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Classical prime subhypermodules and
related extensions

Mahdi Anbarloei

Abstract. In this paper, we extend the notion of prime subhypermodules
to n-ary classical prime, n-ary weakly classical prime and n-ary ¢-classical
prime subhypermodules of an (m, n)-hypermodule over a commutative Kras-
ner (m,n)-hyperring. Many properties and characterizations of them are
introduced. Moreover, we investigate the behavior of these structures under
hypermodule homomorphisms, quotient hypermodules and cartesian prod-
uct. We think the knowledge gained in this setting provides a significant step
in the general investigation of subhypermodules.

1 Introduction and Preliminaries

To extend the notion of prime ideals from the category of rings to the
category of modules has excited several researchers to show that many, but
not all, of the results in the theory of rings are also valid for modules. The
concept of classical prime submodules as an extension of prime submodules
was introduced by Behboodi and Koohy in [6]. A proper submodule @

Keywords: n-ary classical prime subhypermodule, n-ary weakly classical prime subhyper-
module, n-ary ¢-classical prime subhypermodule, (m, n)-hypermodule.

Mathematics Subject Classification [2010]: 16Y99, 20N20.

Received: 15 March 2024, Accepted: 12 July 2024.

ISSN: Print 2345-5853, Online 2345-5861.

(© Shahid Beheshti University

97



98 M. Anbarloei

of M is said to be a classical prime submodule, if for each r,s € R and
a € M, rsm € @ implies that ra € @ or sa € ). Moreover, the notion
of weakly classical prime submodules, which is a generalization of classical
prime submodules was studied in [23].

The theory of algebraic hyperstructures playing an important role in the
classical algebraic theory was born in 1934 by a French mathematician, F.
Marty, at the 8" Congress of Scandinavian Mathematicians. A compre-
hensive review of the theory of hyperstructures appears in [8, 9, 21, 22].
The concept of n-ary algebras was introduced by Kasner in a lecture in an
annual meeting in 1904 [15]. The first paper on the theory of n-ary groups
was written by Dorente in 1928 [13]. Moreover, for the first time in [16] the
notion of Krasner hyperrings was introduced by Krasner. Some properties
on this hyperrings can be seen in [20, 24]. The concept of n-ary hypergroups
was defined in [11] as an extension of hypergroups in the sense of Marty.
After the introduction of the concept of (m, n)-hyperrings in [18], Davvaz et
al. extended (m,n)-rings to Krasner (m,n)- hyperrings and studied some
results in this context in [19]. Several classes of hyperideals namely maximal
hyperideal, n-ary prime hyperideal, n-ary primary hyperideal and the radi-
cal of a hyperideal in a Krasner (m, n)-hyperring were introduced in [1]. [19]
A commutative Krasner (m, n)-hyperring with a scalar identity 1 is an alge-
braic hyperstructure (R, f, ¢’) if the following hold: (1) (R, f’) is a canonical
m-ary hypergroup, (2) (R, ¢’) is a commutative n-ary semigroup, (3) the n-
ary operation ¢’ is distributive with respect to the m-ary hyperoperation
Py e g/(@ f @) aty) = P a0, al ), g (0 s ),
for each ai_l,af’ﬂ,aj’l” € R,and 1 <i <mn, (4) 0is a zero element of the
n-ary operation ¢, i.e., for every z§ € R we have ¢/(0,25) = ¢'(x2,0,2%) =
.. =g (25,0) =0, (5) for all z € R, g(x,1""V) = z.

The sequence x;,x;41,...,x; is denoted by xf For 5 < 1, xf is the
empty symbol. In this convention f'(z1,...,%i, Yit1, -, Yj, Zj41, -, 2n) Will
be written as f’(wﬁ,ygﬂ,zﬁl). In the case when y;41 = ... = y; = y the
last expression will be written in the form f/(x¢, Y=, Z?+1)- For non-empty
subsets Ay, ..., Ap of R we define f'(A}) = f(A1, ..., 4n) = U{f'(2]) | =; €
A;i=1,..,n}. A non-empty subset S of R is called a subhyperring of R if
(S, f',¢') is a Krasner (m,n)-hyperring. Let I be a non-empty subset of R,
we say that I is a hyperideal of (R, f’, ¢') if (I, ') is an m-ary subhypergroup
of (R, f") and ¢'(z}"',I,z1,) C I, for every z} € R and 1 < i < n. For
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each element x € R, the hyperideal generated by x is denoted by (x) and
defined as (z) = g(R,z,1""2)) = {g(r,x,1"=2)) | € R}. Recall from [1]
that a proper hyperideal P of a Krasner (m,n)-hyperring (R, f’,¢') is an
n-ary prime hyperideal if for hyperideals Iy, ..., I,, of R, ¢’(I]*) C P implies
that I; C P or Iy C P or ...or I, C P. Also, Lemma 4.5 in [1] shows that
a proper hyperideal P of a Krasner (m,n)-hyperring (R, f/,¢’) is an n-ary
prime hyperideal if for all 21 € R, ¢'(z}) € P implies that z; € P for some
1< <n.

Hypermodules over a hyperring is a generalization of the classical mod-
ules over a ring. Several types of hypermodules were introduced by many
authors. The notion of (m,n)-hypermodules over (m,n)-hyperrings was de-
fined in [5]. After, some classes of the hypermodules were studied in [2, 4, 7].
Prime and primary subhypermodules of an (m,n)-hypermodule were dis-
cussed in [3].

Motivated and inspired by the above papers, the purpose of this re-
search work is to introduce and study generalizations of prime subhuper-
modules. We define the notions of classical prime, weakly classical prime
and ¢-classical prime subhypermodules of an (m,n)-hypermodule over a
commutative Krasner (m,n)-hyperring with a scalar identity 1. Then a
number of major conclusions are given to explain the general framework of
these structures. Moreover, we give some characterizations of these concepts
on cartesian product of (m,n)-hypermodules.

2 Some basic definitions

In this section, we recall some basic terms and definitions concerning n-ary
hyperstructures which we need to develop our paper.

Definition 2.1. [5] Let M be a nonempty set. Then (M, f,g) is an (m, n)-
hypermodule over an (m,n)-hyperring (R, f’,¢'), simply R, if (M, f) is a
canonical m-ary hypergroup and the map

g:Rx..XxRxM — P*(M)
-1

satisfies the following conditions:
(1) g(ri ™ (=) = Flg(ri ™ 1), ooy g(r7 s )
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(11) g(rif17 f,(ST)7 T?_F_llv .’E) = f(g(rzi_la 817 T:?_;__lla Z'), ey g(ri_lsmv 7’?_,'__11, LL’))
(i) g(ri, g/ (rF ) r T ) = g (P g (2, 7))

(iv) {0} = g(ri™", 0,77 ).

If g is an n-ary hyperoperation, Ay, ..., A,_1 are subsets of R and M’ C
M, we set

g(ATE M) =U{g(rm) | € A1 <i<n—1,me M'}.
Let 1 be a scalar identity in R. For every a € M and r?_l € R we have

g(1Y @) = {a}, g0 q) = {0}, g(rm=t,0) = {0}.

Let (M, f,g) be an (m,n)-hypermodule over R. A non-empty subset
N of M is said to be an (m,n)-subhypermodule of M if (N, f) is a m-ary
subhypergroup of (M, f) and g(R™~Y N) € P*(N).

[2] Let (M, f,g) be an (m,n)-hypermodule, N a subhypermodule of M
and a an element of M. Then the hyperideals Sy and N, are considered as
follows:

Sy ={reR|gr, 1™ M)C N}

No={reR|g(r,1"?,a) C N}

Definition 2.2. [3] Let M be an (m,n)-hypermodule over R. A proper
subhypermodule K of M is said to be maximal, if for N < M with K C
N C M, we have either K = N or N = M.

Definition 2.3. [3] Let M be an (m,n)-hypermodule over R. A proper
subhypermodule N of M is said to be n-ary prime, if g(r?*l,a) C N with
"' € Rand a € M — N, implies that g(r7~', M) C N.

In [2], there exists another definition of n-ary prime subhypermodules
which is equivalent to above definition. A proper subhypermodule N of M
is called n-ary prime, if g(r7',a) C N with 7~ € R implies that a € N
orr; € Sy for some 1 <i<n-—1.

Definition 2.4. [3] Let N be a subhypermodule of an (m,n)-
hypermodule (M, f,g) over R. Then the set

M/N = {f(‘Til_lvaxﬁl) ‘ xi_lvxﬁl € M}
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endowed with m-ary hyperoperation f which for all 217, ...,z € M,
i—1 m
F(f(ayy ™Y N2l ), o flams ™Y N e Y)

= {(FET Nt [t € f(@f1), ot € F(aT)}
d with n-ary h tion G: R X ... x RXxM/N — P*(M/N) which
and with n-ary hyperoperation / (M/N) whic

n—1

for all 0! 27 € M and 77! € R,

Y zJ,»
G, f(a ™ N, alty)

={f( N 2010) | 21 € g(rf ™ w1), oo 2m € g7 ) }

is an (m,n)-hypermodule over R, and (M/N,F,G) is called the quotient
(m,n)-hypermodule of M by N.

Definition 2.5. [2] For every nonzero element m of (m,n)-hypermodule
(M, f,g) over R, we define

Fn={reR|0¢egr 172 m)r+£0}.

It is clear that F,, is a hyperideal of (R, h,k). The (m,n)-hypermodule
(M, f,g) is said to be faithful, if F,,, = {0} for all nonzero elements m € M,
that is 0 € g(r, 1®=2)_m) implies that r = 0, for r € R.

Definition 2.6. [3] Assume that (M, f1, g1) and Mo, fa, g2) are two (m, n)-
hypermodules over R. A mapping h : My — M> is a homomorphism of
(m,n)-hypermodules if for all a7*,a € M; and r{‘_l € R:

h(fi(al")) = fa(h(a1),- - h(am)),

h(g1(r1 ™" a)) = g2(r7 7" h(a)).

3 n-ary classical prime subhypermodules

In this section, we want to consider the concept of an n-ary classical prime
subhypermodule which is a generalization of the concept of prime submod-
ules.
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Definition 3.1. Let @ be a proper subhypermodule of an (m,n)-
hypermodule M over R. () refers to an n-ary classical prime subhypermod-
ule if for r’f_l € Randa € M, g(r{‘_l, a) C @ implies that g(r;, 1(n=2), a) C
Q for some 1 <i<n-—1.

Example 3.2. Every n-ary prime subhypermodule of an (m,n)-
hypermodule M over R is an n-ary classical prime subhypermodule.

Theorem 3.3. Let @ be a proper subhypermodule of an (m,n)-
hypermodule M over R. Then Q is an n-ary classical prime subhypermod-
ule if and only if for hyperideals I{L*l of R and subhypermodule N of M, if
g(IT™' N) C Q, then g(I;, 12 N) C Q for some1<i<n—1.

Proof. This can be proved by using an argument similar to that in the proof
of Theorem 2.14 in [10]. O

Theorem 3.4. Let @ be a proper subhypermodule of an (m,n)-
hypermodule M over R and let S = M — Q. Then Q is an n-ary classical
prime subhypermodule of M if and only if for hyperideals I?il of R and for
subhypermodules N1, Ny of M, f(Ny,g(L;, 1"=2) Ny),00"=2)N S £ § for
all 1 <i < n—1 implies that f(N1,g(I}"', No),00m=2) N S = (.

Proof. (=) Let I"! be hyperideals of R and let Ny and Ny be two sub-
hypermodules of an (m,n)-hypermodule M over R with

f(vag(Iia 1(n—2)’ N2)7 O(m_2)> ns 7& @

for all 1 <4 < n — 1. Suppose that f(Ni,g(I'", Np),00m=2)n S = §.
This implies g(I{_l,Ng) C Q. Then we get g(I;, 12 Ny) C Q for some
1 <i<n-—1since @ is an n-ary classical prime subhypermodule of M.
Thus we obtain

F(N1, g(Ii, 17D Ng), 002y 5 = §

which is a contradiction.

(«<=) Let g(I{l*l,N) C @ for hyperideals If‘*l of R and for a subhy-
permodule N of an (m,n)-hypermodule M over R but g(I;,1"2 N) Z Q
for all 1 < i < n — 1. Then we conclude that g(I;, 12 N)N S # 0 for
all 1 <i <n— 1 which means g(I7~", N) NS # () which is a contradiction.
Thus @ is an n-ary classical prime subhypermodule of M. O
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Theorem 3.5. Let @ be a proper subhypermodule of an (m,n)-
hypermodule M over R. Let S be a nonempty subset of M — {0} such
that for hyperideals I{l_l of R and for subhypermodules N1, Ny of M,

FNL, g(1;, 1772 Ny), 002y 0 § £ )

for all 1 < i <n —1 implies that f(Ny,g(I7™", No),00m=2)N S #£ . If Q
is mazximal with respect to the property that Q NS = (), then Q is an n-ary
classical prime subhypermodule of M.

Proof. Assume that g(I{“l, N) C @ for some hyperideals I{L*l of R and for
a subhypermodule N of M. Let g(I;, 1("*2),N) ZQforalll <i<n-—1.
Then f(Q,g(I;; 12 N),0m=2)N S £ ¢ for all 1 < i < n — 1 by the
maximality of Q. This implies that f(Q, g(IIl_l, N),00m=2)N S # () which
means @ NS # () which is a contradiction. Consequently, @ is an n-ary
classical prime subhypermodule of M. O

Recall from [7] that if N is a subhypermodule of (M, f,g) over R, then
we consider the set M/N as follows:

M/N = {f(a,N,0""?) | a € M}.

Moreover, recall from [7] that an element a of an (m,n)-hypermodule M
over R is called torsion free if g(r?_l, a) = 0, then there exists 1 <i <n—1
such that r; = 0. If all elements of M are torsion free, then M is called
torsion free.

Theorem 3.6. Suppose that M is an (m,n)-hypermodule over R such that
every classical prime subhypermodule of M is an intersection of maximal
subhypermodules of M and N is a subhypermodule of M. If M/N is a
torsion free (m,n)-hypermodule over R, then every classical prime subhy-
permodule of N is an intersection of maximal subhypermodules of N.

Proof. Assume that @ is a classical prime subhypermodule of N. Let
g('r?_l,m) C Q for some 7']‘_1 € Rand m € M. If m € N, then Q is
a classical prime subhypermodule of M. So suppose that m ¢ N. Then we
have g(r?~!,m) C Q C N. Since m ¢ N and M/N is a torsion free (m,n)-
hypermodule over R, we obtain r; = 0 for some 1 < i < n — 1. Therefore
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we get g(r;, 1(”_2),m) C @. This means that @ is a classical prime sub-
hypermodule of M. By the hypothesis, we infer that @) is an intersection
of maximal subhypermodules of M. Put Q = N;c;K; for the maximal
subhyperideals K; of M. Consider @); = K; N N for each ¢ € I. Clearly
Q = Nic1Q;, because Q C N. We assume that QQ; C N for every i € I. Let
x € N — Q; for some i € I. This means x ¢ K;. By maximality K; of M,
we conclude that f(Kj, (z),00"=2)) = M. Assume that a € N. Then there
exists some a; € K; and 7/""' € R such that a € f(a;, g(r} 1, x),00m2).
Thus we have a; € f(a, —g(r{‘_l, z),00m=2)) C N which implies a; € Q;. So
a € f(ai, (x),00"2)) € f(Qs, (x),00 ")) which means f(Q;, (z),00" %) =
N. Hence @; is a maximal subhypermodule of N, as needed. ]

4 n-ary weakly classical prime subhypermodules
In this section, our study is inspired by the idea as in [12] and [14].

Definition 4.1. Let @ be a proper subhypermodule of an (m, n)-hypermodule
M over R. @Q is called an n-ary weakly classical prime subhypermodule if
0¢ g(r?il,a) C Q for ﬂkl € Rand a € M, then g(r;, 12 a) C Q for
some 1 <7<n-—1.

Example 4.2. Consider the commutative group (H = {0, z,y, 2}, ®), where
@ is defined by

® 10 T Y z
010 x Y z
T | T 0 z Y
Y|y z 0 x
z |z Y T 0

It is clear that H is a Z-module. Also, the ring of integers Z is a Krasner
(3,3)-hyperring with 3-ary hyperoperation f/(r$) = {r; +rs+r3} and 3-ary
operation ¢'(r3) = ry - ro - 73 for all 3 € Z. Now, we have the canonical
(3,3)-hypermodule (H, f,g) over (Z, f’,¢') where 3-ary hyperoperation f
and 3-ary external hyperoperation g on H are defined as follows:

fla,a,a) ={a}, forae H

f(0,a,a) = {0}, forac H

f(a,a,b) = {b}, fora,be H
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fla,b,c) ={d}, fora#b#c#dec H
and
g(ria)={a® - -®a}, forr?cZandacH.
7179
The subhypermodule Q = {0,y} is a 3-ary weakly classical prime subhy-
permodule of H.

Theorem 4.3. Let QQ be an n-ary weakly classical prime subhypermodule
of an (m,n)-hypermodule M over R and a € M — Q such that F, = {0}. If
0# g (r}) € Qq for some r € R, then r; € Q, for some 1 < i < n.

Proof. Assume that ) is an n-ary weakly classical prime subhypermodule
of an (m,n)-hypermodule M over R and a € M — @ such that F, = 0.
Suppose that 0 # ¢'(r}) € Q, for some r}" € R such that r2 ¢ Qq. We must
show that r; € Qu. By 5 ¢ Q. we conclude that g(r;, 12 a) € Q for
all 2 <i <n. From ¢'(r]) € Q, it follows that 0 ¢ g(¢'(r]), 1(" 2.a)CQ
because Fy, = {0}. This means

0 g(g'(ri > g (rp_y,1072))),102) a)
(1(” D, g(ri?, 9’(7“2_171(”‘2)),&)
=901, ¢/ (-1, 1077%), )
cQ.
Since @ is an n-ary weakly classical prime subhypermodule of M, we
get g(r;, 102 a) C Q for some 1 <i<n—2or

g(g' (rn_1, 172,107 a) = g(ri_1, 107, a) C Q.

I ™
)

In the second possibilty, we obtain r,_1 € Q or 7, € Q as 1 ¢ @ and the
proof is completed. O

Theorem 4.4. Let P and Q be two subhypermodules of an (m,n)-hypermodule
M over R such that P C Q. If P is an n-ary weakly classical prime subhy-
permodule of M and Q/P is an n-ary weakly classical prime subhypermodule
of M/ P, then @Q is an n-ary weakly classical prime subhypermodule of M.

Proof Assume that 0 ¢ g(r?',a) € Q for r7"! € R and a € M. If
g(r' a) C P, then we are done. Suppose that g(r?™*,a) € P. So 0 #
G, f(a, P,02)) = {£(g(r{~"a), P02} C Q/P. Since Q/P is
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an n-ary weakly classical prime subhypermodule of M /P, then we conclude
that

G(ri, 1072, f(a, PO 2))) = {f(g(rs, 1", a), P,0"""2)} C Q/P
for some 1 < i <n — 1 which implies g(r;, 1(n=2) a) C @, as needed. O

Next, we observe that weakly classical prime subhypermodules behave
naturally under a homomorphism.

Theorem 4.5. Let (M, fi,91) and (Ma, fa,g2) be two (m,n)-
hypermodules over (R, f',¢') and let Q1, Q2 be n-ary weakly classical prime
subhypermodules of My, Ms, respectively. If h : My — My is a homomor-
phism, then:

(1) If h is an epimorphism and Ker(h) C @1, then h(Q1) is an n-ary
weakly classical prime subhypermodule of M.

(2) If h is a monomorphism with h='(Q2) # My, then h='(Q2) is an
n-ary weakly classical prime subhypermodule of M.

Proof. (1) Let 0 ¢ gg(r?_l,ag) C h(Q1) for r’f_l € R and a9 € Ms. Since h
is an epimorphism, then there exists a; € M; such that h(a;) = ag. Hence
we get

h(gl(r?_lv al)) = 92(7{1_17 h(a1>) = 92(7“711_1, a2) - h(Ql)

which means ¢; (r’f_l, a1) C Q1. Since Q) is an n-ary weakly classical prime
subhypermodules of M; and 0 ¢ gi(r7',a1), it follows that
g1(74, 1(n=2) a1) C @ for some 1 <i <n — 1. Therefore

92(ri, 172 [ag) = go (1,177 h(ar)) = h(g1 (13,1772 ay)) € W(Q1).

Thus h(Q1) is an n-ary weakly classical prime subhypermodule of Mj.

(2) Let Q2 be an n-ary weakly classical prime subhypermodules of M.
Let 0 ¢ g1(r7',a1) € h™1(Q2) for ¥!™' € R and ay € My. Since h is a
monomorphism, we conclude that 0 ¢ h(gl(r?_l,al) = gg(r?_l,h(al)) C
(2. Since @2 is an n-ary weakly classical prime subhypermodules of Ma,
we have go(r;, 1("*2),h(a1)) C @9 for some 1 < ¢ < n — 1, and therefore
h(gi(ri; 1" a1)) € Qa. Hence g1(r;,1""? a1) € h7'(Q2) for some
1 < i < n—1. Therefore h~1(Q3) is an n-ary weakly classical prime
subhypermodule of Mj. O
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As an immediate consequence of the previous theorem, we have the
following result.

Corollary 4.6. Let P and Q be two subhypermodules of an (m,n)-
hypermodule M over R such that P C Q. If Q is an n-ary weakly clas-
sical prime subhypermodule of M, then Q/P is an n-ary weakly classical
prime subhypermodule of M/P.

Proof. Consider the mapping 7 : M — M/ P defined by a ~ f(a, P,0"=2)).
Then 7 is an epimorphism by Theorem 3.2 in [3]. Suppose that @ is an n-
ary weakly classical prime subhypermodule of M. Since Ker(m) = P C Q
and 7 is onto, we conclude that 7(Q) = /P is an n-ary weakly classical
prime subhypermodule of M/P by Theorem 4.5 (1). O

Assume that () is an n-ary weakly classical prime subhypermodule of an
(m, n)-hypermodule M over R. Then (r7~!, X) for 77! € R and some non
empty subset X of M is called a classical (m, n)-zero of Q if 0 € g(r}~ 1, X) C
Q and g(r;, 1, X) Z Q forall 1 <i<n-—1.

Theorem 4.7. Let Q be an 3-ary weakly classical prime subhypermodule of
an (3,3)-hypermodule M over R and let g(r?, P) C Q for some subhyper-
module P of M and r} € R. If (r}, X) is not a classical (3,3)-zero of Q for
every non empty subset X of P, then g(r;,1,P) C Q for some i € {1,2}.

Proof. Let g(r?, P) C Q but g(r;,1, P) € Q for each i € {1,2}. This implies
that for each i € {1,2} there exists p; € P such that g(r;, 1,p;) € Q. If
0¢ g(rf,p1) C Q, then g(ra,1,p1) C Q since Q is an n-ary weakly classi-
cal prime subhypermodule of M and g(r1,1,p1) € Q. If 0 € g(r?,p1) C
Q, then g(ro,1,p1) € Q since g(r?,p1) is not a classical (3,3)-zero of
Q. Similarly, we can conclude that g(r1,1,p2) € Q. Therefore we have
g(r?, f(p3,0)) € Q. Then g(r;, 1, f(p?,0)) C Q for some i € {1,2} which
means f(g(ri, 1,p1),9(ri, 1,p2),0) C Q. If i = 1, then we get g(r1,1,p1) € Q
which is a contradiction. If ¢ = 2, then we obtain g(r2,1,p2) C @, a contra-
diction. Hence g(r;, 1, P) C @ for some i € {1,2}. O

Suppose that @ is an n-ary weakly classical prime subhypermodule of
an (m,n)-hypermodule M over R. Let g(I{L_l, P) C @ for some hyperideals
If‘*l of R and some subhypermodule P of M. @ is called a free classical
(m,n)-zero with respect to g(I?‘l, P) if g(r?_l,X) is not classical (m,n)-
zero of @) for every r; € I; and for every non empty subset X of P.
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Corollary 4.8. Let () be an 3-ary weakly classical prime subhypermodule of
an (3,3)-hypermodule M over R and let g(I#, P) C Q for some hyperideals
I? of R and some subhypermodule P of M. If Q is a free classical (3,3)-zero
with respect to g(I?, P), then g(I;,1, P) C Q for some i € {1,2}.

Proof. Let g(I;,1,P) € @ for each i € {1,2}. Then there exists r; € I; for
each i € {1,2} such that g(r;,1,P) € Q. So we have g(r?,P) C Q. By
Theorem 4.7, we get g(r;, 1, P) C @ for some i € {1,2} since @ is a free
classical (3,3)-zero with respect to g(I#, P). This is a contradiction. Thus
g(I;, 1, P) C Q for some i € {1,2}. O

Theorem 4.9. Let QQ be an n-ary weakly classical prime subhypermodule
of an (m,n)-hypermodule M over R. Then for all 7“?71 € Randa e M we
have:

Qg(rikl,a) g Fg(r?fl,a) U Qg(rl,l("—2>,a) U o U Qg('f'nfl,l(n_Q),a)'

Proof. Suppose that a € M and 7“1”71 € R. Assume that =z € Qg(r?q a)"

Hence g(z, 172 g(r77 1 a)) C Q. Tf 0 € g(z, 12 g(+771 a)), then = €
Fyes e 160 ¢ g, 1072, g7, ) = g(r7~", g2, 102, a), then we
conclude that

g(ri, 1072 (2,172 [a) = g(x,1072 g(r;, 1772 a)) C Q

for some 1 < 4 < n — 1 since Q is an n-ary weakly classical prime sub-
hypermodule of M. This implies that x € Qg(,r,i71(n72)7a) which means
Qornta) © Fyrn1.a) Y Qgri10-2,0) U U Qyr,_y 1n-2) ) and the proof
is completed. O

Recall from [2] that if (My, f1,91) and (Ma, fa,92) are two
(m,n)-hypermodules over R, then the (m,n)-hypermodule (M; x Ma, fi X
f2,91 X g2) over R is defined by m-ary hyperoperation f; X fo and n-ary
external hyperoperation g; X g, as follows:

fix fa((ars br), - (am, b)) = {(z1,22) | 21 € fi(al"), 22 € f2(01") )

1

g1 X g2(r7 (a,0)) = {(y1,92) | y1 € g1 (P}, a), y2 € ga(r} ™1, D)}
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Theorem 4.10. Let (M, f1,91) and (Ma, fa,g2) be (m,n)-hypermodules
over R and Q1 be a proper subhypermodule of M. Then Q1 X My is an
n-ary weakly classical prime subhypermodule of M1 x Mo if and only if Q1 is
an n-ary weakly classical prime subhypermodule of My and 0 € g; (7“1”71, ay)
for 7’?_1 € R, a1 € My such that g(r;, 1("_2),a1) CQq foralll<i<n-—1
imply that g’(r?*l, 1) € Fy, for all az € Ms.

Proof. (=) Let Q1 x M3 be an n-ary weakly classical prime subhypermod-
ule of M; x Mjy. Suppose that 0 ¢ ¢; (r?_l,al) C Q1 for some T’f_l € R and
for some a; € M;. Then we have (0,0) ¢ g1 x g2(r? %, (a1,0)) € Q1 x M.
Therefore g1 x ga(ri, 1"V, (a1,0)) = {(y1,52) | y1 € g1(ri, 1772 1), 2 €
gg(ri,l(”*z),O)} C Q1 X My for some 1 < i < n — 1 which means
g1(74, 1(”_2),a1) C @1. Thus @1 is an n-ary weakly classical prime sub-
hypermodule of M;. Suppose that 0 € g1 (1"?_1, ap) for 7“?_1 € R, a1 € My
with g(ri,l(”_z),al) Z @1 for all 1 < ¢ < n — 1. Assume on the con-
trary that ¢/(r7?~',1) ¢ F,, for some ay € M. This implies that 0 ¢
g2(g' (r71,1),1=2) [ay). Tt follows that (0,0) & g1 x ga(r7 ™1, (a1,a2)) C
Q1 X My. Since ()1 X My is an n-ary weakly classical prime subhyper-
module of My x My, we obtain g1 X ga(r;, 1(n=2) (a1,a2)) = {(y1,y2)| 11 €
91(ri; 172 ag) g € ga(ri, 1" a3)} € Q1 x My which implies
91(ri, 172 a1) C Qq, a contradiction. Hence ¢/(r}*,1) € F,, for all
as € M.
(<) Let
(0,0) ¢ g1 x ga(r7™ ", (a1, a2))
= {(y,92) 1 € (PP an), 2 € g2(r) T an)}
C Q1 x My

for some r?il € R and (aj,a2) € Q1 x My. 1f 0 ¢ gl(r?*l,al), then
we get g1(ri, 12 a;) C Q; for some 1 < i < n — 1 which implies g1 x
gg(ri,l(”_Q),(al,ag)) C Q1 x Ms for some 1 < 7 < n — 1, as needed. If
0€ gi(r? 1 ar), we get 0 ¢ go(r? ', az) which means ¢/(r?™1,1) ¢ Fy,.
Then we conclude that g; (7, 1(n=2) a1) C @ for some 1 <i <n —1 which
implies g1 X ga(74, 1(n=2), (a1,a2)) € Q1 X M. Thus Q1 X My is an n-ary
weakly classical prime subhypermodule of M7 x Ms. O

Let (M, fi,91) and (Mo, f2,g2) are two (m,n)-hypermodules over
(R1, f1,97) and (Ra, f5,95), respectively. Then the (m,n)-hypermodule
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(My x Mz, fi X fa,g1 X g2) over (Ry X Ra, f] X f3,91 x g3) is defined by
m-ary hyperoperation fi X f and n-ary external hyperoperation g; X ¢a, as
follows:

frx fal(ars br), - s (am, b)) = {(z1,22) | 21 € fr(a]"), 22 € fo(bT")}

g1 X 92((T17 51)7 Ty (’I"n,]_, Snfl)a (CL, b))
={(y1,52) | y1 € (77" a), 42 € g2, b)}
for all af*,a € My, b{*,b € My, ! € Ry and s~ € Ry.

Theorem 4.11. Let (M x Ma, fi X fa,q1 X g2) be an (m,n)-hypermodule
over (Ry X Ra, f1x f5, g1 xg5) such that (Mu, f1, 1) is an (m, n)-hypermodule
over (Ry, f1,91) and (Ma, f2,g2) is an (m,n)-hypermodule over (Ra, f5, d5).
Let Q1 X My be a proper subhypermodule of My x Msy. Then the followings
are equivalent:

(1) Q1 is an n-ary classical prime subhypermodule of M.
(2) Q1 x My is an n-ary classical prime subhypermodule of My x M.
(3) Q1xMsy is ann-ary weakly classical prime subhypermodule of My x M.

Proof. (1) = (2) Assume that g1 X g2((r1,51), -+ (rn—1, $n—1), (a,b)) =
{y2) | € a(rf ™ a) 2 € ga(si™'0)} € Q1 x My for some
(ri,81), -+, (rn—1, Sn—1) € R1XRa, (a,b) € My xM,. Therefore gl(r?_l,a) C
(1. Since @) is an n-ary classical prime subhypermodule of M, we con-
clude that gi(r;, 12 a) C Q; for some 1 < i < n — 1 which implies
g1 X gg((T‘Z’, Si), (1, 1)n—27 (CL, b)) C @1 X Ms. This shows that Q1 x My is an
n-ary classical prime subhypermodule of M7 x Ms.

(2) = (3) It is obvious.

(3) = (1) Assume that g;(r?",a) C Q; for some 7' € R; and
a € My. Let us pick 0 # b € Ms. Then

(070) ¢ g1 X 92((7“1351)3 T 7(7071*17871*1)’ (aa b)) - Ql X M2~

Since @1 X My is an n-ary weakly classical prime subhypermodule of M; x
Ma, we get g1 X ga (74, 5:), (1,1) 2 (a, b)) C Q1 x M, for some 1 < i < n—1
which shows g¢; (74, 1(”_2),a) C @1. Consequently, ()1 is an n-ary classical
prime subhypermodule of M;. ]
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5 mn-ary ¢-classical prime subhypermodule

In this section, the concept of n-ary ¢-classical prime subhypermodules of
an (m,n)-hypermodule over R is introduced. The results obtained in the
theorems seem to play an important role to study n-ary ¢-classical prime
subhypermodules.

Definition 5.1. Let SH(M) be the set of all subhypermodules of an (m, n)-
hypermodule M over R and ¢ : SH(M) — SH(M) U {0} be a function.
A proper subhypermodule ) of M is said to be an n-ary ¢-classical prime
subhypermodule if r?_l € Rand a € M, g(r?‘l,a) C @ — ¢(Q) implies
that g(r;, 1(”_2),a) CQforsomel<i<n-—1.

Example 5.2. Assume that Z is the ring of integers and (Z, f, g) is the
(m,n)-hypermodule over (Z,h,k) defined in Example 3.5 of [2]. Let for
ever subhypermodule N of Z, Sy = {r € Z | g(r,1»=2),Z) C N}. Consider
the function ¢ : SH(Z) — SH(Z)U{d} defined by ¢(N) = g(Sy, 12, N)
for ever subhypermodule N of Z. Then the subhypermodule g(Z"~!,p) of
Z is an n-ary ¢-classical prime subhypermodule.

Suppose that N is a subhypermodule of an (m,n)-hypermodule M over
R and ¢ : SH(M) — SH(M) U {0} is a function. Define ¢y from
SH(M/N) into SH(M/N) U {0} by ¢n(K/N) = f(6(K),N,0m=2)/N
for all K € SH(M) such that N C K. If ¢y(K) = 0, then we consider
on(K/N) = 0.

Theorem 5.3. Let N C @ be proper subhypermodules of an (m,n)-
hypermodule M over R and ¢ : SH(M) — SH(M) U {0} be a function.
If Q is an n-ary ¢-classical prime subhypermodule of M, then Q/N is a
on-classical prime subhypermodule of M /N .

Proof. Let G(r?™!, f(a, N,0"=™)) C Q/N — én5(Q/N). Then we obtain
g(r’f_l,a) C @ — ¢(Q) which implies g(r;, 1(”_2),(1) CQforsomel <i<
n — 1 since @) is an n-ary ¢-classical prime subhypermodule of M. Thus
G(r;, 12 f(a, N,00"=2)) C Q/N. This shows that Q/N is a ¢y-classical
prime subhypermodule of M/N. O

Theorem 5.4. Let N and Q be proper subhypermodules of an (m,n)-
hypermodule M over R such that N C Q. Suppose that ¢ : SH(M) —
SH(M)U{0} is a function. Then the followings hold:
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(1) If Q is an n-ary ¢-classical prime subhypermodule of M such that
#»(Q) € N, then Q/N is an n-ary weakly classical prime subhyper-
module of M/N.

(2) If Q/N is an n-ary ¢n-classical prime subhypermodule of M /N such
that N C ¢(Q), then Q is an n-ary ¢-classical prime subhypermodule
of M.

(3) If N is an n-ary ¢-classical prime subhypermodule of M such that
d(N) C ¢(Q) and Q/N is an n-ary weakly classical prime subhyper-
module of M /N, then @Q is an n-ary ¢-classical prime subhypermodule
of M.

Proof. (1) Let 0 ¢ G(r?™, f(a, N,00™=2)) C Q/N for some 7! € R and
a € M. Since ¢(Q) C N, we conclude that g(r?il, a) C Q—o¢(Q). Since @ is
an n-ary ¢-classical prime subhypermodule of M, we get g(r;, 1(n=2), a) CQ
for some 1 < i <n — 1. Tt gives G(r;, 1("=2), f(a, N,00"=2)) C Q/N. Thus
Q/N is an n-ary weakly classical prime subhypermodule of M/N.

(2) Let g(r?™t,a) € Q — ¢(Q) for some 77! € R and a € M. Then
we conclude that G(r7™!, f(a, N,00"=2))) C Q/N — ¢n(Q/N) = Q/N —
(¢(Q)/N). Since Q/N is an n-ary ¢y-classical prime subhypermodule of
M/N, we obtain G(r;, 12, f(a, N,00"=2)) C Q/N for some 1 < i <
n — 1. It follows that g(r;; 12 a) C Q. Consequently, @ is an n-ary
¢-classical prime subhypermodule of M.

(3) Suppose that (77!, a) € Q — #(Q) for some ' € R and a € M.
From ¢(N) C ¢(Q), it follows that g(r} ' a) € ¢(N). Let g(r} ' a) C
N. Since N is an n-ary ¢-classical prime subhypermodule of M, we get
g(r;, 172 a) C N C Q for some 1 < i < n—1. Now, let g(r7',a) Z N. Tt
implies that 0 ¢ G ! f(a,N,00m2)) C  Q/N and so
G(r;, 12 f(a,N,00"=2)) C Q/N for some 1 < i < n — 1 since Q/N
is an n-ary weakly classical prime subhypermodule of M/N. It shows that
g(r;,1"=2) q) C Q for some 1 < i < n — 1. Hence Q is an n-ary ¢-classical
prime subhypermodule of M. O

In view of Theorem 5.4, the following result is obtained.

Corollary 5.5. Assume that Q is a proper subhypermodule of an (m,n)-
hypermodule M over R and ¢ : SH(M) — SH(M) U {0} is a function.

Then the following conditions are equivalent:
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(1) @ is an n-ary ¢-classical prime subhypermodule of M.
(2) Q/9d(Q) is an n-ary weakly classical prime subhypermodule of M /¢(Q).

Theorem 5.6. Suppose that Q is a proper subhypermodule of an (m,n)-
hypermodule M over R and ¢ : SH(M) — SH(M)U{0} and ¢' : HZ(R) —
HI(R)U{D} are two functions such that HZ(R) is the set of all hyperideals
of R. Then the followings hold:

(1) Let Q be an n-ary ¢-classical prime subhypermodule of M. Then
g () € Qo — ¢'(Qq) for v} € R and for all a € M — Q with
d(Q)a C ¢ (Qa) implies that r; € Qq for some 1 < i < n.

(2) If ¢'(r}) € Qu— d(Qyn) for some 1 € R and for every a € M —Q with
&' (Qa) C d(Q)q implies that r; € Q4 for some 1 < i < n, then Q is
an n-ary ¢-classical prime subhypermodule of M.

Proof. (1) Let @ be an n-ary ¢-classical prime subhypermodule of M. Pick

a € M —Q with ¢(Q)q C ¢'(Qq). Assume that ¢'(r]) € Qo — ¢'(Qq) for
some 7" € R. This means

9(g'(r1), 1072 a) = g(r1 72, ¢/ (1, 107%)),0) € Q - 6(Q).

Since @ is an n-ary ¢-classical prime subhypermodule, g(r;, 1(n=2), a) CQ
for some1<i<n-—2or

g(g,(T:LL_la 1(n—2))’ 1(n—2)’ a) = g(rn—% Tn, 1(n—2)’ CL) CQ.

In the second possibility, we have g(r;, 12, a) C @ for some i € {n—1,n}.
Then we conclude that r; € Q, for some 1 < i < n, as needed.

(2) Suppose that g(r7 ', a) € Q — #(Q) for some r"' € R and a € M.
Let a € Q. Then the claim follows. Ifa ¢ Q. From ¢’ (r?™*,1) € Qu—¢'(Qu),
it follows that r; € Q, for some 1 < i < n — 1. Hence g(r;,1" 2 a) C Q.
Consequently, () is an n-ary ¢-classical prime subhypermodule of M. O

Theorem 5.7. Let (M, f1,g1) and (Ma, fa, g2) be (m, n)-hypermodules over
R and h : M1 — M be an epimorphism. Let ¢ : SH(My) — SH(M;) U
{0} and ¢o : SH(M2) — SH(M2) U {0} be two functions.

(1) If Q2 is an n-ary ¢o2-classical prime subhypermodule of Ma such that

$1(h1(Q2)) = R~ ($2(Q2)), then h™1(Q2) is an n-ary ¢1-classical
prime subhypermodule of M.
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(2) If Q1 is an n-ary ¢1-classical prime subhypermodule of My such that

Ker(h) C Q1 and ¢2(h(Q1)) = h(¢p1(Q1)), then h(Q1) is an n-ary
¢a-classical prime subhypermodule of Ma.

Proof. (1) Assume that g;(r7 ' a1) € h™HQ2) — ¢1(h~1(Q2)) for some
=t € Rand a; € My. Hence h(g1(r ™t a1) = go(r7™ 1, h(a1)) € Qo. From
d1(h™1(Q2)) = h™'($2(Q2)), it follows that go (171, h(a1)) € ¢2(Q2). Since
Q2 is an n-ary ¢o-classical prime subhypermodule of My and
g2(rP 1 h(a1)) € Q2 — $2(Q2), we get ga(r, 10772 h(ay)) C Qo for some
1 <i<i—1. Then h(gi(ri,; 12 a;) C Qq and so g;(r;,1"2) a;) C
h=Y(Q2). Thus h=1(Q3) is an n-ary ¢1-classical prime subhypermodule of
M.

(2) Suppose that ga(ri ™', a2) C A(Q1) — ¢2(h(Q1)) for some ri~' €
R and ay € Ms. Since h is an epimorphism, we have h(a;) = ay for
some a; € My. Hence h(gi(r? 1, a1)) = g2(r7 ' h(a1)) = g2(r? 1 az) C
h(Q1) and so gi(rf ™', a1) € Q1. From ¢o(h(Q1)) = h(¢1(Q1)), it follows
that g (r{‘_l,al) C Q1 — ¢(Q1). Since @ is an n-ary ¢;-classical prime
subhypermodule of M, we conclude that g;(r;, 12, a;) C Q; for some
1 <i<n-—1. Thus we get h(gl(ri,l(”*Q),al)) = gg(ri,l(””),h(al)) =
g2(ri, 12 a5) C h(Qp). Consequently, h(Q) is an n-ary ¢o-classical
prime subhypermodule of Ms. O

Theorem 5.8. Let QQ be a proper subhypermodule of an (m,n)-
hypermodule M over R and ¢ : SH(M) — SH(M)U{0} be a function. If
Q bis an n-ary ¢-classical prime subhypermodule of M, then

Qg(r?_lva) g ¢(Q)g(7‘11—17a) U Qg(rl,l(”*Q),a) U---u Qg(rn_171(n72)7a)

for all r?_l €Randae M.

Proof. Let z € Qg(r?_l o) This means that g(x,l("_Q),g(r’ffl,a)) C Q.
Let g(x71(n72)7g(r711—17a)) C ¢(Q). It implies that x € qﬁ(Q)g(T{Hla), as

needed. So we consider g(z, 12 g(+77 a)) € ¢(Q). Since Q is an n-
ary ¢-classical prime subhypermodule of M and g(x, 1("*2),9(7“’11_1,@)) =

977, g/ (ra—1,2,1m72) a) € Q — ¢(Q), we get g(r;, 12 a) C Q for
some 1 <i<n-—2or

9(g' (rn1,2,1072) 10072 ) = (2,1 g(r,_1,1"72 a)) C Q.
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In the former case, we get g(z, 1("_2),g(n, 1(”_1),a)) C @ which means
r € Qyp,10n-2) q) for some 1 < i < n—2. In the second case, we obtain
T E Qg(rn7171(n72)7a). Then the claim is proved. O

The following theorem offers a characterization of n-ary ¢-classical prime
subhypermodules of M.

Theorem 5.9. Let Q be a proper subhypermodule of an (m,n)-
hypermodule M over R and ¢ : SH(M) — SH(M) U {0} be a function.
Then Q is an n-ary ¢-classical prime subhypermodule of M if and only if
for every hyperideals I{‘_l of R and a € M, g(I{L_l, a) € Q — o(Q) implies
that g(I;, 1(”*2),(1) CQ for somel <i<n-—1.

Proof. (=) Assume that g(I?il, a) € Q — ¢(Q) for some hyperideals I?il
of R and a € M but g(I;,1" 2 a) € Q for all 1 <i < n — 1. Then there
exists r; € I; for each 1 <4 < n—1 such that g(r;,17""%),a) Q. Since Q is
an n-ary ¢-classical prime subhypermodule of M and g(r’f_l, a) CQ—¢(Q),
we conclude that g(r;, 1("_2),a) C Q@ for some 1 < i < n — 1 which is a
contradiction.

(«<=) Suppose that g(r} ', a) € Q — ¢(Q) for some 7' € R and
a € M. Then we have g((r1),---, (rn—1),a) C Q. Since g(r?_l,a) Z #(Q),
then we conclude that g({r1),---,(rn),a) € ¢(Q). By the hypothesis, we
have g((n>,1(”*2),a) C @ for some 1 < i < n — 1. Therefore we get
g(r;,1=2) q) C Q which means @ is an n-ary ¢-classical prime subhyper-
module of M. O

Recall from [2] that an (m, n)-hypermodule M over R is a multiplication
(m,n)-hypermodule if for every subhypermodule K of M, there exists a hy-
perideal I of R with K = (1,12 M). Let K; be a subhypermodule of a
multiplication (m, n)-hypermodule M for each 1 < i < n—1 such that K; =
g(I;,1=2) M) for some hyperideal I; of R. Then the product of K1, --- , K,
denoted by g(K?) is defined by g(K}) = g(¢'((I?),1=2), M). Also, we de-
fine g(K7, a) = g(I?™*, a) and g(K;, M2 a) = g(I;,17"=2) a) for each
1<i<n-—1and for any a € M.

Theorem 5.10. Let (Q be a proper subhypermodule of a multiplication
(m, n)-hypermodule M over R and ¢ : SH(M) — SH(M) U {0} be a

function. Then Q is an n-ary ¢-classical prime subhypermodule of M if
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and only if g(Q?‘l,a) C Q — ¢(Q) for some subhypermodules Q’ll_l of M
and a € M implies that g(Qs, M2 a) C Q for some 1 <i<n—1.

Proof. (=) Assume that g(Q?‘l, a) € Q—¢(Q) for some subhypermodules
Q’f_l of M and a € M. Since M is a multiplication (m,n)-hypermodule,
then there exist some hyperideals I{“l of R with Q; = g(I;,1"=2) M)
for each 1 < i < n — 1. Therefore we have g(Q} *,a) = g(I7" %, a) C
Q — ¢(Q). Since Q is an n-ary ¢-classical prime subhypermodule of M,
then g(Ii,l("_l),a) C @ for some 1 < i < n—1 by Theorem 5.9. This
means that g(Q;, M2, a) C Q, as needed.

(<) Let g(I?*,a) € Q — ¢(Q) for some hyperideals I of R and
a € M. Now, we put Q; = g(I;,1"=2) M) for each 1 <i < n — 1. Then we
have g(Q7 ™!, a) € Q — ¢(Q) which implies g(Q;, M2 a) C Q for some
1 <i < n—1. Therefore g(I;, 12 a) C Q. Thus Q is an n-ary ¢-classical
prime subhypermodule of M by Theorem 5.9. 0

Theorem 5.11. Assume that (M; x Ma, fi X fa,q1 X g2) is an (m,n)-
hypermodule over (R1X Ra, f1 X f4, g1 xgh) such that (Mu, f1,91) is an (m,n)-
hypermodule over (Ry, f1,gy) and (Ma, f2, g2) is an (m,n)-hypermodule over
(R, f}, g5). Let ¢ : SH(M; x Ma) — SH(M; x Ma)U{0} be a function. If
Q1 is an n-ary weakly classical prime subhypermodule of My with {0} x My C
d(Q1 x My), then Q1 x My is an n-ary ¢-classical prime subhypermodule of
M1 X MQ.

Proof. Let
g1 % g2((r1,81), -+ (Tn—1, 8n-1), (a,)) =

{(y1,92) | y1 € 1 (r7 ™1 a), 42 € g2(s771,0)} € Q1 x My — ¢(Q1 x Ma)

for some (71,81), -, (Pn—1,8n—1) € R1 X Rg and (a,b) € My x Ms. There-
fore 0 ¢ g1 (r’f_l,a) C Q. Since @y is an n-ary weakly classical prime
subhypermodule of M, we conclude that gq(r;, 1("_2),(1) C @, for some
1 < i < n—1 which implies g1 x g2((rs,8;), (1,1)"72,(a,b)) C Q1 x Mo.
This means that ()1 X My is an n-ary ¢-classical prime subhypermodule of
M1 X MQ. ]

Theorem 5.12. Suppose that (My X Mo, fi X fo,g1 X g2) is an (m,n)-
hypermodule over (R1X R, f1 X f4, g1 xgh) such that (Mu, f1,91) is an (m,n)-
hypermodule over (Ry, f1,gy) and (Ma, f2, g2) is an (m,n)-hypermodule over
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(Rg,fé,gé). Let ¢1 : SH(Ml) — SH(Ml) U {@} and ¢2 : SH(MQ) —
SH (M) U {0} be two functions such that ¢o(Ms) = My. Then Q1 X My is
an n-ary ¢1 X ¢o-classical prime subhypermodule of My x Ms if and only if
Q1 is an n-ary ¢1-classical prime subhypermodule of M.

Proof. (=) Assume that @ x My is an n-ary ¢; X ¢g-classical prime
subhypermodule of M7 x M. Let gl(r?*l,al) C Q1 — ¢1(Q1) for some
r?_l € R and a; € M;. Therefore g; x ga((r1,1), -+, (rn-1,1)(a1,a2)) C
Q1 X My — ¢1 X $2(Q1 x Ma) = Q1 x My — (1(Q1) x ¢2(Mz)) for all
as € Ms. Since Q1 X My is an n-ary ¢ X ¢o-classical prime subhypermod-
ule of M; x My, we obtain g1 X ga((r;, 1), (1, 1)(”_2), (a1,a2)) C Q1 x M for
some 1 < i < n — 1 which means ¢ (r;, 1(”*2),a1) C Q4. This shows that
()1 is an n-ary ¢i-classical prime subhypermodule of Mj.

(<) Let Q1 be an n-ary ¢;-classical prime subhypermodule of Mj.
Assume that g1 x ga((r1,81), -+, (Tn—1,8n-1)(a1,a2)) € Q1 X Ma — ¢1 X
$2(Q1x Ms). From ¢o(My) = Moy, it follows that g1 (17, a1) € Q1—¢1(Q1).
Then we have g; (r;, 1(”_2), a1) C @ for some 1 <i <n—1. So we conclude
that g1 x ga((r4, si), (1, 1)(n72)7 (a1,a2)) C Q1 x My. Consequently, Q1 X My
is an m-ary ¢1 X ¢o-classical prime subhypermodule of M7 X M. O

Theorem 5.13. Let (M x Ma, fi X fa,q1 X g2) be an (m,n)-hypermodule
over (Ry X Ra, f1x f5, g1 xg5) such that (Mu, f1, 1) is an (m, n)-hypermodule
over (Ry, f1,91) and (Ma, f2,g2) is an (m,n)-hypermodule over (Ra, f5, g5).
Assume that ¢1 : SH(M;) — SH(M;) U {0} and ¢2 : SH(M) —
SH(Ms) U {0} be two functions. If Q1 X Qo is an n-ary ¢1 X ¢a-classical
prime subhypermodule of M1 X My, then Q1 is an n-ary ¢1-classical prime
subhypermodule of M1 and Q2 is an n-ary ¢o-classical prime subhypermod-
ule of M.

Proof. Let Q1 x Q2 be an n-ary qﬁl X o- classical prime subhypermodule
of My x M. Assume that gl(rl a1) € Q1 — ¢1(Qq) for some ri~ leRr
and a € M7. Pick as € Q2. So g1 x gg((m, )y, (7 n 1, 1)(a1,a2)) € Q1 X
Qa — ¢1 X ¢2(Q1 X Q2). Hence g1 x g2((ri, 1), (1, 1)) (a1,a2)) C Q1 x Qo
for some 1 < 4 < n — 1 which implies gl(n,l(” 2 a ) C @1. Thus @ is
an n-ary ¢i-classical prime subhypermodule of M. Similarly, we can show
that Q2 is an n-ary ¢s-classical prime subhypermodule of Ms. O
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6 Conclusion

The notion of prime submodules has a significant place in the theory of
modules, and it is used to characterize certain classes of modules. In this
paper, we studied some generalizations on this issue in the context of (m, n)-
hypermodules. We introduced n-ary classical prime, n-ary weakly classical
prime and n-ary ¢-classical prime subhypermodules. In this direction we
gave some characterizations of such subhypermodules. The future work can
be on defining the notions of classical primary, weakly classical primary
and ¢-classical primary subhypermodules of an (m,n)-hypermodules over a
Krasner (m,n)-hyperring.
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