtration. When Hg C H is a Hopf subalgebra,
the associated graded algebra gr H is a coradically graded Hopf algebra. If
(M, A) is a left H-comodule, the coradical filtration on H induces a filtration
on M, given by M,, = A"'(H,®,M). This filtration is called the Loewy
series on M. It is known that My is the socle of M.

If the coradical Hy is a Hopf subalgebra, the associated graded vector
space gr M = @;=oM (i), where M (i) = M;/M;_1, inherits a left gr H-
comodule structure. If IC is a left H-comodule algebra, and M € 7 My
then gr M ¢ 8F H./\/lgr k- We shall say that a left H-comodule algebra (K, \)
is H-simple if it has no non-trivial costable ideals.

A Hopf 2-cocycle for H is amap o : H®H — k, invertible with respect
to convolution, such that for all z,y,z € H

o(x1,y1)0(xoy2, 2) = o(y1, 21)0 (2, y222),0(x, 1) = e(x) = o(1, ).

There is a new Hopf algebra structure constructed over the same coalgebra
H with the product described by

Ty =0(z).y1))o () Ye) TeYe), Ty eH.  (21)

This new Hopf algebra is denoted by H“J.

2.2 Module categories over Hopf algebras Let H be a finite
dimensional Hopf algebra. In this section we recall some facts about repre-
sentation of Rep(H).

If K is a finite-dimensional left H-comodule algebra, then the category
of finite-dimensional left K-modules x M is a Rep(H )-module. The action
® : Rep(H) x gM — aM, is given by X@M = X®xM, for all X €
Rep(H), M € gM. The left K-module structure on X®yM is given by A,
that is,if r e K,z € X,m € M thenr- (z@m)=r—1-2®7r.0-m.

We shall denote by g./\/l &, and respectively ¥ M, the category of fi-
nite dimensional left H-comodules that are K-bimodules, respectively right
K-modules, such that the coaction is a morphism of K-bimodules, respec-
tively right K-modules. The category %M K 1s a finite tensor category with
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monoidal product M @ N = M @ N if M, N € %MK The H-comodule
structure on M ®x N is

A Mg N— HokM Qg N A(m@n) =m_—In.—1®@m0& n0.
Proposition 2.1. [11, Prop. 1.20, 1.23] Under the above assumptions

1. If K is H-simple then g M is an exact indecomposable Rep(H)-module.

2. There is a monoidal equivalence Rep(H )7 54 =~ M.

Let V be a Yetter-Drinfeld module over kG, H = B(V)#kG, K be
a right H-simple left H-comodule algebra such that Ko = k,F', for some
subgroup F' C G and a 2-cocycle ¢ € Z%(F,k*). Let K C B(V) be
an homogeneous coideal subalgebra such that gr K = K#kyF. Consider
another K’ with associated F”,1)’ as before.

Proposition 2.2. Let M € ,@M;C be an invertible object. Under the above
hypothesis,

1. [8, Lemma 4.1] If a € Z%(G,k*) is a 2-cocycle, then there exists a
Hopf 2-cocycle ¢ : HRxH — k such that qgxg = .

2. [8, Theorem 4.2] dim M = dim K.
3. [8, Claim 4.1] There exists m € My such that M = m - K.
4. The object My € lﬁfFMkw/F’ 18 tnvertible.

Proof. (1) Since M is an invertible object, there exists N € # M such
that
M®[CN’:K:/, N®’C1M2IC,

as objects in the corresponding category. The graded object gr M with re-
spect to the Loewy filtration, see subsection 2.1, is an object in HMK#ka.
In particular gr M € # M. Since K/K+ =k, it follows from Theorem [8,
Theorem 3.1] that gr M ~ P®y K, where P = gr M/(gr M - K*). Let us
denote \ : gr M — H®wgr M the comodule structure. Since K = K™ @k,
then

MegrM - K1) C (Howgr M)(KT@l + Ho K.

Whence, the map ) induces a map X : P — Q®y P, where Q = H/HK T H.
Observe that @ is a pointed Hopf algebra with coradical kG, since H is
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coradically graded and the ideal HK+H is homogeneous and does not in-
tersect Hp. The space P has a right kyF-module structure with action
given by p- f =p- f, for all p € P and f € F. This action is well-defined
and makes the object P an object in the category QMka.

Let U € Z%(G,k*) be a 2-cocyle such that ¥ |pyp= 1, and let ¢ :
HrH — k the Hopf 2-cocycle obtained as in Lemma 2.2, such that
Saxg = V. It follows from [11, Lemma 2.1] that there exists an equiva-
lence of categories

<]
@ Myp ~ My, r.

Again using Theorem [8, Theorem 3.1], any object in M LF is a free
k, F-module. Thus, there exists an object Z € QMka such that gr M ~
Z@xky FRkK as vector spaces, and dim M = dimgrM = dim Zdim K.
Analogously, there exists s € N such that dim N = sdim K’.

By [8, Theorem 3.1] there exists ¢ € A such that M?' is a free right
K-module, i.e. there exists a vector space E such that M! ~ F®yK, hence

dim F = tdim Z. (2.2)

Since M ®x N ~ K, then M! @x N ~ E@yN ~ K, thus dim Edim N =
t dim K. Using (2.2), we obtain that dim Zs = 1, hence dim Z = 1 and

dim M = dim K.

Analogously dim N = dim K'.

(2) Since My is the socle of M, then My # 0. Let g € G and m € M be
elements such that A(m) = g ® m. Let ¢ : K — M be the map defined as
o(k) =m-k. Let J C K be the kernel of ¢, then J is a right ideal in K. Let
z € J, and write A(z) = >, ' ® x; in such a way that the set {2’} C H is
linearly independent. Thus, the set {gz’} C H is also linearly independent.
Since

OzA(m'x):ngi@Jm-xi,

then m - x; = 0 for any ¢, thus A(z) € H ® J and the ideal J is H-costable.
Since J # K then J = 0, and ¢ is injective. By part (1) dim M = dim I,
thus ¢ is surjective and this proves that M = m - K. Analogously, there
exist n € Ny such that =n - K'.
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(3) Since M ®x N ~ K', then (M ®x N)o =~ ky F' as objects in the
category thMk o F- Consider the not null map

02M0®kaNO—>(M®ICN)Oa men—mn.

Since (M ®x N)o ~ ky F’, and the object ky F’ is simple, then 6 is
surjective. Part (2) of the Proposition implies that

dim(Mo ®ka No) :| F' |: dimk¢/F/ = dlm((M R N)O)

Hence 6 is injective. O

2.3 Finite supergroup algebras Let G be a finite abelian group,
u € G be an element of order 2 and V a finite-dimensional GG-module such
that

u-v=—v, forany v € V.

The space V is a kG-Yetter-Drinfeld module where the G-comodule struc-
ture 0 : V. — kG®V is given by d(v) = u ® v, for all v € V. The
Nichols algebra of V' is the exterior algebra 8B(V) = A(V). The bosoniza-
tion A(V)#KG is called, in [1], a finite supergroup algebra, and it is denoted
by A(V, G, u). Hereafter we shall denote the element v#g simply by vg, for
allveV,geG.

The algebra A(V, G, u) is generated by elements v € V, g € G subject to
relations

vw+wv =0, gv=(g-v)g, forallv,weV,geaq.
The coproduct and antipode are determined for all v € V, g € G by

AR)=vel+udv, Alg=g®g, Sk)=-uw, S(g)=g"

2.4 Algebras over Comod(A(V,G,u)) Let F C G be a subgroup,
Y € Z?(F,k*) be a 2-cocycle, W C V be an F-invariant subspace, and
B: W x W — k be a symmetric F-invariant bilinear form. With this data
we define IC(W, 3, F, ) the algebra generated by elements w € W, ey, f € F
subject to relations, for any wy,ws € W, f,h € F,

wiwy + wowy = B(wr, w2)l, epw = (f-w)er, erep =P(f h)esy. (2.3)
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The algebra IC(W, 3, F, 1) is a left A(V, G, u)-comodule algebra with coac-
tion X\ : K(W, B, F,¢) = A(V,G,u) @ K(W, 8, F, 1) determined by

Aw)=wl+u®w, Mer)=[f®Rer, weW,feF.
When F, 9 are trivial (W, 3,1, 1) is know as the Clifford algebra
CIW,B)=TW)/(veaw+wev=p5v,w)l).
Then CI(W, ) C K(W, 3, F, 1) is a subalgebra.
Proposition 2.3. [12, Theorem 4.6] The following assertions hold:

1. The categories Comod(A(V, G, u))icw,s,rp) are evact indecomposable
Comod(A(V,G,u))-modules.

2. A exact indecomposable Comod(A(V, G, u))-module category is equiv-
alent to Comod(A(V, G, u))cw 3,7, for some (W, 3, F,1) as in Sec-
tion 2.4.

3. Let (W,B,F,v), W',B',F',¢') be two data as above. There is an

equivalence of module categories
Comod(A(V, G, u))xw,p,Fy) = Comod(A(V, G, u))cow: gr . g)

if and only if there exists g € G such that for all w,v € W W' =
g- W, F=F ¢=1" and (g -w,g-v)=F(w,v).

2.5 Invertible objects in group-theoretical fusion categories
Let G be a finite group, F' a subgroup of G, w € Z(G,k*) a 3-cocycle and
1 € C%(F,k*) a 2-cochain such that di) = wpx pxr. We denote by Vecg, the
category of finite dimensional G-graded k-vector spaces with associativity
determined by w. The twisted group algebra k,[F] is an associative algebra
in Vecg, so it is possible to define the category of ky[F]-bimodules in Vecg.
This fusion category is denoted by C = C(G,w, F,v) and it is said to be
group-theoretical.

The classification of invertible objects in C(G,w, F, 1) was given in [9].
For our purposes, we only need the classification when the 3-cocycle w is
trivial. Let R := {u(X) : X € F\G/F}, where u(X) € G is a representative
of X in the double coset of F' in G and assume u(F1gF) = 1g. For each
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g € G, let F9 := FCpgFg~'. In the group F9 we have the following 2-
cocycle:

VI(f1, f2) = U(f1, f2)U(g7 3 g g7 M g).

Theorem 2.4. [9, Theorem 5.1] There is a bijection between:

e isomorphism classes of simple objects in C(G,1, F,1), and

e isomorphism classes of pairs (g, p), where g € R and p is an irreducible
projective representation of F'9 with 2-cocycle 19,

where two pairs (g,p), (g,p") are isomorphic if p and p' are isomorphic as
irreducible projective representations of F'9 with 2-cocycle 9.

We explicitly describe this correspondence: Let B be in C(G,1, F, 1)),
since it is a G-graded vector space, B = ®4cqB,. Because B is a ky[F]-
bimodule, for each g € G, f € F' we have isomorphisms Iy, : B, — By, and
rg.f : Bg — By, and they satisfy the following identities:

U(f1, f2)lf1f2,g = lfl,f2g ° lfz,ng(fh f2)r97f1f2 =Tgf1,f2 °Tg,f1>

lfr.9f2 ©Tg.f2 = Tfighs © lf1g-
We can write B = @ xcp\q/F Pgex By, where each By := ®gecx By is a
sub-bimodule of B.
Suppose that B is a simple object in C(G, 1, F,¢), then there exist g € G
such that B = Bx = @®;ex B, with u(X) = ¢g. Then one gets a projective
representation p : F9 — GL(B,) with 2-cocycle 19 where

p(f) = Ttgg-1f-1g°lyg, [ EF

Coversely, let (g, p) be a pair, where g € R and p : F9 — GL(V) is an
irreducible projective representation with 2-cocycle ¥9. With this data we
construct a simple object B in C as follows. Let T" be a set of representatives
of F/F9 with 1 € T. Let B := @7 kerBigr, Wwhere By, = V as vector
spaces. The right and left module structure r and [, respectively, on B are
given by:

Tigk,f * Bigk — Bigkf, v — Uk, fv, (2.4)

U(f,1)
Lt gk * Bigk — Bsg(g-1pg)ks ¥ = p(p)(v), (2.5
Tgh = Pty =9(a™ o)k U(s,p)U(g~1p~g, g~ pgk) #)), (25)
where s € T, and p € FY is determined by the equation ft = sp. Moreover,

we explicitly know the group structure of this pairs.
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Theorem 2.5. [9, Theorem 5.2] The group G(C(G, 1, F,v)) of isomorphism
clases of invertible objects of C is isomorphic to the group

L=A{(g.p) | g€ K,p: F —k* such that dp = 49}

where K :={g € R | g € Ng(F) and ¢9 is cohomologically trivial}, with
product given by

(91, p1) - (92, p2) = (91 - 92,7(91,92)p1 (" p2)),
with (9 p2)(f) = pa(g; ' fo1), f € F9 and v(g1,92) : F — k*

B (g5 g7 Fargak, 95 f 1 g3)
(91, 92)(f) = Y 1 1 1,71 1 1 )
V(gy [ g, 97 fo)v(as 91 f 19192, 95 91 fo192k)
for g3 = qig2k, k € F.

Example 2.6. G abelian and w trivial. For any g € G we have that F9 = F

and YI(f1, f2) = V(f1, f2)U(fy ', i), with fi, f2 € F, then 99 is always
cohomologically trivial, hence K = R = F\G/F.

Invertible objects B in C(G,w, F, 1)) = lﬁfFMka are parametrized by
pairs (g,p) € L, with ¢ € R and p a 1-dimensional F-representation, are
given by B = @ rerkgyy, where each component is equal to the field k. The
right and left module structures on B are given by 2.4 and 2.5, explicitly

1 kyF x B— B B xkyF = B
er gk =V((f9) 19,97 gfk)p(f)pgs, Pk - €5 =V (K, fpgy-

The product in £ is (g1,p1) - (92,p2) = (91 - 92, 8(91,92)p1p2), Where
(g1, 92)(f) = SEEL), with f € F and k = (g192) " u(Fg192F).

3 Picard group and the group of invertible objects in
Comod(A(V, G, u))

Given a monoidal category C the Picard group Pic(C) of C is the group of
isomorphism classes of invertible objects (have an inverse under the tensor
product). By Theorem 2.5, Pic(C(G, 1, F,¢)) ~ L. If H = A(V, G, u) is the
Hopf algebra presented in 2.3, then the comodule algebra K = IC(W, 3, F, ),
presented in 2.4, satisfies the hipotesis of Theorem 2.2. In Theorem 2.2(4)
we show how to obtain an invertible object in llifFMka = C(G,1,F,v)

from an invertible object in Comod(H)} 4 =~ A M.
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Let P be an invertible object in lﬁfF/\/lk oF- In the following we will

construct an invertible object I(P) in the category g M. There exists
an element g € G and p an 1-dimensional F-representation such that P =
®rerkys, see Example 2.6. Suppose that g-W C W and that Blg~tv, g7t
w) = B(v,w) for all v,w € W. Define

I(P) = P @y CU(W, B),

where CI(W, ) is the Clifford algebra. The K-bimodule structure in I(P)
is given as follows, for f,h € F, p € P such that wy,...,w,,w € W:

(PpRwWi...wp) wW=pRw...ww,
(p@wi...w)-ep=p-h@ht-w)...(h~ w,),
w-(pRwy...w) =p® (g7 wwy ... wy,
en-(p@wi...wy) = (h-p)@wi...w.
These actions are well defined by the previous assumptions. The H-comodule
structure in 7(P) has to be a morphism of left J-modules, thus it is deter-
mined by declaring A(p® 1) = p_1 ® (po ® 1), for any p € P. In particular,

for any w € W we have that A(pQ@w) =p_1w ® (po® 1) + p_1u ® (po @ w).
Clearly, we have that I(kyF) = K.

Lemma 3.1. I(P) is an object in the category & My.
Proof. By definition I(P) is a right K-module and a left K-module.
I(P) is a K-bimodule: let p € Pawy,...,w,w,w' € W, h,l € F

/

(w-(pRwy...w)) w =P (@' ww .. w) w
=p®(g_1-w)w1...wrw’
=w-(pRwi...ww) =w-(pRw...w) w),

(w-(pRwi...wy)) ep =P (g " whwr...w) ey
=p-h@h g t-w)(htw) . (A w,)
—w(ph@ () (B )
=w-((pRwi...wy)-ep),

(en-(p@wi...wp)) w=(h-pRQwi...wy) w
—hpOw . ww= e (pOW ... w,) - w),
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(en-(pRwi...wp))-eg=(h-pRwi...w,) e
=h-p- 1@t wy)... (17t w,)
=ep- (Pl w) ... (17 w,)),
=ep- (p@wri...w) e)
I(P) is an H-Comodule:

(A Id)oN)pew)=(A®Id)(p-1w® (p®1)+p_1u® (po ® w))
=P @p-1)(wel+uew)®(p®1l)+ (p-1u®@p-1u) ® (po @ w)
=(prw®p_1+p1u@p_1w) @ (p@1) + (p-1u ® p_1u) @ (po ® W),

(Id@AX)oN(p@w)=Id@N)(p-1w @ (p® 1) +p_1u® (po @ w))
=p 1w ® (p-1 @ (po®1)) +p_1u @ ((Po—1w ® (poo ® 1)

+ po—1u ® (poo ®@ w)),
1®(e(p—1u) ® po ® w) = €(p-1)e(u) @ po @ W =p @ w.
]

Lemma 3.2. Let (P, g) and (Q,r) be invertible objects in lﬁfF/\/lka such
that g-W C W, B(g~ v, g7t w) = B(v,w) for allv,w € W andr-W C W,
B(r~twv,r~t.w) = B(v,w) for allv,w € W. Then, there is an isomorphism
in the category H My

I(P ®k,r Q) = I(P) @k 1(Q).
In particular, I(P) is an invertible object in H M.
Proof. Recall that
I(P) ®x 1(Q) = (P @k CUW, B)) @k (Q @k CUW, B)),
).

I(P ®x,r Q) = (P ®x,r Q) @ CUW, B
Since associators are trivial P @y, r (Q @k CU(W,B)) ~ (P ®k,r Q) @k
CIl(W, B), we induce the morphism
(P @x CU(W, ) @x (Q @1 CLW, B)) > (P @, Q) &1 CLUW, B)
(r®w) @k (¢®v) = (pQkyF Q) @ (q:% cw)v.
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F is well defined: Since the kG-comodule structure over @ is given by
-1 ® qo =1 ® q then for w’ € K

F((pow) v @k (q0v)) =(p @k, r q0) @ (¢ - (ww')v
=(p @, r 00) ® (71 - w)(q— - w')v
=(p ®u,r ) @ (™" - w)(r~ - w)o

=F((p®w) @ (¢ (r~ - w')v))
=F((p@w) @k - (q2v))

F' is a K-bimodule morphism: Let z € W and f € G.

F((p@w) @k (¢@v)]-2) = F((p@w) @k [(¢®v) - 2])
=F((p®w) @k (¢®vz))
= (p ®uyr @) ® (¢_] - w)vz
= [(p @i, r 90) ® (421 - w)v)] - 2
=F((pow) ek (qov)) -2
F([(p@w) @k (¢@v)]-er) =F((pow) @k ((g@v) e ))
=F((pow)ec((¢-f)e(f”
= (p@iyr (g o) @ ((g- £)=1 - w)(f " - v)
= (p @i, (q0- f)@ (f7 - (g71 - w)(f o)
= [(p ®xyr q0) @ (q_1 - w)v] - €5
=F((p@w)@c(q@v))-e;.

F(z-[(pow)®x (q@v)]) = F((z- (p@w)) @ (¢ ®v))
= F((po® (p_1 - 2)w) @ (¢ @ v))
= (po Dk, F q00) ® (91 - (P21 - 2))(q7] - w)v
=2 [(p @k, r q0) ® (¢_] - w)v]
=z F((pow) ok (¢®v)),

Fles-[(p®w) @k (qev)]) = F((ef - (p@w)) @k (g @ v))
=F(((f-p)®w) @k (g@v))
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= ((f-p) ®uyr q0) @ (¢_1 - w)v
=f(p®x,F q) ® (g1 -w)v
= ef - [(p Ok, r q0) @ (471 - w)v]
=ef- F((p®w) @k (¢®@0)).

F is a H-comodule morphism: Let h, f € G such that A(p) = h ® p,
Na)=f@q

((([dp®F) o N)((p ® w) @k (¢ ®v)) = (idy @ F)[(hw)(fv) @ (p® 1)@
q® 1))+ (hw)(fu) @ (p® 1) ® (¢ ®v)+
(hu)(fv) ® ((p®@w) @ (¢ @ 1)) + (hu)(fu) @ (P @ w) @ (¢ @ v))]
=(hw)(fv) ® ((p @k, r q) @ 1) + (hw)(fu) @ ((p Rk, F q) @ v)+
(hu)(fv) © ((p @ryr @) © (71 w)) + (hu)(fu)
® ((p @k, rq) @ (f1 - w)v)]
=(h-w)((hf)-v)hf @ ((pRr,rq) @ 1)+ (h-w)hfu® (p Ok, F q)
®v) + ((huf) - v)huf @ ((p @, r q) © (f ' w)) + hfu’®
((p ®x,r @) @ (f7 - w)v)].
(Ao F)((po@w) @k (q®v) = M(p @k, r @) @ (f - w)v)
:(hf)(f_l w)v @ ((p @yr @) @ 1) + (R w)u @ ((p Ok, r q)
1,

) (hf)yuv @ ((p ©xyr @) © (71 - w) + hfu® @ ((p @ryr )@
(f7h - w)v)]
=( w)((hf) - v)hf @ ((p Ox,r q) @ 1) + (h - w)hfu @ ((p Ok, F q)
®v) + ((huf) - v)huf @ ((p Sxyr @) © (f - w)) + hfu’®

((p @x,r @) ® (f71 - w)v)).
Since F(p®1®1®v) =p®q® v, F is an epimorphism and
dim (I(P) ®x 1(Q)) = dim K, dim I(P ®x,r Q) = dim K,

using the fact that dim I(P) = dim K = dim I(Q). We conclude that F' is
an isomorphism in % M. O
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Now, let M be an invertible object in the category ,Ig M. Since My,
the socle of M see Section 2.1, is an invertible object in ﬁGF/\/lka, there
exists an element g € G and a representation p such that Z\/ﬁ) = Drerkyr =
m - ky F', where A(m) = g ® m (Proposition 2.2(2)).

Lemma 3.3. Under the above condition,
1.g-WCW and B(g7' v, g7 -w) = B(v,w) for all v,w € W.
2. M ~ I(Mp) in M.
Proof. (1) Let w € W, then w-m € Mj, by definition. Because My = m-Kj,

there exists k € K such that w-m =m-k. Now, K1 = (W @ kyF) ® ky F,
so we can write k = ) vey + ) ej,. Hence, we have the following identity

w-m:m-ZUef—{—m-Zeh.

Applying the coaction we get:
wgR®m+ugRw-m = Z(gvf@m-ef+guf®m- (vef))—i-Zgh@m-eh.

Note that wg @ m € H(1) ® Mp,ug @ w-m € H(0) ® My,gvf @ m-ey €
H(1)® My, guf @m- (vey)) € H(0)® My, gh®@m-cpep € H(0) ® My. Hence

wg®m:ngf®m-efEH(l)®Mo,
f

ug @ w - m = Zguf@m- (vef)—i—Zgh@m'cheh € H0) ® M.
f h
If we think the last equation in H(0) ® M (1), we have that

ug®w~m:Zguf®m-(vef).
f

But {guf}s are linearly independent, so the sum has only one term, then
f=eand
wg¥m=gv&m, wyg=gv,

which implies that wg = (g-v)g, so w = g-v and v = g~ ! - w. And that
proves that g - W C W. In particular

w-m:m‘(gfl‘w)%—m‘Zeh. (3.1)
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Let {w;}; be a base for W. For each f € F we define

Pip={ye M : \y) =pwifg® f-m+ufg@y,pck}

The sets P;  are non-trivial vector spaces, since (w;f) - m € P; ¢, hence
dim Pi’f > 1 . Note that Pi,fcppi’,f’ = {0}, and since M[)Cpf)i,f = 0,
for all i, f and dim M;=|F|dimW + |F| > dim(Mo) + >_; ; dim(F; 7) then
|[F|dimW + [F| > 37, s dim(F; ) and dim P; y = 1. Now,

AMw; - m) = wig @ m+ ug @ w; - m,

Am - (g7 wi) =wig@m+guem- (g w),

1 1

then w;-m,m-(¢g7" - w;) € Pje. Sow;-m=¢&m- (g~ -w;) for some ¢ € k

but Equation (3.1) implies { = 1 and for all w € W.

-1

w-m=m-(g " -w) (3.2)

Now, let v,w € W. We have that vw + wv = B(v,w)1, then

- w)+ (g7 w) (g ) =

-1

Bv,w)l-m= (vw+wv) - m=m-((g"" -v)(g

m-Bg v, g7t w)l,

hence (v, w) = B(g~ " -v,g7 - w), for all v,w € W.
(2) Defined E : I(My) — M forp e M, w; € W

Ep@w...w,)=p-(w1...w,).

FE is a left K-module morphism: Since p_1 ® pp = g @ p and w-p =
p- (g7 - w), then

Ew-(p@w;...w)) =E(po®@ (p_1 - w)wy ... w,)
=po-[(p2] - w)wi ... w,]
=w-[p-(w... w)]

=w-Epow...w).

Similar calculations prove that E is a K-bimodule morphism. Since FE is
induced by an action, F is a H-comodule morphism, so E is a morphism in
g/\/l;g. Now, since M = m - K and My = m - kyF', E is an epimorphism.
But M and I(Mj) have the same dimension, hence E is an isomorphism in
g M. L]
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In other words, we conclude that as groups
P({ M) =~ £ € P(§CpMuc,r),

where each invertible bimodule in ,Ig Mc parametrized by (g, p) is, as vector
space, M = (®rcrkys) ® CU(W, B) with structure given in Lemma 3.1.

Proposition 3.4. The Picard group of Comod(H )%, is isomorphic to L.

Therefore, for 1, 1" such that K(W, 8, F, ), K(W, 8, F,v') are comodule
alegras, we obtain that

Pic(Comod(A(V, G, u)) ~ Pic(Comod(A(V,G,u))

Mw,g,F,) Mg, Fu)/

Corollary 3.5. The Picard group of Comod(H)®P is isomorphic to G.

Proof. Since Comod(H )°P ~ Comod(H)3; = Comod(H)j‘M(VOG . then the
quotient F\G/F is trivial and R = {1}. O
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