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Abstract. In globular higher category theory the small category ©g of
finite rooted trees plays an important role: for example the objects of ©¢ are
the arities of the operations inside the free globular w-operad B® of Batanin,
which B°-algebras are models of globular weak co-categories; also this glob-
ular ©¢ is an important tool to build the coherator @"V;o of Grothendieck
which Sets-models are globular weak oco-groupoids. Cubical higher category
needs similarly its ©g. In this work we describe, combinatorially, the small
category ©Og which objects are cubical pasting diagrams and which morphisms
are morphisms of cubical sets.

1 Introduction

In globular higher category theory the small category ©g of globular past-
ing diagrams plays an important role: for example the objects of ©g are the
arities of the operations inside the free globular w-operad BY of Batanin,
which B-algebras are algebraic models of globular weak oo-categories; also
this small category ©p is an important tool to build the coherator O,
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of Grothendieck which Sets-models are globular weak oo-groupoids. Cu-
bical higher category needs similarly its ©g. In this work we describe,
combinatorially, the small category ©y which objects are cubical pasting
diagrams and which morphisms are morphisms of cubical sets. The monad
R = (R,i,m) acting on the category of cubical sets, which algebras are
cubical sets equipped with degeneracies, exhibits the sorts A € R(1)(n) of
operations of the cubical theory, and the cubical pasting diagrams play the
role of arities for these operations. Cubical pasting diagrams of dimension
n € N* are rectangular finite conglomerate of basic n-cubes!, where basic
n-cubes are just elements A € R(1)(n). In order to build such conglomerate
we need to have a good control of its basic n-cubes and a canonical way to
control these basic cubical shapes is to equipped each basic n-cubes with a
coordinate (ki,--- ,ky) in the network Z" = Z x --- X Z (n times; Z is the
set of integers) in order it to be well located. Thus a basic n-cube is now a
formal expression: A(ky,--- ,ky) which means that the n-cell A € R(1)(n)
is located in the coordinate (kq,--- ,ky). But A € R(1)(n) is in particular
an n-cube and it has faces which are (n — 1)-cubes sp_; ;(A4), and we can
ask then what are the coordinate of it? The first approximation is to say
that it is located in the coordinate (ki,-- - ,kAj, -++ k), which means that
we removed k; and it has the coordinate (ki,--- ,kj—1,kj41,- -+ ,kp) in the
network Z"~!'. Also A € R(1)(n) can be degenerate in the (n + 1)-cube

n+1,4(A) (classical degeneracies) or in the (n + 1)-cube 12;:1?j(A) (connec-
tions), and here we are attempted to say, at first approximation, that both
are located in the coordinate (k1,--- ,kj—1,1,k;j, -, ky,), which means that
we added 1 and it has coordinate in the network Z"*!. Such remove and
addition of coordinate is well-known for tensor calculus in differential ge-
ometry, under the names contraction of a tensor and dilatation of a tensor.
Thus we have chosen to use this tensorial notation to describe coordinates
attached to basic n-cubes: the expression Ad:c,lCl ® - ®dzy says that the
n-cell A € R(1)(n) is located in the coordinate (k1,---,k,), and in our
jargon the tensor dx,lcl ® -+ @dwxp is called a coordinate. We shall of-
ten use the abbreviation dx}'% for the coordinate dm,lCl ® - @dzy . Also

the face s;_; ;(A) € R(1)(n — 1) is located in the j-contraction of dxj,,

We shall consider also some basic O-cubes as 0-dimensional cubical pasting diagram,
but not amalgamation of it, just because it doesn’t make sense to glue such O-cubes.
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thus we write: s;_ ; (A)dzy, @ -+ ® d:cij ® ---dzy , where here this j-
contraction means the tensor da:,lC ®- - -@dr 111 ® daziﬂl . -da:Z;l; also the
coordinate of the basic (n + 1)-cube 1Z+1 ](A) is given by the j-dilatation
dr} ®---® da: ® dal @ dl‘JH da:Z;Ll of du}, .

However we need to remforce this tensorial formalism in order it feats
perfectly with the basic datas needed for cubical higher category; as a matter
of fact, if A € R(1)(n) has coordinate d:cil ® - @ dzy  then two different

faces of A may be different but with the same coordinate; for example if A
is the degenerate 2-cube 1;;(1(1)) € R(1)(2):

12 1 19(1(0)) 1

1(0) a0 1(0)

with coordinate dr! ; ® do? (which means that A has coordinate (—4,1) in
Z7?), then its faces: s7;(A) = 1(1) and ¢7 ;(A) = 19(1(0)) have both the same
coordinate dzi (it is reindexed after contraction). This example shows that
the tensorial formalism alone leads to a lack of control of our cells, because
we need that each part of our cubical pastings to be located individually.
In order to remove such pathologies we are going to enriched the tensorial
formalism with a concept of formal box which feats better with the entire
shapes of each basic n-cubes in R(1)(n). These formal boxes are specific

degenerate n-cubes (O] (j(wk; ,=4) called degenerate bozes which are equipped
with coordinates da:k and whose aim is to contain any n-cubes which have
the same degeneracies as A € R(1)(n). As we wrote above, the expression
Adxki says that the n-cell A (A € R(1)(n)) is located in the coordinate dx}'%,

d i
and the expression B(les; ,=4) now means that the n-cube B € R(X)(n)
(here X is any cubical set) has the same degeneracies as A € R(1)(n), and

dai
B is inside the degenerate box (O 1:(%3 = ) which itself is located in the

coordinate dzj . When B = A then A(C], ( ),_ =4) is called a basic divisor.
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Such basic divisors A(Dcll(x:; ,=A) are written Adx};i to simplify the notation
after the Section 5. We take advantage of this formalism to describe the
monad R = (R, i, m) of cubical reflexive sets with these basic divisors, and
show that R = (R,i,m) is a cartesian monad (5).

dx’,
The definition of the degenerate boxes (D1(1I~j§ ,=4) (A€ R(1)(n))in 4 are

(I:Z

d
preceded by the definition of the basic one Dl(j;; in 3 called the basic boxes,

i.e they are boxes with no degeneracies. These formal boxes (degenerates or
not) are congruences of terms of a language £, = (Z",{—,+}) containing
tensors dx};i, contractions of these tensors, and elements in {—, 4}, as basic
datas. The terms that we consider for this language are called links because
their role is to exhibit a link between such formal boxes with their faces.
Basic n-divisors are terms for a language £, = (£}, R(1)(n)), and they
constitute the basic pieces for rectangular n-divisors. Rectangular n-divisors
are defined inductively as terms of a language Ly, = (Ln, (})je1;7)- This
inductive approach was possible thanks to the good control of the different
faces that have the basic n-divisors. Rectangular n-divisors are written

X = Aldacfcil 4+t Aldﬂ;é et Ardacﬁclr,

and are characterized by a rectangular n-configuration C,, i.e a finite subset
of Z™ of the form
Cn = [1;mq] x - x [1;my] x -+ x [1;my,]

such that the set {Alda;;l, e ,Alda:zl_, e ,Arda:zir} are the basic n-divisors
of X, where now X can be seen as its ;”L—conﬁguration C,, wetghted by this set
of basic n-divisors. These rectangular n-divisors are our models of cubical
pasting diagrams, and as we have expected they behave very well: thanks
to their rectangular shapes they have a notion of sources and targets which
allow them to be composed, but they can also be degenerated, etc. Thus
they produce a cubical strict co-category? e-RectDiv (6), and also the small
category O of cubical pasting diagrams. The small category ©g is defined
as the full subcategory of the category CSets of cubical sets which objects

2In fact the free cubical strict co-category S(1) on a terminal object of CSets, where
S is the underlying endofunctor of the monad S = (S, A, ) of cubical strict co-categories
with connections described in [3, 5].
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are cubical pasting diagrams. The category ©gy can be seen as a cubical
variation of Lawvere theory. Also each rectangular n-divisor X has an in-
ternal notion of sources and targets, which lead to an inductive sketch £x.
This inductive sketch is built with the help of the formal sketch £¢,, of its n-
configuration, which itself comes canonically from the lexicographical order
on C), (6). Thus we see here another crucial roles of coordinates which is to
exhibit in a canonical way (with their intrinsic lexicographical features) the
sketches of rectangular divisors. Formally these inductive sketches behaves
like rectangular divisors, thus they are cubical sets which can be degener-
ated, composed, etc. Thus these sketches lead to another presentation of
©p and to another presentation of the cubical strict oo-category of cubical
pasting diagrams. In the end of 7 we show that, for each rectangular n-
divisor X, its associated sketch €x is canonically a (n — 1)-cubical object
in the category Sketch of sketches.
We can summarize the main definitions here:

° Ad:czi means that the n-cube A is located at the coordinate da:};i, see
2; usually A € R(1)(n) where R is the underlying endofunctor of the
monad R = (R, i, m) of cubical reflexive sets; see 5;

dat .
e Basic box Dlziz; of a coordinate dzj , see 3; and degenerate boxes

dx’,
(0, (:3 ,=4), see 4; they are formal boxes whose aim is to contains n-

cubes. These formal boxes provide a better control of the coordinates,
than the tensors, of the faces of the cubes they contain: their formal-
ism allows to have an inductive definition of cubical pasting diagrams

(6);

e Basic divisor: B(Dlzg,EA); see 5; this is an n-cube B inside the

dz,.
n-box (Dl(nﬁ,EA);
e Rectangular n-divisors: formal sum X = Aldx;l 4+ o+ Aldx?cl_ +

st Ard;v};,-, of basic one with rectangular shape, see 6; they are our
models of cubical pasting diagrams;

e for each rectangular divisor X we associate an inductive sketch £x,
see 7.

Applications of this cubical Oy = (1 | S(1)) are done in [5], where
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the monad S = (S, A, 1) of cubical strict oo-categories with connections
is described with the objects of ©g, and it is shown that it is a cartesian
monad, solving a conjecture in [6]. Also in [5], two cubical coherators are
defined with our cubical ©g: the coherator O, which Sets-models are
cubical weak oco-groupoids with connections, and the coherator ©f; which
Sets-models are cubical weak oco-categories with connections.

The author has done previous work on cubical higher categories, some
of them are published, see [3, 4]; but others were archived in THES and
removed after five years, see [6, 6]. We hope to make again available the
work in [6, 6] very soon.

This article may be seen as an improved version of some aspects of the
Arxiv version [2]. In [2] some materials were described for the question
of pastings objects with cubical shapes in full generality, not only for the
simpler cases of rectangular pastings as in the present work. Even if main
ideas of this arxived version remain correct (like the idea of using coordinates
to control the gluings), this article focuses only on rectangular gluings, which
not only simplify the story, but is also more relevant for our main goals, i.e
to capture objects in Q.

2 Tensorial notation

The reader may read the first section in [3] for reminders of the basic defini-
tions in cubical higher category theory: definition of cubical sets, definition
of cubical strict co-categories with connections, etc.

Here we introduce tensorial notation and shall see that contraction and
dilatation of tensors provide interesting structure for cubical sets, though
trivial. This study (and introduction of tensorial notations) reveals the
intrinsic cubical nature of tensorial calculus.

For each n € N, the n-dimensional network Z"™ = Z X - - - X Z (Z is the set
of integers) is used as a coordinate system; the elements (ki,--- ,ky) € Z"
are coordinates and are preferably denoted instead with the tensorial no-
tation da:,lCl @ -+ @dxy, in order to freely use the dilatations and contrac-
tions operations on it, where these operations are commonly used in tensor
calculus. When no confusion occur we write dxf% = dmk L ® - @day .
These coordinates da:};i € Z™ are used to indexed m-cubes, in order to well
located them and to build conglomerates of n-cubes. Thus if A is an n-
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cube, the notation Adl’,lﬂ ® -+ ® dzy means that A has the coordinate
da;,1€1 ® -+ ®dzy , which means that A is located at the depth k; € Z for
the direction j € {1,--- ,n}.

Remark 2.1. It is easy to see that two coordinates dxzi,de{ € Z" are
linked by translations. For example any coordinates da:?ﬂ € Z" gives the

coordinate dr} = dzl @ ® dx{ ® - --dz} by translations along all direc-
tions j € [1,n]. Usually we shall work with finite subsets C,, C Z™ named
n-configurations below 6, and these n-configurations must be thought up
to their translations in the network Z". For example we have the rectan-
gular n-configurations 6 which are n-configurations with a specific shape.
Any translation of a rectangular n-configuration is still rectangular, and in
fact these translations give the same rectangular n-configuration but with
different coordinates (see 6).

Two coordinates dx}%i = da:,1§1 ® -+ ®@dxy and dazfgg = dx,{é,1 Q- ® de;L
are j-adjacent if for all i € [1,n]\j, k; = ki, and if k; = K, +1 or k; = K/, — 1.

The j-contraction of the coordinate daj,l€ (@ ‘®da;i,j ®---dxy is defined
as the coordinate

—

da:}%i \ j = dz}, ®---®d1‘ij ® - dry,
in Z"~! defined by removing the direction j and re-indexing:
dxii \ji=drp, ®® d:ﬁi:l ® dxijﬂ ® - -dxzn_l;

sometimes we use also the notation cj(da:};i) for da:}%i \ j. If we apply these
contractions p-times then we obtain the following coordinate in Z"P:

dx}cl \ (jh T ajp)>

where the order of occurrences of the j's in (ji,---,jp) is important just
because if o is an element of the permutation group S, then the action

o - dri, \ (ji,- - dp) = day, \ (Uoys o))

does not imply the equality between dw};i\(jl, -+, Jp) and dxi:i\(jg(l), S Ja(p))-
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The j-dilatation of the coordinate d:U,lCl R ® dazij ®---dxy, is a coor-

dinate in Z"*! defined by adding dx{ in the direction j and re-indexing:

dmfﬂ +j = dac,yl€1 ®-® dxij_ll ® d(L‘il ® dxijl . -dijl;

sometimes we use the notation dj(darfﬁ) for d:z:}'% + j; and if we apply these
dilatations p-times then we obtain the following coordinate in Z""P:

dl‘%l + (jla e 7jp)7
where the order of occurrences of the j's in (ji,--- ,jp) is important.
Remark 2.2. The previous dilatation:
dmfﬂ t+j=dr, ® - ® dmf;j__ll ® dxi;l ® dmgl . -da:’,z::l,

built by adding dx{ is a convention, but we could add instead dmi (ke Z)
if necessary.

Consider now the following diagrams of different network Z" for all n €
N, such that Z° is the singleton set {*}:

n—1,n
4
N EREICN
1 3
On—1,i 93,3 . 93,3 .
7 7
U§ 2 0% 2 ‘7% 2
> — — 5
n 1
ITpn—1,1 931 . 921 . 011 o)
-1 4 4 T2 1
T Y/ Y/ 73 Z Z VA
n Y 3 2 1
Tn—1,1 73,1 51 i1 To
>. \ \
7 7
Tél,z N 73,2 N 7'122
ﬁ 4 7 3 7
Tn—1,i 73,3 753
> —
4
73,4
Tn
n—1,n

where for all positive integers n > 2 and all direction i € [1;n], o ; =
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Tho1i = Ci (the i-contractions); we also have the diagram:

13,
12
3,1
11 —_—> 13
10 2,1 4,2
_—
Z° ————— 7 7} ———— 7° z
_—
11 13»2 13
2,2 4,3
133 s
13
4,4

where 19(+) = dzy, and for all n > 1 and all ¢ € [1;n + 1], 17, ; = d; (the
i-dilatations), and the diagram:

15,4
155 135
B2 Lz N
137 S 17 gy
Z "7 "7 z &/ N
7 > >
17 SN 157 e
25 133 LN
157 15y
15

where here for all n > 1, and all ¢ € [1;n], 1n+1 ; = d; (the i-dilatations),
then it is straightforward to see that contractions and dilatations put a
structure of cubical reflexive set (see [3]) on the collection of networks Z°® =

(Zn)nEN-
dxi .
3 The basic boxes Dl(:z; of coordinates dz},

A crucial and straightforward fact from the previous section is that given
a coordinate dxy, in Z", it has a trivial structure of n-cubical set?® where
sources and targets are defined by contractions:

* S, 1,J(dxk): n— 1j(d75k) —dxk \ 7,

3And also a trivial structure of reflexive n-cubical set.
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o S (daf \ G ) = B0 (el \ GG ) = da, \
(15 5 dps k)
thus different contractions of dxi:i are the faces of its underlying trivial
n-cubical set.

However this structure of n-cube that d%i has is too trivial because it
does not distinguished sources and targets with the same direction j. And
this distinction is crucial because our idea is too label any n-cubical sets A
with a coordinate dxz,i of Z™, such that faces of A must have new coordinates
d:r}'% \ (41, ,Jp) build by contractions and weighted by a notion of sources
and targets. In order to correct this default we are going to enriched the
coordinates with a notion of link, which are roughly speaking coordinates
equipped with the symbols {—, +}.

Thus for each coordinate dx};i of the network Z"™ we shall associate an

7
k.

d. .
other n-cubical set le 3 called the box of dm}ci and which formalise better

n
the notion of n-cubical set A labelled by dx};,i, in the sense that sources and
targets of A are then labelled with weighted coordinates, which give the
right information of the location of faces of A. Without these weights any
p-face of A which is a source in the direction j has the same coordinate
(because the trivial structure collapse this source-target information) as
the other p-face of A which is a target in the same direction j, and this is

dx’
counterintuitive: the role of Dlzg is to distinguished well coordinates of any
faces of any n-cubical set labelled with the coordinate dac}Cz This section is

dat
devoted to the description of these boxes ler%'

Given a coordinate dx}’;i and the elementary n-cube 1(n) (which is the
unique n-cell of the cubical site C), we associate to it a formal free box 4

7

D?Z’S which is a non-degenerate n-cubical set which faces are congruences of
terms for a language, and these terms are called here links. The datas of this
language are the different contractions of dmfei : dac};i \ (j1, 72, ,Jp) plus
two symbols {—, +} which label these contractions. These symbols {—, +}

must be interpreted as sources and targets of the different contractions they

;. The

“Here free has not to be interpreted in the algebraic sense of “freeness”, but instead it
must be interpreted as a box not linked with a higher dimensional box.

dx?
equipped, and provide a good notion of sources and targets for Dl(:
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terms of this language are built inductively (see below) and congruences
on it use notions of zigzag build with the cubical identities of sources and

d T
targets (see below). This n-cubical set Dl(x:z; is called the basic box with

, dai
coordinate dzj . This box le;:; is not degenerate because it is build with

1(n) which is non degenerate, and its degeneracies are discussed in the next
section where degenerate boxes will be defined.

Remark 3.1. An other possible description of faces of Dl( ; is given in
the remark below, which looks more natural (it uses the Reverse Polish
Notation), but less intuitive for us. Perhaps in the future we would prefer

these RPN notations.

In this section we will describe only the underlying cubical set of the

dx?
box Dl(:’)‘ and degeneracies of it shall be described only in the next sec-
tion, because they are more subtile and involve notions of dilated free boxes
equipped congruences for degeneracies (see below). As we wrote in the pre-

12

dxr
vious section the role of Dl(n3 can be summarized as follow: if an n-cubical

set X is labelled by a coordinate dxi:, it means that it is contained in the

d T
box Dl? ; which faces are congruences of links.

The box Dl(n§ and all faces of D 1(n ) have underlying free boxes (see
below). But when we consider the box associated to a face of D??jx we
forget that it was “linked” to Dfﬁ; and then this box is named “free”.

In order to keep the linked information of the faces of Df?:’;g we write
these links as finite sequences of the form:

X = (dx}cp (daﬁc, \j17 ) (dxk \(.717.72) ) (d‘rk \(]17]27 tee 7j7")7:|:))'

We can define them by finite decreasing induction:

d 7
Definition 3.2. e For any direction j € [1, n], the term s”_, j(lek)) =

i

. . dz;,
(dxzi, (dac}cl \ 7, —)) and the term ¢_ 13(51( )) (dack ,(dxk \J,+))



C. Kachour

are 1-links which must be interpreted respectively as the j-source and

d
the j-target of the box Dlx

1
ki

(n)
o IfX = (dx;cﬂ (dxizz\jbj:)?(d'x}cz\(.jhj?)v:t)a7(d$}gz\(j17.]27 7jn—r)7

dz?}
+)) is an (n—r)-link of the box O "
the terms:

;, then for any direction j € [1,r],

(n

S:fl,j(X) = (d%lv (d‘r;% \jhi)? (dxiz \ (jlva)a i)? R
(d(IfZ:z \ (j17j27 o 7jn—7“)7j:)7 (dmﬁcl \ (j17j27 o 7jn—7‘7j)7 _))

ro1;(X) = (dzp,, (dxg, \ jr, £), (dzp, \ (1, 42), ), o)
(dlﬂkl \ (jlana e ajn*?“)v:t)a (dixz;2 \ (jlaj?v e ajnfr‘aj)a—i_))

. as,
are (n —r — 1)-links of Oy

)
Ll

i
n)’

l’i
k .
¢ for

d
or (n — r)-links of O )

d
e (n — r)-links of sources-targets of [,
short, are given by such sequences:

(dm}'civ (d‘flﬁc, \jh :|:), (da:}gz \ (j17j2)7 i)? A (dx/;ﬂl \ (j17j27 T 7jn—r)7 :I:))

Some notations shall be useful:

n na—+1 na—+2 n—1 n
S 1 = . oS . ++-08 . oS .
na,j1 n273i2+1 n2+1,]7112+2 n—2j% | n—1,51>
1 q1 -1 -1 -1 -1
where J = (]na e 7-]n2+1) and In € [[17n]]a]n—1 € [[lvn - 1]]7 e 7jn2+1
€ [[1, ng + 1]];
n . no+1 na+2 n—1 n
g =1 " ot . ..ot ) ot .
ng,j1 ng,],,112+1 TL2+1,]7112+2 n—2,]71171 n—1,j1»
S R | -1 -1 -1 -1
where j° = (4,0, 5 Jn,q1) and j, € [1,n], 5,1 € [1,n = 1], , 1
S [[1, ng + 1]]
Also for any partition n, < np—1 < -+ < np < - < ng < ng=n

with (p — 1) intervals [ngy1,n;] we have 6 different zigzags of sources and
targets:
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n . Jn2tl na+2 c.oen 1
ng,j " nz,jn2+1osn2+17jn2+2 O8n—2,jn_1

jn2+1) and ]n € [[17 n]]ajnfl € [[L n— 1]]a T ,jnngl € [[17 ng + 1]] called
string of sources (or string of type s);

® S 032—1,3‘” Wherej = (]n’ cee

n na+1 na—+2 n—1 n
L= . . DIENe) . (@] .
n2,j n2,Jng+1 tn2+1,]n2+2 tn*Q,]nfl tn_l»]n

Jnat1) and jn, € [1,n],jn—1 € [1,n—1], -, jny+1 € [1,n2 + 1], called
string of targets (or string of type t);

where j = (jn, -,

Np—1 tnp—Q . Nk o Nk—1 . tnz n

e 5 P . L O8 "o . 508" . called zigzag of
Np,jP~1 Np—1,J° Nt1,5" L Lt n3,j2 n2,j1’ g7ag
sources-targets of type (s, s);
Np—1 Np—2 Nk Nk—1 n9 n .
e s 7. t et L08 L o ...8" _oth . called zigzag of
np,gP~L 7 “np-1,57 N 1,08 7 Tng,gkTt ng,j2  “n2,jt’ 8748
sources-targets of type (s,t);
Np—1 Np—2 Nk MNg—1 n2 n :
et P . 058 L08 L L ...872 L oth . called zigzag of
np,gP=1 T Tnp—1,5P Npt1,8  Tng,gkol n3,j2 = “n2,jl’ 8238
sources-targets of type (¢,t);
Np—1 Np—2 Nk NEg—1 ng n :
tP . 08 P ... L 08 o -t L os™ . called zigzag of
np,gP~L T Tnp_1,5P Ngt1,J8  Tng,gkt n3,j2 = “na,gl? 8248

sources-targets of type (¢, s).

The number of occurences of the s and of the ¢ in a string or zigzag is
called the size of the string or the size of the zigzag. If X is a r-link of
dm};i
Dl(n):
X = (daj,, (dai, \ j1, %), (dg, \ (1, 72), %), oy (df, \ (s 2y 2 dr) £))

then it can be written:

dx};,
X = ZX(Dl(ns)’
where zx denotes its underlying string or zigzag of sources-targets.
All these zigzags or strings build the (n—n,)-faces of any n-cube. Thanks
to the cubical identities two different zigzags or strings may be equal. And
these equalities build congruences on the sequences defined below, such that

dx?
equivalence relations of these sequences are the faces of the free box [ (:3

More precisely consider two (n—7)-links X = (dx};i, (da:}ﬂ \j1, %), (dajﬁﬁ\
(j17j2)7 ﬂ:), reey (dxz;z\(]lvj% e 7jnfr)7 :l:)) and X' = (dl‘z:z, (dl’}%\ji, :l:), (dZE}cl
\ (J1,75), )5 -, (da:}ﬂ \ (41,75 -+ ,7h_),E)). Denote by zx the string or

dzl
zigzag of sources-targets which gives X, i.e X = ZX(leSﬁ)’ and zx: the
dxi
string or zigzag of sources-targets which gives X', i.e X' = zX:(Dle:;).
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Definition 3.3. With the above notations, the (n — r)-link X is congruent
to the (n —r)-link X’ if and only if zy = zx; in this case it is trivial to see
that zx and zy have the same size. Then we write X = X’. Equivalence

dxi dxi
classes of (n — r)-links of the free box lesﬁ are r-faces of lefj-

In fact the terminal element of the (n — r)-link X:

(d.ﬁlf}% \ (j17j27 o 7jTL—7“)a :l:)7
d i
gives the precise information of an r-face of Dlxk; that it can be a source

kb

(n
or a target, depending on the sign in {—,+}: “—
means target.

means source and “+”

d 1
Lemma 3.4. If two (n — r)-links of Dl?;ﬁ are congruents then they have
the same terminal element.

Proof. The proof is easy and is made by finite decreasing induction:

e We start the induction by proving it with sources and targets of

(dz:}%) = Dfi’i; (using the whole cubical identities ss = ss, st = ts,
etc.) and verify that indeed they give the same terminal coordinates:
this step shows the magical role of the trivial cubical structure of the
coordinates. See the section above;

e We suppose that this is true for two congruent (n — r)-links. When
we apply sources and targets of these (n — r)-links then it is straight-
forward to see that they have the same terminal coordinates.

O]

A simple consequence is the following fact:

dzt
Proposition 3.5. A face of Dlzi% is thus an equivalent class of links of

dzj
Dlzﬁﬁ with the same terminal element.

We can have in mind also that (dm}cz \ (J1,J2y* yJn—r), =) is an r-face

dat
of J; (713 equipped with (or linked by) the link:

(dx;fﬂ (dx;cl \jlv :l:)a (dle \ (.j17j2)7:|:)7 S3) (dlelcz \ (jla.j27 T 7,j7‘L—7’)7:t>);
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thus when there is no confusion about the prescribed link of a face (dac}% \

i i
L Lk

d d
(41,7925 s Jn—r), =) of DI(TS we denote this r-face of Dl(n)i just by:
(d'x;ﬁ \ (jlaj?) T 7jn71")a :l:)7
: . d

without referring its link in [J; (n;.

The previous lemma allows to build the free bozes associate to any faces

dx}'ci
of Dl(n).

o dx;'g-\(jthv"'mjn—T‘) ; . . .

Definition 3.6. The free box Dl(r)l = (dzy, \(J1,J2: "+ s Jn—r))
of the link (da;}'ﬁ_,(dxzi\jl,i),(dm};i\(jl,jg),i),..., (dxy \(J1,d2: -+ s Jnr)s =

2zt

d
)) which represent an r-face of [y ¥, is the basic box with coordinate
dx’;fl \ (]17]27 e ’jn—r) iIl ZT'

dz;, j 7‘ 7"'a'n—7‘
When working with this free box Dlzgf)i\(ﬁ e ), we forget the pre-

dat 4 ,
vious information that it was linked to lesg. Thus the link (dzj, (dzj, \

j17 i)a (d(IJ?jCZ \ (j17j2)7 :l:)) ceey (dle \ (j17j27 e 7jn—7‘—1)7 j:)) which represents
d )
a face of lerg, represents also a face of the underlying free box

A\ gz =) . . . s _ .
Dl(f)z , but with the simpler link (d:(;}CZ \(G1, 725 s Jinr)s (dl.}%\

(jbj?a"' 7jn—r—1)7i )
d$}€i\(j17j2,"',jn—r)

)) when we see it as a face of the free box [, " . But when we
i,

day .
work with faces of [J; ) we have to not forgot their links in order to have

(n
.

d:
a complete informations about their locations. Thus faces of [, (n;' can be

seen as free boxes equipped with their links.

7
X
kq

d
Remark 3.7. We have others natural notations for links X of Dl (n)

verse Polish Notation, RPN):

(Re-

X = (dx%civdm;ﬁ \jlvdx}'ci \ <j17j2)7 “'vdxii \ (jhj?v T 7jn—7")7:|:7 T 7i>;
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this presentation allows the following definition of sources and targets of
i dw,‘c

d 7
link§ of Dlz(csg by using the underlying free boxes of it: sp_; (0] (n)) =
(dy,, (dzy, \ j, —)), and

; o . day, \(j1.42 jn—r)
dazz;i \ (J1, 52, s Jn—r-1), S:_u([]l(f)l ), e, E),
thus
(dx;ci\(jlﬂj% T ajn*T% dx;ci\(jlaj% to 7jn77‘>jn—(7’—1) = l)v _)7 i? R :l:)v

that we rewrite when removing redondant occurrences of brackets

dw}@\(jlaj?v'” 7jn—7’)7dx;gi\(j17j27' o 7j’n—’r‘7jn7(7'71) = 1)7_7i7'” 7i)7

dat

and for targets: tZ—l,j(Dl(rsz) = (dxj,, (dz}, \ j,+)), and

ifl,l(X) = (dx%,?dx%l \]hdx;cz \ (jbj?): B
1 . . . dri-\(jlzj%"".jn*'f‘)
da:?w \ (J1, 2, v]n*Tfl)’t;—l,l(Dl(:)l ), E, e, ),
thus
(dxi;i\(jljj27 o 7.j7l—7’)7 dx}ci\(jla.j27 o 7jn—r7jn7(r71) = l)7 +>7 i? T 7i)7
that we rewrite when removing redondant occurrences of brackets:
:—1,j<X> - (dw}ﬂ?dx}cl \jlﬂdx}cl \ (.jla.j?)v ooy
dmﬁfi\(jla.j% T 7.jn—7’)7 dl‘;;z \(.jla.an T 7.jn—7‘7jn—(r—1) = l)7 +,E, :l:)
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dz’
4 Degenerate boxes (Dl(;ﬁ,zA)

We know that the following forgetful functor

[C2P, Sets] ——Y—— [C°P, Sets] = CSets,

which sends cubical sets equipped with degeneracies and connections [3]
to cubical sets is right adjoint. Its induced monad R (described in 5) applied
to the terminal object 1 of the category [C°P, Sets] of cubical sets, gives all
kinds of degenerates n-cells A € R(1)(n) (for all integers n € N) we need
for cubical pasting diagrams. In Section 5 we shall describe this monad
accurately in order to see that it is a cartesian monad.

Now for each A € R(1)(n) we are going to define a box Df(:;/ =4 which
faces are modeled with those of A. For that purpose we are going to define a
notion of zigzag of degeneracies in order to capture the depth of a degenerate
n-cell A € R(1)(n), which is the greatest integer r such that r-faces of A

are of the form 1(r), i.e are non degenerate. We begin with the notations:

T

ng . qn—1 n—2 . n—k LL.ne 1
o L =l ool ac 1n2+1,i;7n2’ where 4% =
1 1 1 1 1
(1, gy 2 inn,)s B € [I,m—ng] and iy € [1,n],--- ,ip € [1,n—
1
E+1],--- iy p, € [L,n2 +1].
n2,y n—ly _qn—2y n—k,y N2,y -1
e 1%/ :=1" 1"0ol L o--.01 L O A where =
n,jt n,ji n—1,53 n—k+1,5} na+ljn .’ J

(.7117 7.7‘]%7"' 7j7lb—n2>7 ke [[lvn_n2]] and .711 € [[17n_ 1]]7 7.7]% €
[1,n—k],-- 4t € [1,n2].

Also for any partition n, < n,—1 <--- <np <--- <ng <np =n with
(p — 1) intervals [ngi1,n;] we have 6 different zigzags of reflexivities and
connections:

ne . qn—1_1n—2 n—k no . .
o 1% =15, 01,770 '01n7k+1,iko' e 1n2+1,in_n2 where i = (i1, , i,
“yin—ny), k € [1,n — ng] called strings of degeneracies of type 1.
n2,y ._ qn—Llyy n—2,y . n_k’7 R L2 s
o L = Ly odn ooy 0 Ik, , Where j =
(J1s 3 Jky " yJn—-ns), k € [1,n — ng] called strings of degeneracies

of type 7.
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n2 n3Y 4. .. Ny N+t1 . Tp—1,y p
° 1n7i1 1n2,z'2 0---0 1nk—1,i’“ ol " ) 1%7272.?,2 o 1%7172.?,1 called
zigzags of degeneracies of type (1,1).
n2,y n3 - Ny k41 L. Np—1,y p
° 17172.1 o 1n27i2 0-+:0 1nk—1,ik o 1nk7ikJrl 0--:0 1np,2,z'17*2 ) 1%717%,?,1 called
zigzags of degeneracies of type (v, 1).
n2,7y n3 . N,y Nk+1 . Np—1 Np,Y
° 1n,il o lnw.2 0-+:0 1nk_1,ik ) ]'nk,ikJrl 0--:0 1%727#}72 o 1np,1,iP*1 called
zigzags of degeneracies of type (v,7).
ng n3,y . nk,Y Nk+1 . Np—1 Np,Y
° 1n,i1 o 171271.2 0-+0 1nk71,ik o 1nk,ik+1 0--+0 1%72,241,)72 o 1%7”.10,1 called

zigzags of degeneracies of type (1,7).
The number of occurrences of the operations 17, ;, 1:’1171. in such zigzags
or such strings are respectively called the size of a zigzag or the size of a
string.

Definition 4.1. Consider an n-cell A € R(1)(n) which is not equal to
1(n). Thus it is a degenerate n-cell and is build with zigzag or string of
degeneracies as described just above. The depth of A is the integer p € N
such that A is equal to a zigzag of size n — p or a string of size n — p of
degeneracies of the p-cell 1(p) of the cubical site, i.e A = d4(1(p)) where
d denotes its underlying string or zigzag of degeneracies and d4 has size
equal to n — p.

Remark 4.2. Thanks to the axioms of degeneracies, the degenerate n-cell
A has zigzags or strings of degeneracies with different shapes, which may
be equals.

Suppose A4 is a degenerate n-cell in R(1)(n) with depth p < n. Zigzags or
strings of sources-targets of A with sizes which are less or equal to (n - p) are

d 7
the one which build a congruence =4 on faces of the basic n-box Dlzcs;, and
d )
this congruence is defined as follow: if p < ¢ < n, two g-faces z and y of le:)"

are A-congruent: x =4 y, if and only if any strings or zigzags of sources-
targets z, of x (i.e z, is the underlying string or the underlying zigzag of

1
L,

d
sources-targets of any link of [, 3 which gives the g-face = (any two such

(n
links are equivalent)) and any strings or zigzags of sources-targets z, (i.e z,
is the underlying string or the underlying zigzag of sources-targets of any
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dz?
link of Dl(s; which gives the g-face y (any two such links are equivalent))
of y, equalize A i.e are such that z,(A) = z,(A).

dz?
Definition 4.3. The quotient Dl?o%/ =4 is called a degenerate bor with

) dxy .
coordinate dxj . We denote it with the bracket notation (Dlz:“; V=A)
d 7
Sources, targets and degeneracies of the box (lerfi ,=4) agree with those
of A, thus it has a canonical structure of n-cubical set with degeneracies
inherited by A and defined as follow:

Definition 4.4. e Sources and targets of degenerate boxes:
dzt dxt \j
SZ—I,j((Dl(;B ) EA)) = (Dl(,l-jz_l)v E52_1,].(A))
and " doi \
s vy gk
2—1,j((D1(n) ) :A)) = (D1(n_1)v :t;‘_lyj(A))

e Degeneracies of degenerate boxes:
dz}'ci . dmlici+j B
1Z+1,j((|:|1(n) ’ ZA)) = (Dl(n+1) > :1Z+1,j(A))
and i .
1211,]‘((':'1(”) 5 :A)) = (Dl(n+1) 5 :123:1,3‘(‘4))

5 Basic divisors

The forgetful functor

[C2, Sets] ——Y—— [CP, Sets]

which sends cubical sets equipped with degeneracies and connections [3]
to cubical sets is right adjoint and its induced monad is written R = (R, i, m)

where 1cgets —— R is its unit and R? —— R is its multiplication.

Definition 5.1. A basic n-divisor is the formal expression Ad:n};i where A €
R(1)(n). Its interpretation is just: the n-cell A is located in its degenerate

7

dz?
box (Dl(;L“;,EA).
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Also we have the following simple fact.

Proposition 5.2. Any basic divisor has an underlying structure of reflexive
cubical set with connections.

Proof. The definitions of sources, targets, degeneracies are as follow:

o sp_y;(Adz) ) = s} 1]( )i, \ j
® th- ](Ad%) = tn_y j(A)day, \j
o 1hy1,(Ad) = nHJ( ) (g, + J)
o 10 (Adxy) o= 100 5(A)(da, + )

O]

Definition 5.3. Two basic divisors Adxi; , A da:i,, located respectively in
the coordinates diL‘k = dxkl ® - @dzy and dxk/ dxk/ Q- da:k/ are

j-adjacent for a direction j € [1, nﬂ if their coordinates are j-adjacent and if

nfl,j(A)—tn 1J(A/) 1fk‘ —k/+10rtn 1](14)_5” 1](A)1fk _k;_l

The set of basic divisors is denoted by BDiv and by the previous propo-
sition it is straightforward that it has an underlying structure of cubical set
with connections where its n-cells (for all n € N) are the basic n-divisors.

Now we are going to use basic divisors to describe the monad R =
(R,i,m) just above and show that it is a cartesian monad: consider the full
subcategory Opp;y C CSets which objects are basic divisors. The Yoneda
embedding®

ORBDiv Y CSets

X ———— homgses(X, —),

provides the following description of R(C') where C' € CSets is a cubical set:

R(C):= ][] homgcses(Y(X),C).
X eBDiv

5Of course, this is not a Yoneda embedding, stricto sensu, but because objects of Oppiy
are terms build with representables, we have permitted ourself this abuse of language.
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The multiplication m of the monad R is very simple: it is obtained with
the concatenation of two strings of degeneracies, or one string of degenera-
cies with one zigzag of degeneracies, or with two zigzags of degeneracies.
The unit i of the monad R sends n-cells ¢ to the decorated box cd:c};i.

Let us be more precise: the multiplication R?*(C) —™—— R(C) is
defined as follow: the cubical set R?(C) is defined by the formula:

)= [] hom(cgets<Y(X),R(C): I1 homcgetS(Y(X’),C)>
X eBDiv X'’eBDiv

thus an n-cell z of R?(C) is an expression of the form: z(2/(c)) where c is a
p-cell of C, p < n (for the case p = n it means that = is non-degenerate and
equal to ¢), 2’ is a string or a zigzag of degeneracies which when apply to ¢
gives a degenerate g-cell 2’(c) of R(C) (p < ¢ < n), and where z is a string or
a zigzag of degeneracies which degenerates again 2’(¢). The multiplication
m sends z(2'(c)) € R%(C) to (z+ 2')(c) € R(C) where here z + 2’ is just the
concatenation of z and 2’.

Proposition 5.4. The monad R = (R,i,m) of cubical reflexive sets with
connections s cartesian.

Proof. The definition of the endofunctor R shows that it preserves fiber
products.

We are going to prove that the multiplication m is cartesian, i.e we are
going to prove that if C € CSets is a cubical set then the commutative
diagram

R2(!)
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is a cartesian square; consider the commutative diagram in CSets.

¢ — 5 RY1)

Thus if z is an n-cell of C’ then f(x) = z(c) where ¢ € C(q) (¢ <
n) and R(!)(f(z)) = R(!)(z(c)) = 2(1(q)), and g(x) = 2" (z'(1(p))), thus
m(1)(g(x)) =m(1)(z"(z'(1(p)))) = (2” + 2’)(1(p)), thus the commutativity
of the square gives z = 2” + 2’ and p = q.

—— R
R(!)

Thus the unique arrow [ is defined as follow: I(x) = 27(%'(c¢)), and
we can see that m(C)(2"(#'(c))) = (2”7 + 2’)(¢) = 2(c¢) = f(z) and that
R()(2" (2 (c)) = 2" (' (1(p))) = g().

The cartesianity of the unit

C —— R(0O),

is easier and goes as follow: we start with a commutative diagram in CSets.

¢ 1

l lz-m
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Let x be an n-cell of C’, thus we have f(z) = z(c), thus R(!)(z(c)) =
2(1(p)) and the commutativity gives: 2(1( )) = i(1)(1(n)) = 1(n); which
shows that z = () and p = n, thus f(z) =

It shows that there is a unique map [

defined by I(x) = f(z). O

6 Rectangular divisors

Definition 6.1. An n-configuration is a finite subset C,, C Z™. A rectan-
gular n-configuration is an n-configuration of the form

Cn = [p1;q1] x - x [pjia;] x -+ x [pn; qn] C Z".

An n-configuration C,, must be thought up to its translations in the
network Z"; the normalization of the rectangular n-configuration C), just
above is

[ —(pr = D] x -+ x[15q5 — (pj = D] x -+ x [15¢0 — (pn — D],

and usually we will work with rectangular n-configurations with normalized
shapes, i.e with n-configurations written as follow

Cn = [L;ma] x - x [1;my] x -+ x [1;my,].

Now we are going to describe the sketch £c, of any rectangular n-
configuration C), (all the time normalized for simplicity) as above. For that
perspective we are going to highlight some canonical orders on rectangular
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n-configurations, all inherited from the lexicographic orders. Consider the
rectangular n-configuration C,, = [1;mq] x -+ x [1;m;] x -+ x [1;my,] as
just above; with it we get m,, rectangular n-configurations Cﬁ":
Chn = [1;ma] x - x [1;my] x -+ x [1;mp—1] x {kn},
where k, € [1;m,]; and all these rectangular n-configurations C*» are
themselves ordered as follow
C% <n o <n Csn <p < C’TTL””

where the orders <, are induced by the lexicographic order on C; these
orders <, indicates the formal composition o,, of these Ck» (k,, € [1;m,])
along the direction j = n, thus the n-configuration

Co=[Lma] x - x [im] x - x [ma] = | Chn
kn€[1l;mn]
is preferably denoted by
ancion...onC'ﬁ“ Op + -+ 0 O
in order to keep the information of this formal o,-composition of C,; this
also underlies the following sketch:
Cn <

n n n

N/ NS

{On} {On}
Remark 6.2. The sketch above is obtained by substituting all occurences

C’,’f” Op C’,’f”“ inClo, o, C’fi" op -+ - op, CJ' with the formal base:

kn kn+1
Ch Ch

{on}

2 : C«mn—l R Cmn

n
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and its dotted cocone shows the expected result (here Cy,) of its colimit.

Remark 6.3. All our sketches are written with solid bases and dotted
(co)cones.

This sketch is called the o,-sketch of C, and it shows how to glue the
Ckn (ky, € [1;m,]) together, and its gluing is just C,,; now with the rectan-
gular n-configurations C% (I,, € [1;m,] is fixed) we get m,,_1 rectangular
n-configurations C5*n-1;

Clkn=t = [1;my] x -+ x [L;my] x -+ x [1;mp—a] X {Em_1} x {In},
where ky,,—1 € [1;my,—1]; and all these rectangular n-configurations C’l"’k” !
are themselves ordered as follow

C}{ul <1 <p—1 C’flnvknfl <pe1 s <pei lenymnfl

where the orders <, _1 are induced by the lexicographic order on C,,; these
orders <,,_1 indicate the formal composition o, _; of these Cf{“k"’l (kn—1 €
[1;mp—1]) along the direction j = n — 1, thus the n-configuration

Cir = [ma] > x[Lmg] x - x [Gmaa]x{l} = | Cph
kn—1€[lmp—1]
is preferably denoted by

Cén — Cényl Op_1 -+ Op_1 Cfln,knq Op—1 " Op_1 Cén,mnA

in order to keep the information of this formal o,-composition of C,; they
are m, of such formal o,_j-compositions for C,; this also underlies the
following sketch.

n7mn 1— 1 nymn 1

Ve

{on-1} {on-1}
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This sketch is called a o,,_1-sketch of C),, and it shows how to glue the
C’f{“km_1 (kn_1 € [1;my_1]) together, and its gluing is Cl; they are m,,
of such o,,_i1-sketches for C,,; we may iterate this process: cons1der the m;
rectangular n-configurations

O 8 = [l x - x [Lmyoa] x (k) % Gz} - x (),

where k; € [1;m;] and where ([j41,---,1,) € [1;mjp1] x -+ x [1;my] is
fixed, then it is straightforward that these rectangular n-configurations are
ordered as follow

e dyrd b Lk b dyrm;
Cn It <]<]Cn " J<]<]On 7 Ja

where the orders <; are induced by the lexicographic order on C,; these

orders <; indicate the formal composition o; of these Clro ik (k; €
[1;m;]) along the direction j, thus the n- conﬁguratmn

-

Cr 0 = [Lma] x - x [Lmg ] x {lja b x {l} = | Clplivks
kjell;my]
is preferably denoted by
Cflm'”,ljﬂ _ C’fln,"'7lj+1:1 0; -0 Cflny""lj—o—lakj 0+ 0; Cén:"'vlj+l7mj

in order to keep the information of this formal oj-composition; they are
M1 - --my, of such formal oj-compositions for Cy,; this also underlies the
following sketch.

Cflm'”yljJrl
R L S
71,7" Jir1,1 n," JLit1,2 . Clna"' JLiv1,my—1 C ottt L1,y
n
{o;} {o;}

This sketch is called a oj-sketch of Cj,, and it shows how to glue the
Clporolit ks (kj € [1;m,]) together, and its gluing is Clrbiv, : they are
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Mjy1---my, of such oj-sketches for C),. This construction ends with the
n-configurations

ChoB2k = Ly} x {lo} > -+ x {Iy} x - x {ln ),

where k1 € [1;m1] and (lg,--- ,1,) € [1;me] X -+ X [1;my] is fixed, and
where these m; rectangular n-configurations are ordered as follow

C’,I’Ln7"'7l271 <1 PR <1 Czn7“'vl27k1 <1 e <1 C”Z’Ln7"'7l27m1,

where the orders <j are induced by the lexicographic order on C,. But
all these n-configurations Ci7 2*1 (for ki € [1;m,]) are singletons, which
means that they are just coordinates in C),, and the order <; indicates the
formal composition o7 of these Clpritnh along the direction j = 1, thus

the n-configuration

Chr = [Lma] x {Io} x -+ x {ln} = | Choobhy
ki€[1;m1]
is preferably denoted by

Clnrle — Clnlad o Loy Gl lzkt o o) Ol 2

in order to keep the information of this formal oj-composition; there are
mg - - - my, such formal oj-compositions of C,,; this also underlies the follow-
ing sketch.

Cln)"'7l271 Cln)"':l272 e Cln7"'712>m1_1 Cln;"'7l27m1
n n

n n

N/

{o1} {o1}

This sketch is called a oq-sketch of C,,, and it shows how to glue the
Ch 27 (k€ [1:mq]) together, and its gluing is Cy'2; there are
mo -+ - m, such oj-sketches of C,,.
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What we have done so far was to show how to reconstruct the n-
configuration C,, from its parts with respect to the directions j € [1;n]. Let
us explain the importance of this construction for a cubical strict co-category
C. We can coherently weight the n-configuration C,, with n-cells of C, i.e
in each coordinates of C), we substitue an n-cell of C' such that if two such
n-cells x,y € C(n) have j-adjacents coordinates then sp_; (z) =34 ;(y)
or ty 4 i(x) = s,y ;(y). Such weighted C), is called a composable array
of n-cubes in [1] (page 350), and our n-configuration C,, can be seen as a
formalization of the multi-dimensional arrays in [1]. From this weighted C),
and with respect to the structure of C, we get a unique n-cell z € C(n)
which is the result obtained by applying the operations o; (j € [1;n]) in
this weighted n-configuration. However in [1] the authors did not describe
a complete procedure to get such z € C(n)%, but the sketches described just
above for C), provide such procedure, but for that we need to care about the
order to apply these sketches: we need to apply the o;-sketches of C,,, then
the og-sketches of C,,, and so on, until the unique o,-sketch of C,,. These
kinds of sketches which have a hierarchical organization of their (co)cones
have been studied before in [7] under the name Trames. Thus a trame is
a sketch equipped with an ordered stratification of its set of (co)cones. In
fact this way to ordered the computation of z € C(n) is already indicated
by the formalism of the sketches of (), because, following the terminology
of Trames in [7]:

e The msy - --m, oj-sketches of C,, are the first floor sketches of C,,;
e The mjtq1---my oj-sketches of C,, are the j-floor sketches of Cy;

e The unique o,-sketch of C,, is the n-floor sketch of C,,.

Thus any realization of the sketch &g, of C), must be thought in an
inductive way, starting from the oj-sketches of C), until the o,-sketch of C,,.

Remark 6.4. In [1] page 350, the authors defined composable array of n-
cubes in cubical strict co-groupoids, but of course this can be done also in
any cubical strict co-category.

SThey just write that this z € C(n) is obtained by applying the operations o;,0; in
any well-formed fashion
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Remark 6.5. The decomposition of C,, above by its o,,-sketch, o,,_1-sketch-
es, ---, oj-sketches, was deliberate for simplicity. Let us call this sim-
plification the (oy,0,_1,- -+ ,01)-decomposition of C,. We can do similar
(©4ns Ojp_1s- - 04, )-decompostion of Cy, where j; € [1;n] and j; # jg
if ¢ # k; in this case C, has one oj -sketch (the n-floor sketch), has
My, My, - -~ M, Oj,-sketches (the (i)-floor skteches), and has mj, - --m;,
oj,-sketches (the first floor sketches). All these decompositions give the
same information about how to glue C,.

Now we are going to define by induction the cubical strict co-category
e-RectDiv (with connections) of rectangular divisors whose underlying cu-
bical set is written as follow.

S
33

L

|
-

Q
33
1
=~
Q
=N
V]

g > ;7% 1

nyt -3 RN
e-RectDiv = n-RectDiv (n — 1)-RectDiv 2-RectDiv 1-RectDiv 0-RectDiv

e’ =7 —

Tn— L1 g 70
— i ,2

Th_ L
—

a
3

|
I
3

Thus we suppose that its underlying (n — 1)-cubical set have already
been defined; we start to build the set n-RectDiv plus the diagrams (for
j € [1;n]):

n
o‘nfl,j

%
(n — 1)-RectDiv n-RectDiv,
ne1,j

where n-RectDiv is a set of congruences of terms; the congruences of terms
in n-RectDiv are specific n-cubes X named rectangular n-divisors, which
faces are denoted by o, ;(X) and 7} ;(X); the induction goes as follow.

e If X € BDiv is a basic n-divisor (see 5), then X € n-RectDiv such

that oy ;(X) :=s;_q ;(X) and 77y ;(X) ==t} _; ;(X) (see 5 for the
definition of s;;_; ; and tszj);

e If X, X' € n-RectDiv are such that 7"

n—Lj(X) = o, (X,)v then
X o? X' € n-RectDiv such that

n—1,5
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— o1 (X P X') =0y (X) and 7y ;(X 0 X') = 7 (X)
for 1 < j < m;

o (X)o"lom  (X)ifl<i<j<nm
_ O-Z—l l(XO?X/) — { n’n—l,z( ) J nn—l,z( } ) = ] >~
' o1 (X)) op (XNl <j <i <y
-1 . . .
— L (X" X!) = 7;{;—1,1'()() on?_—ll ?fl,i(‘){;,)‘lf 1< Z < ] <n
’ ! o1, (X) ol T (XNl < <i<n.
We equip n-RectDiv with the congruences specific to the associativities
and to the interchange laws.

Axioms 1 (Associativities). If X, X', X” € n-RectDiv such that the term
(X o} X') o X" € n-RectDiv is well defined, then

(X o;-L X o? X" = Xo;-l (X’ o;-l X7).

Axioms 2 (Interchange Laws). If X, X' X", X®W e p-RectDiv such that
the term (X o X') of (X7 o X®) € n-RectDiv is well defined, then

(X o} X' ol (X7 ol X(4)) = (X of X7) oY (X’ ol X(4)).

Remark 6.6. We could have postponed these congruences after the def-
inition of the maps ezgl(X) (i € [1;n]), FZ;I’_(X) and FZ;LJF(X) (i €
[1;n — 1]) for reflexivities defined just below; in this case we would have
been obliged to chose a definition of the first transport law and the second
transport law among their different presentations thanks to the interchange

laws. See below.

The elements in (n — 1)-RectDiv which are congruences of terms, are
defined by hypothesis: they are specific (n — 1)-cubes X named rectan-
gular (n — 1)-divisors, which degeneracies (defined below) are denoted by
"HX) (i e [1;n]), TV (X) and 7,5 (X) (i € [1;n — 1]) which live
in n-RectDiv. 7 7

Tt
ei71

(n — 1)-RectDiv ———— n-RectDiv.

n—1,+
Fni

If X € (n— 1)-RectDiv, then ezgl(X ) is defined inductively as follow.
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e If X € (n—1)-RectDiv is a basic (n—1)-divisor, then we put eZ;l(X) =
171(X) (if X € BDiv, see 5 for the definition of 177 (X));

o If X, X’ € (n — 1)-RectDiv such that X o;?_l X' € (n — 1)-RectDiv is
well defined, then

_ eZ;l(Xo?*1 X’) :Enfl(X) on Enfl(X/) f1<i<j<n—1;

n,i J+1 "ng
— X T X = (X)X i 1< <i<n.

If X € (n— 1)-RectDiv, then FZ;I’“’(X) (v € {—,+}) is defined induc-
tively as follow.

o If X € (n—1)-RectDiv is a basic (n—1)-divisor, then we put FZ;LW(X)
= 17,"7(X) (if X € BDiv, see 5 for the definition of 177 (X));

e If X, X' € (n—1)-RectDiv such that X o;?_l X' € (n—1)-RectDiv, is
well defined, then

_ FZTZ‘L’Y(X O?fl X/) _ anl,'y(X) O?—l—l anl,'y(X,) f1<i<j<

n,: n,u
n—1
I (Xl X)) =T (X))ol T (XY if 1< j<i<n—1
— First transport laws: for 1 <j <n—1
1,+ 1 #}
n—1, _
ey = g B L
. , — |"ni e
n,J J EZ,jJrl(X) Fn,j (XI) J

where this notation means:
It (X ol X)) = (Mn MM (X) of en (X)) ofya (en
= (Op 5 (X) o4 en11(X)) of (en

n,j

(X) of T7 (X))
(X) of4a I ;X))

(interchange laws)

— Second transport laws: for 1 <j<n-—1

J
—1,— _ e
nfl,f(Xonle/): FZ,j (X) eﬁ,jil(X’) -
n,J J EZEI(X/) FZEL_(XI) J+ l
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where this notation means:

b (X ol X ) = (Tn V7 (X) of en b (X)) ofyy (en (X)) of TR BT (X))

= (I} 17 (X) ofr en 5 (X)) ©f (en4a (X7 ofa T 7 (X1))

(interchange laws)

We finish the definition of n-RectDiv by equipping it with the congru-
ences specific to the unities.

Axioms 3 (Unities). If X € n-RectDiv then
X ot ey (X)) =X, and €)' (on_ (X)) o} X = X;

D 0 P T (X) = €y 4 (X), and T (X) o) T, (X) =

n+l,j J n+l,j n+1,j J+1 " n+l,j
n
€n+1,j(X>'
3 n—1 pn—1,— n—1,+,
It is easy to see that the maps €ni s Lns L
—1,—
T
—_
en—_l
. n,i .
(n — 1)-RectDiv ————— n-RectDiv,
_
Fn_1a+

n,i

are well defined because they respect congruences, i.e if x = y in (n —
: -1 — n—1 n—1,y _ rn—1lyy . .

1)-RectDiv then 3" (z) = €, (y) and I'; ;7 '(z) =T, ;' (y) in n-RectDiv.

Let us denote by e-RectDiv this cubical strict co-category with connections,

we have

Theorem 6.7. e-RectDiv is the free cubical strict oo-category with connec-
tions on the terminal object 1 € CSets.

The cells in the cubical strict co-category e-RectDiv are our models of
cubical pasting diagrams. Also for each n € N, elements of the set n-RectDiv
are n-cubical sets, thus we put

Definition 6.8. The full subcategory ©g C CSets which objects are cells of

the cubical strict oo-category e-RectDiv defined above is called the cubical
Oo.
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Remark 6.9. The axioms of unities describe above 3 by congruences of
terms are expressible with commutative diagrams for a projective sketch,
as the one described in [3] for the axioms of interchange laws. In [3] these
axioms were expressed in the level of models, this is the reason why we
used a projective sketch for such diagrammatical formulation. We can also
use inductive sketches to express these axioms, for example the congruences

62;1(02_17]-()()) o X = X are encoded by the following cocones.

_1"'
Tn-1,(X) ey X
B . _
—1 .
(-1 7h-1.4%n. “idx
n,J :
-1
Ez,j ( Z—l,j(X)) X
mn
n—1,j

szl,j(X )

Objects of O are built with inductive sketches (see 7) because ©¢ has
to be seen as the main category of arities (in the sense of logic) for the
theory of cubical oco-category theory. The slogan of sketch theory could
be: the syntax (logic) is diagrammatically governed by inductive sketches,
and the semantic (structures, models) is diagrammatically governed by the

projective sketches.

The inductive definition of cubical pasting diagrams shows the crucial
role of coordinates which is to be guides to build terms with cubical shapes:
if X and X' are basic n-divisors such that t,_; ,(X) = sp_; ;(X’) then
the term X o7 X " means that X and X’ are located in the network Z" with
coordinates which are j-adjacent. The induction above plus the congruences
show that rectangular n-divisors are first of all just rectangular filling of the
network Z™ by basic n-divisors. Thus each X € n-RectDiv is characterized
by an n-configuration C), in which in each coordinates dx};i € C), is located
a basic n-divisor Adxi:i, such that if two basic n-divisors are located in two
coordinates which are j-adjacent (j € [1,n]), then these basic n-divisors
must be j-adjacent (see 5.3), and furthermore we demand that in these datas
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some sub terms of X must be congruents (3). Let us write X € n-RectDiv
as follow ‘ | |
X = Aydajy + -+ Adzyy + -+ Arda,

where this writing means that the Alda:fgl_ (for I € [1;#C,]) are located in

deZ_ € (), and where here the n-configuration C,, of X is written
CLL::dx;%—%~--+—dx2£4—---+-dm;?

where here r = #C),, = my---my, if C, = [1;mq]] x -+ x [1;m;] x -+ x
[1;my]. When we write

X:mw@+m+mm;+~+mw%

then the elements of the set {Aldaj Aldwkl, e A d:z:kr} are the basic

n-divisors of X, and X can be seen as its n- conﬁguratlon C’ weighted by
this set of basic n-divisors, where this set is also equipped with congruences
coming from the axioms of unities. Thus X is given by the couple of sets

({Aldx;l, e ,Ard:c};,;«}, C)) where {Aldﬂfiil, e ,Ardasfcg} and C), are in bi-

jection, and this bijection comes from a morphism of n-cubical set (see also
6.10). When we say that X’ C X is a sub rectangular n-divisor of X, it
means that we considered X’ equipped with a sub n-configuration C;, C C

weighted by basic n-divisors A’ da:k such that dmk € C]. The sketch Ec,, of
C,, described above shows remarkable subsets of C’ for example we defined

i - C’n, as a formal gluing along the direction

J € [1;n] of the n—conﬁguratlons Clolittki - o where kj € [1;m;] and
where (lj41, -+ ,ln) € [1;mj41] x -+ x [1;my] was fixed, and we formally
described the following oj-cocone of Ec,,-

the n-configuration C’

Clm‘”,lj+1
n
R L S
Cln7"'~,lj+171 Clna"'glj+172 Clna"'sljJrl»mj*l Cn7 colig1,my
n n n

N/ N S

{05} {o;}
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When we weight these n-configurations with the basic n-divisors of X
we obtain sub rectangular n divisors of X corresponding to these sub n-
configurations; thus X b+ C X is the sub rectangular n-divisor of

X corresponding to the n-configuration Cle l]“, and X'lnoliviki gre
the sub rectangular n-divisors of X corresponding to the n-configurations

lny i1, .
Cly itk 7 (k;j € [1;m;]); and the oj-cocone above of Ec,, gives the follow-
ing oj-cocone of £x (more precision are provided in 7):
Xl i1
DA A P )
Xin Xlnooliv,2 o0 Xlnoslipmy—1 Xlnysljrmy

p— n
=0On—1,4

n — n n
Tn—1,j = On-1,5 Tn—1,j

when &, is weighted by the set of basic n-divisors of X; here 7’77 15 =
at the bottom left means 7. (Xl"’ - ]+1,1) =o)_ 1](Xl"’ “olj+1, )

at the bottorn rlght means 7, ; (X tnosbirmg =1y

n
On—1,5
n _ TL
and 7)) 1 = On_1,
lny e slj41,m
n 13(‘)(n it J)

Remark 6.10. If X € n-RectDiv, then another possibility for its notation
is to describe it as a morphism of n-cubical set:

Cn —=— R(1)
where R(1) is the free reflexive cubical set on a terminal object 1 € CSets,
and where R is the underlying endofunctor of the monad R = (R, i, m) of
cubical reflexive sets with connections described in 5. We recall that the
cubical structure on C), is given by the contractions of coordinates. With
this description, the underlying map of sets for n-cubes’
X(n)
Cn ——— R(1)(n)

and we see that it induces a bijection of C), on the image of X (n). This
description of X as morphism of n-cubical sets is interesting but for appli-
cations (see [5]) we need more concrete notation as the one given above.

"Here C,, is seen as a set.
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7 Cubical inductive sketches

Let X = Alda:;;1 + et Ald:cil_ + -4 Ardmi;_r be an n-divisor where C,, =

da:;l +- dacfcl_ +- 1+ dw};g is its m-configuration given by
Cn = [1;mq] x -+ x [1;m;] x -+ x [1;my,].

The sketch® Ex associated to X is provided by several underlying sketches
Ec,, associated to its n-configuration C,, (see 6) called the (oj,,0j, .,
-, 04, )-decompositions of C,, (see 6.5) where j; € [1;n] and j; # jj if
i # k. Thanks to the congruences in 1 and 2, all these sketches provide
equivalent formulation of £x, and in order to simplify the theory we shall
use the (op,0,_1," - ,01)-decomposition of C,, which has been accurately
described in the beginning of Section 6. The sketch £x is thus given by the
(0, 0n—1," - ,01)-decomposition of C,, weighted by the basic n-divisors of
X. Thus Ex consists of

e The my - --m,, oj-cocones Sé? 2 (first floor cocones), where (l2, - -+ , 1) €
[1;ma] x - X [1;ma]:

Xl ol
ST Ve
Xlnyolal Xlnool2,2, L e, ylzma—1 Xlnsrl2,ma
g /1 1 \ /
n—1,1
T 1,1 = (g 1,1 nll nll

here 77'_, | = o)'_; ; at the bottom left means
n Inyol2ly _ n Tnye 12,2
(X =g g (X,
and 7)_; ; = o0,/_;; at the bottom right means

T (Xl = g (Xl

8This kind of sketches are known under the name Trames in [7].
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i1
7*1 (j-floor cocones), where (141,

ny
e The mjiq---my oj-cocones &y

ln) € [Lymjqa] x -+ x [1;my]:
Xln,~- j41
YA Y
Xlnoeolirasl Xlnrslir,2 o0 Xlnsesljpr,my—1 Xlnoolivrmg
Tn—1. n Tn-1
Tn—1 g
n J— n
Tn—-1,j = In—1,

n J— n
Tn—1,j = On—-1,5

here 7 4 ; = op_; ; at the bottom left means
Inyy Ay o n In,yoe s ,2
Tn— l,j(X " b ) =0On—1 (X " b )

. at the bottom right means

and 7, ; =0, 4
(Xlnw +1,m])

Tn— LJ(le” 1M 1)_0n 1,5

e The unique o,-cocone of X (n-floor cocone):

X
R by /—_(’
Xl : X2 an—l
n RSP n
Tn—1,n Tn—1,n
n n n R
Tn—l,n - Un—l,n 7_n—l,n -
n at the bottom left means

n —

here Thm = On-1n
1 (X1) = op g (XP)

7—nfl,n - Unfl,n ’

and 7/ 4, = o,_; , at the bottom right means

7_7711— (an_l) _Un 1n(an)
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As we saw in 6, the mg - - - m,, o1-cocones 5? o2 (first floor cocones of
X), where (la,---,1,) € [1;ma] x -+ x [1;my]:

Xlna"'1l2
IR S U AN SR
Xl d2,l Xbnod22 L Xl damy—1 Yo l2ma
11 O 11
77?71,1 Tho1,1
n n n n
Tn—1,1 = On—1,1 Tn-1,1 = On-1,1

are such that the mq---m, n-configurations X' 2k (k€ [1;m4])
are singletons, and then, they are just the mjq ---m, basic n-divisors of
X, where their sources are by definition oy, _;; := s;;_; ; and their targets

are by definition 7 ;, = ¢ _;, (see 5). And thus we can improve the

description of the first floor of £x by writing its oj-cocones 5@?’“”12 with
their specific sources and targets:

Xlnyosle
R S A (R
Xln7"'al271 Xln7"'71272...Xlna"'al27m1_1 Xl'rz7"'7l2;m1
o 52—1,1 S2—1,1
n—1,1
n — n
lh—11=5n-11 ln—11 = Sn—1,1

By definition each rectangular n-divisor X is an n-cell of e-RectDiv,
it is therefore an n-cube; let us denote by f,(X) the finite set of p-faces
(0 < p < n—1) of this n-cube X, thus f,(X) C p-RectDiv is a finite
subset of rectangular p-divisors, and X seen as an n-cube may be depicted
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diagrammatically as follow.

3
|
[

3

*} 4
N 93,4
‘7::—1,] ‘731,3 ‘73,3
N ”g,z Ug,z U%,Q
on_ 1,1 ‘Tg,l ‘73,1 Uil Ué
{Xx} fn—1(X) -+ fa(X) f3(X) f2(X) fi(X) fo(X)
= " 4 3 2 1
n—1,1 T3,1 T2,1 Ti1 o
e 4 3 2
73,2 72,2 T1,2
T lg "'i,s 3
_ T3,4
Thn—1,n

This n-cube structure on X transfers to an n-cube structure on its sketch
Ex; indeed if 2 € f,(X) is a p-face of X thus it is a rectangular p-divisor
which sketch is &;; therefore if we define the sets: f,(Ex) = {&€/x € fp(X)}
(p € [0;n — 1]), it highlights the following n-cube in Sets:

Q

33
|

=

3

45.' 4
a-:ilfl‘] U§,3 ‘73,3
— I —5 2
93,2 T2.2 T1,2
wor 7 —57 57 1
& Ex) - fa(€ & & & &
{ )(}7714> Jn-1(Ex) - fa(Ex) S f3(Ex) — J2(Ex) s J1(€x) : Jo(€x)
— T T T T
. 73, T2, T1,2
Tho1, Ty T,
> =5 '
73,4
g

=l
3

|
—
3

where 0 1 x(&) =& (4 and TP 1k(&2) =& (o i & € fp(Ex);
p—1,k p— p—1,k
therefore the sources and targets of this n-cubical set £x send sketches to
sketches.
Consider now the sketches & (x) == U fp(éx) = U & forallp e

z€ fp(X)
[0;n — 1], i.e we consider the sketch Ef,(x) obtained as the union of all

cocones inside all sketches &, where x € f,(X) are the p-faces of X; in this
case it highlights the following (n — 1)-cubical object in the category Sketch
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of sketches.
n—1
Tn—2,n—1
U§,4
Wi —a 3
On—2j 93,3 02,3
— — —5
93,2 T2,2 T1,2
Wi —a 3 5
Tp—21 93,1 92,1 91,1 [ef]
& & & E & E &
X N fn—1(X) "7 Cf5(X) . fa(X) N f3(X) N f2(X) N f1(X)
™, Tan T T %
n—2,1 , , ,
k4 — — —
T§2 "'; 2 Tf 2
1 2 )
T;Z:g,g 73,3 T2.3
T§,4
v —1
T am—1

As a matter of fact the cocones in & C & (x) can be seen as ways of
gluing of rectangular p-divisors along some rectangular (p — 1)-divisors, and
thus the integer (p — 1) is the dimension the sketch &, (x) must have if we
want to identify a cubical object in Sketch inherited from the rectangular
n-divisor X.

In order to justify the existence of this cubical object in Sketch we need
to describe the sources ap ok and the targets 7' 2 » Which now must be
morphisms of sketches, i. e are maps which send cocone to cocone. A (p—1)-
cell in & (x) is a cocone in some &, where x € fp(X), and cocones in &, are
the one which belong to the ﬁrst floor cocones until the p-floor cocones of
E.; in fact we will show that 0 2 & and 7' 21 i send cocones of the first floor
of &, to respectively cocones of the first ﬂoor of £ » @ C &, 1 (x) and

p 1
to cocones of the first floor of £ » L@ C Efp 1 (X)s where k and &' can be
p—1,k'
different or sometimes can be equal (see below). For cocones of the other
floors the actions of aﬁ:; . and 7'5—_21,19 are described similarly.

If 2 = Ald:nz_l + -+ Aldxz,l_ + .-+ + A,dzl, is a rectangular p-divisor

(z € fp(X)) equipped with the p-configuration C}, = [1;m1] x - - - x [1;mp],

J—
as we see above &2 has mq - - -my, oj-cocones &,;” (first floor cocones of

9We deliberately use similar notation for &, as for £x.



Combinatorial approach of the category ©q of cubical pasting ... 41

x), where (lg, -+ ,1,) € [L;ma] x -+ x [1;mp]:

l

ploseeola
LT m Y
plorsl2,1 plosol2:2 Lo plpyeeslz,ma—1 plosesl2,ma
P P
Sp—1,1 Sp—1,1
P ’ P v
p—1,1 p—1,1
p Y p __ 4P
tp—l,l - tp—l,l tp—l,l - tp—l,l

The bases of these cocones are such that op 11 = 55 1,
tP

p—1,1 because for all k; € [1;m1], the rectangular p-divisors xler 12”“1 are
just ‘basic p-divisors; a fragment d:

1amd 1=

lz,k’l— l27k1

N

—11—0

7

of these cocones is called a 1-gluing data of x; more generally a j-gluing
data d of x is a cocone of the following shape

Aldx;d Al/ daczl_,

P
tp 1,5

(Aldx )

pl]

where A;dzt

K Al'dez/ belong to the set of basic p-divisors of z; we are

going to describe the action of a;’:% . and 75:21 , on these j-gluing datas of

. . . . lpyeesl
x, because this action is similar and extend easily on its oj-cocones £,

and we also deliberately treat the general case of j € [1;p] (and not only
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the case j = 1 of the first floor above) because this general case cover all
cocones in &, (for all floors). When in &, gluing of rectangular p-divisors
are involved, we just replace s with o and ¢ with 7 in the computations; here

1 1 1 L )
5 ok = sg 2. and T 2 &= tg 5., because only basic divisors are involved.

We describe these morphisms of sketches by defining cocones sz ; p(d)

and tﬁ ;k(d) as precomposition of the j-gluing data d just above

Aldﬂj;i Al’dx24’
Sp-1j
ti 1,5
A’dxzé \j
where we write A’ =t} 1j(Aldeé) = 3§_1J(Al’d37kz/) consider now As” =
sp_ 2/,C(A’) A =t ;k(A ), and the maps

-1 —1
t —2,k

A d, \ (7, B Aldaiy \ G, AT drg, \ (G k) —= Aldag, \

The maps sg:;k, - ;k send each cocone d of &, to cocones s)~ ;,k(d)v
1 .
tz 5 x(d) respectively in the sketches gSZq,M("B) C &1 (x) gti—l,k’(r) -
E fo_1(X)> by the precompositions

A i\ (G, F)
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A%dat, \ (G )

For this description of the maps s” tp:é » We just use cubical iden-

tities as describe in [3].

p— 2k7

e When j = k we obtain sg:;k(d) by using the diagram

Aldac‘ L/dx
P
“p—1,5+
p 1,5 P 1,5+1
A’dacil \ j Al dackl \ j A’dx;l \ j
P 1 ég:; J
> p—
tp—2,j “p—2,k=j

Arda i\ (G, k)
7

where we denote A”dwi,,4 \ (4,k) = s (A’d:nkl \ 7)-
Remark 7.1. Of course we have also
(A’dxkl \Jj) = (A dekl \Jj)= ;J(A/dxz;ﬁ \7),

but in: tg 2](A’alyc/,gl\j) =t ;](A’)dxkl\(] j),and in: sp~ 2j(A’alJ:kl\

7)=s,_ 2](A’)alajkl\(j 7), the basic divisors A”, ¢/~ 2](A’) and sp~ 2J(A’)
are not necessarlly equals.
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And thus the morphism of sketches s k sends d to the following

cocone sp_2 (@) of the sketch & v ,+1($):
1,5

Aldai, \ j Alday, \ j

A7daii \ ()

And we obtain tz:; .(d) by using the diagram

Ayda? Ay dat
ldgcké l,dxkl’
i
Sp
p—1,j+ +P ) p—1 +P
p—1,j p—1,j+1
A Al 3 Al i :
dwkl \J da\cké \J dwké \ Jj
p—1
s
= p—2,j
t p—1
P=2,j tp—2 kjw

Ardar y \ (G k)
z

where we denote A”d:v;'d,l \ (4,k) = tz ;k(A,del \ j), and thus the

morphism of sketches tp ok sends d to the following cocone tp 2, k(d)
of the sketch &

p—l,j+1(z)

A’dajzl \j A’dmzl_ \ j

A7daii \ ()
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e When k < j then we obtain Szié,k(d) by using the diagram

A’dziL \ j A’d:c';cl \ j A’dzil_ \ j
i i
Avda )\ (5, k)
k2

where we denote A”dmfﬁ,,l_ \ (j, k) = sz:; k(A’da:;; \ 7).
Remark 7.2. Of course we have also
5 g a (Al \ ) = 075 (A \ ) = )75 5y (Aldafy \ )

but in t7~ éj 1(A’dx§€l \Jj)=1t" éj 1(A’)dle\(jj—l) and in

sy 23 1(A'dxkl \Jj) = s,_ 2] l(A/)dxkl \ (4,7 — 1) the basic divisors

A ) j1(A") and s~ - j—1(A’) are not necessarily equals.

And thus the morphism of sketches sg:; i sends d to the following

)

cocone sp 5 4(d) of the sketch Ep (-
p—1,

A’daszl \j

Ardat,,\ (g — 1)
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And we obtain tg:; . (d) by using the diagram

Ayda® Ay dat
l Kl U
3
P I3
tp—1 WP Sp—1 P
p—1,5 p—1,k
Alda )\ Aldzi \ j Aldz, \ j
k Kl k
p—1
s
p—1 _ p—2,j—1
t p—1
p—2,j—1 tp—2 k]‘

Ardar |\ (G, )
:

where we denote A”d:r?w \ (4, k) = tz ;k(A/d:I}Zl \ j), and thus the

morphism of sketches t k sends d to the following cocone tp 9 k(d)
of the sketch & (4
p—4

Aldzi, \ j Aldzy, \ j

A”dx;ﬁ”l_ \ (],j —1

e When k > j then we obtain Sﬁ:é,k(d) by using the diagram

Aldp Al/dm

o B a

Aldaly \ Adzl\] Aldaly \
i

P11
P —2,5
P o P—2,j
t ~ p—1
P—2,j SP_QJJ

where we denote A”dwi,,é \ (4, k) = :sZ:%JC(A’dacZé \ 7)-
Remark 7.3. Of course we have also

ph (A \ ) = $57) (Aldaty \ ) = sh 5 (Alday \ ),
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but in ¢}~ 2J(A/dfl)kl\]) — ] (A’)d:z:kl\(] j)and sp~ 2](A/d{l}kl\])

P—2,3
Sy 2J(A’)d:):kl \ (j,j) the basic divisors A”, *~_2 (A’) and s"~} (A"

’ 'p—2,j p2]

are not necessarlly equals.

And thus the morphism of sketches sg ;k sends d to the following
cocone sP~}  (d) of the sketch Ep .
p—2,k 1(m)

A’dajzl_ \ j A’dle_ \ j

A7daii \ ()

And we obtain tg:; . (d) by using the diagram

i i
Aldackl Al’dwkl./

Avdzt N\ (G, F)

where we denote A”dazz,,l \ (4. k) =t~ ék(A’dazZl \ 7), and thus the
morphism of sketches tp o, sends d to the following cocone tp 2, k(d)

of the sketch &

p—1 k+l( )

A’dajzl \j A’d:le_ \ j

A7daii \ ()
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which finalize our description of the (n — 1)-cubical object in the cat-
egory Sketch of sketches associated to the rectangular n-divisor X.

Remark 7.4. It is interesting to see that the 1-faces x € f1(X) of X are
all of the form

x = Aodxd + -+ Ayda] -+ Apdal,

where any basic divisor 4;dz} of x can be 1(1)dz; or 19(1(0))dxz{, and the
sketch &, (x) is a set of cocones of the form

X

Aoda:(l) “ Aldx% AT,ld:c}q_l Adz}

where A denotes the unique 0-cell 1(0) of the cubical site C.
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