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Abstract. In this paper, first we introduce the notions of an (m,n)-
hyperideal and a generalized (m, n)-hyperideal in an ordered semihypergroup,
and then, some properties of these hyperideals are studied. Thereafter, we
characterize (m, n)-regularity, (m, 0)-regularity, and (0, n)-regularity of an or-
dered semihypergroup in terms of its (m,n)-hyperideals, (m,0)-hyperideals
and (0,n)-hyperideals, respectively. The relations »Z,Zn, H;,, and B;, on
an ordered semihypergroup are, then, introduced. We prove that By, C H,
on an ordered semihypergroup and provide a condition under which equality
holds in the above inclusion. We also show that the (m,0)-regularity [(0,n)-
regularity] of an element induce the (m,0)-regularity [(0,n)-regularity| of
the whole Hj,-class containing that element as well as the fact that (m,n)-
regularity and (m, n)-right weakly regularity of an element induce the (m,n)-
regularity and (m,n)-right weakly regularity of the whole By, -class and H7;,-
class containing that element, respectively.
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1 Introduction and preliminaries

By an ordered semigroup, we mean an algebraic structure (S, <), which
satisfies the following conditions: (1) S is a semigroup with respect to the
multiplication “”; (2) S is a partially ordered set by <; (3) if a and b are
elements of S such that a < b, then ac < be and ca < ¢b for all ¢ € S.
Many authors, especially Alimov [1], Clifford [2-4|, Hion [13], Conrad [5],
and Kehayopulu [15] studied such semigroups with some restrictions.

In 1934, Marty [21] introduced the concept of a hyperstructure and
defined hypergroup. Later on several authors studied hyperstructure in
various algebraic structures such as rings, semirings, semigroups, ordered
semigroups, ['-semigroups and Ternary semigroups, etc. The concept of a
semihypergroup is a generalization of the concept of a semigroup and many
classical notions such as of ideals, quasi-ideals and bi-ideals defined in semi-
groups and regular semigroups have been generalized to semihypergroups
(see [8, 9] for other related notions and results on semihypergroups). In [14],
Heidari and Davvaz introduced the notion of an ordered semihypergroup
as a generalization of the notion of an ordered semigroup. Davvaz et al.
in [6, 7, 14, 22, 23, 25, 26] studied some properties of hyperideals and bi-
hyperideals in ordered semihypergroups. Lajos [16] introduced the concept
of (m, n)-ideals in semigroups (see also [17-19]). In [12], the authors defined
the notion of an (m,n)-quasi-hyperideal in a semihypergroup and investi-
gated several properties of these (m,n)-quasi-hyperideals.

A hyperoperation on a non-empty set H is a map o : H x H — P*(H)
where P*(H) = P(H)\ {0} (the set of all non-empty subsets of H). In such
a case, H is called a hypergroupoid. Let H be a hypergroupoid and A, B be
any non-empty subsets of H. Then

AoB= | aob.
a€AbeEB
We shall write, in whatever follows, Aoz instead of Ao{x} and z o A instead
of {z} o A, for any = € H. Also, for simplicity, throughout the paper, we
shall write A" for Ao Ao---0 A (n — copies of A) for any n € Z*. Also
the integers m, n will stand for positive integers throughout the paper until
and unless otherwise specified. Moreover, the hypergroupoid H is called a
semihypergroup if, for all z,y,z € H,

(roy)oz=wo(yoz)
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that is,

U uoz= | zow.

ucxroy veyoz

A non-empty subset T of a semihypergroup H is called a subsemihypergroup
of HifToT CT.

Let H be a non-empty set, the triplet (H, o, <) is called an ordered semi-
hypergroup if (H,o) is a semihypergroup and (H, <) is a partially ordered
set such that

r<y=>zroz<yozand zox<zoy

for all x,y,z € H. Here, if A and B are non-empty subsets of H, then we
say that A < B if for every a € A there exists b € B such that a < b.

Let H be an ordered semihypergroup. For a non-empty subset A of H,
we denote (A] = {x € H | x < a for some a € A}. A non-empty subset
A of H is called idempotent if A = (Ao A]. A non-empty subset A of
H is called left (right)-hyperideal 7] of H it Ho A C A(Ao H C A) and
(A] € A. A non-empty subset J of H is called a hyperideal of H if J is both
a left hyperideal and a right hyperideal of H. A subsemihypergroup (non-
empty subset) B of an ordered semihypergroup H is called a bi-hyperideal
(generalized bi-hyperideal) of H if Bo Ho B C B and (B] C B. An ordered
semihypergroup H is called regular (left-reqular, right-regular) 7] if for each
xe€H, x€(xoHozx|(x € (Hoxox],x € (xoxoH]).

Lemma 1.1. [7| Let H be an ordered semihypergroup and A, B be any
non-empty subsets of H. Then the following conditions hold:

(i) A C (A);
(i) AC B= (A] C (B];
(iii) (A] o (B] € (Ao BJ;
(iv) ((A] o (B]] = (Ao BJ;
(v) (AJu(B] = (AU BJ.

2 (m,0)-hyperideals, (0,n)-hyperideals and (m, n)-hyperideals
in ordered semihypergroups

In this section, the notions of (m,n)-hyperideals and generalized (m,n)-
hyperideals in ordered semihypergroups are introduced. Moreover, impor-
tant some properties of these hyperideals are studied.
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Definition 2.1. Let H be an ordered semihypergroup and m, n be the pos-
itive integers. Then a subsemihypergroup (respectively, non-empty subset)
A of H is called an (respectively, generalized) (m,n)-hyperideal of H if

(i) A" o H o A™ C A; and

(i) (A] C A.

Note that in Definition 2.1, if m = 1 = n, then A is called a (gen-
eralized) bi-hyperideal of H. Moreover, a (generalized) bi-hyperideal of an
ordered semihypergroup H is an (generalized) (m, n)-hyperideal of H for all
positive integers m and n. It is clear that, for positive integers m and n,
the notion of (generalized) (m,n)-hyperideal of H is a generalization of the
notion of (generalized) bi-hyperideal of H. The following example shows
that a generalized (m,n)-hyperideal of H need not be an (m,n)-hyperideal
and generalized bi-hyperideal of H.

Example 2.2. Let H = {a,b,c,d}. Define the hyperoperation o and order
< on H as follows:

‘ a b c d
{a} {a} {a} {a}
{a} {a} {a} {a}
{a} {a} {a}  {a,b}
{a} {a} {a,b} {a,b,c}
<:={(a,a), (b,b),(c,c),(d,d),(a,b)}.

The covering relation < and the figure of H are as follows:

<:={(a,b)}

QUL O Q|0

cCe o d

LO—O >

Then H is an ordered semihypergroup. The subset {a,d} of H is a gener-
alized (m,n)-hyperideal of H for all integers m,n > 2 which is neither an
(m,n)-hyperideal nor a generalized bi-hyperideal of H.
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Definition 2.3. [20] Let H be an ordered semihypergroup and m,n be
positive integers. Then a subsemihypergroup A of H is called an (m,0)-
hyperideal (respectively, (0, n)-hyperideal) of H if

(i) A™ o H C A (respectively, H o A" C A); and

(i) (A] C A.

In Definition 2.3, if m = 1 = n, then A is called a right hyperideal
(left hyperideal) of H. Clearly, each right hyperideal (respectively, left hy-
perideal) of H is an (m,0)-hyperideal for each positive integer m (respec-
tively, (0, n)-hyperideal for each positive integer n), that is, the notion of an
(m, 0)-hyperideal ((0,n)-hyperideal) of H is a generalization of the notion
of a right hyperideal (respectively, left hyperideal) of H. Conversely, an
(m,0)-hyperideal (respectively, (0,n)-hyperideal) of H need not be a right
hyperideal (respectively, left hyperideal) of H. We illustrate it by the fol-
lowing example.

Example 2.4. Let H = {a,b, ¢, d}. Define the hyperoperation o and order
< on H as follows:

‘ a b c d
{a} {a} Ao}  {a}
{a} {a} {a}  {a}
{a} {a} {a,b} {a,b}
{a} {a} {a,b} {a}

<:={(a,a),(b,b),(c,c),(d,d),(a,b),(a,c)}.

QUL O Q|0

The covering relation < and the figure of H are as follows:

<:={(a,b), (a,c)}
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Then H is an ordered semihypergroup. It is easy to verify that the subset
A ={a,d} of H is an (m,0)-hyperideal and a (0, n)-hyperideal of H for all
integers m,n > 2, but it is neither a right hyperideal nor a left hyperideal
of H.

Remark 2.5. Let H be an ordered semihypergroup, m > 2 be any positive
integer and B be any non-empty subset of H. Then (B"™UBo Ho B™]is a
(generalized) bi-hyperideal of H. Indeed, (B™UBoHoB™]o(B™UJUBoHo
B™ C ((B™UBoHoB™)o(B™UBoHoB™)] = (B™oB™UB™oBoHoB™U
BoHoB™oB"™UBoHoB™oBoHoB™| C (BoHoB™| C (B™UBoHoB™|
and (B"UBoHoB™oHo(B™"UBoHoB™ C(B"oHUBoHoB™o
H]o(B™MUBoHoB™| C (B™"oHoB™UBmoHoBoHoB™UBoHoB™o
HoB™UBoHoB™oHoBoHoB™|C (BoHoB™| C (B™UBoHoB™|.

Note that in Remark 2.5, if m = 1, then (BU Bo H o B) is a generalized
bi-hyperideal of H which is not a bi-hyperideal of H. Thus (B"UBoHoB™)
is a generalized bi-hyperideal of H for each positive integer m.

Theorem 2.6. Let B be a non-empty subset of an ordered semihypergroup
H and let m > 2 be any positive integer. Then the following are equivalent:
(i) B is a (1, m)-hyperideal of H;

(ii) B is a left hyperideal of some bi-hyperideals of H;
(iii) B is a bi-hyperideal of some left hyperideals of H ;
(iv) B is a (0, m)-hyperideal of some right hyperideals of H ;

(v) B is a right hyperideal of some (0, m)-hyperideals of H.

Proof. (i) = (ii) Let B be a (1, m)-hyperideal of H. So BoB C B,(B]C B
and B o H o B™ C B. Therefore, (B™ UBo HoB™oB=(B™UBoHo
B™ o (B] C (B™"'UBoHoB™! C (B"'UBoHoB" C (B]=B.
If b € B, then h € (B™U B o H o B™] such that h < b. As h € H and
B is a (1,m)-hyperideal of H, h € B. Hence, B is a left hyperideal of the
bi-hyperideal (B™ U Bo S o B™] of H.

(ii) = (iii) Let B be a left hyperideal of a bi-hyperideal A of H. So
BCA AoBC Band AoHoAC A. Therefore, BoBC Ao B C B and
Bo(BUHoB|oB=(B]lo(BUHoB]o(B]C(Bo(BUHoB)]o(B]C
(Bo(BUHoB)oB]C (B?UB*>0HoB? C (A20BUAocAoHoAoB]C
(AcBUAoAoB]C(BUAoB]C (B]=B. Letbe B,h€ (BUH o B]
such that h <b. Asbe BC A,be A. So h € A. Thus h € B. Hence, B is
a bi-hyperideal of the left hyperideal (B U H o B] of H.
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(iii) = (iv) Let B be a bi-hyperideal of a left hyperideal L of H. Then
BCL, BoLoBC Band HoL C L. Therefore, (BUB o H]oB™ C
(BUBoH]o(B™ C (B™"UBoHoB™ C (BUBo(HoB™ %) oLoB]C
(BUBoHoLoB]=(BUBo(HoL)oB]|C(BUBoLoB]=(B]=B8B.
Let b€ B, h€ (BUBo H| such that h <b. AsBC L, be L. SoheL
and, thus, h € B. Hence, B is a (0, m)-hyperideal of the right hyperideal
(BUBo H] of H.

(iv) = (v) Let B be a (0, m)-hyperideal of a right hyperideal R of H. So
B C R, RoB™ C Band RoH C R. Therefore, Bo(BUHoB™| C (B]o(BU
HoB™] C (B?UBoHoB™ C (BURoHoB™ C (BURoB™] = (B]=B.
Let b € B, h € (BU H o B™] be such that h < b. As BC R, b € R.
So h € R which implies that h € B. Hence, B is a right hyperideal of the
(0, m)-hyperideal (BU H o B™] of H.

(v) = (i) Let B be a right hyperideal of a (0, m)-hyperideal A of H.
Thus B C A, BoA C B and Ho A™ C A. Therefore, Bo Ho B™ C
BoHoA™ C BoA C B. Let b € B, h € H be such that h < b. As
B C R, we have b € R. Therefore, h € R and, thus, h € B. Hence, B is a
(1,m)-hyperideal of H. O

Definition 2.7. Let H be an ordered semihypergroup, m,n be positive
integers and A be any (generalized) (m,n)-hyperideal of H. Then A is said
to be a minimal (generalized) (m, n)-hyperideal of H if for every (generalized)
(m,n)-hyperideal B of H, B C A implies B = A.

Similarly, a minimal (m,0)-hyperideal and a minimal (0, n)-hyperideal of
H may be defined.

Lemma 2.8. Let H be an ordered semihypergroup, m > 2 be any positive
integer and B be a non-empty subset of H. Then B is a minimal (general-
ized) (m, m — 1)-hyperideal of H if and only if B is a minimal (generalized)
bi-hyperideal of H.

Proof. Let H be an ordered semihypergroup and B be a minimal (m,m—1)-
hyperideal of H. Since (B™ o H o B™ !|o(B™oHoB™ | C (B™"oHo
B™ 1 ((B"oHoB™ )"oHo((B™oHoB™ )"~ C (B™oHoB™ 1]
and ((B™oHoB™ ]| C (B™oHoB™ !]. Therefore, (B™oHoB™ !]is a
(m, m—1)-hyperideal of H such that (B™oHoB™~!] C B. So by minimality
of (m,m — 1)-hyperideal B of H, (B™ o Ho B™ '] = B. Now Bo B =
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(BmoHoBm—l]o(BmoHoBm—l] C ((BmOHOBm_l)O(BmOHOBm_I)} C
(BmoHoB™ '] = Band BoHoB = (B™oHoB™ Y oHo(B™oHoB™ 1] C
(BmoHoB™ '] = B. Therefore, B is bi-hyperideal of H. It remains to show
that B is a minimal bi-hyperideal of H, so assume that A is any bi-hyperideal
of H contained in B. Therefore, A is (m, m — 1)-hyperideal of H. Since B
is a minimal (m,m — 1)-hyperideal of H, B = A. Hence, B is a minimal bi-
hyperideal of H. For the converse, assume that B is a minimal bi-hyperideal
of H. As B"oHoB™ ! =Bo(B™" 'ocHoB™ 2 oBC BoHoBCB,B
is an (m, m — 1)-hyperideal of H. To show that B is a minimal (m,m — 1)-
hyperideal of H, let A be any (m,m — 1)-hyperideal of H such that A C B.
As (AmMoHo A™ Yo (AmMo Ho A" 1] C (AmoHo A" 1) o (A™ o H o
A ] = (Am o (Ho A™ 1o Am o H)o A1) C (A™ o H o A7 1] and
(Ao Ho A" o Ho(AMoHo A™ Y C (AmoHo A" 1) o Ho (A™o
HoA™ N = (Amo(HoA™ o HoAmo H)o A™ Y C (A™o H o AT,
(A™oHoA™ 1] is a bi-hyperideal of H. Since B is a minimal bi-hyperideal of
H and (AmoHoA™ Y C B, (A"oHoA™ ' = B. As (AmoHoA™ 1] C A,
B C A. Now, as A C B, we have A = B. Hence, B is a minimal (m, m — 1)-
hyperideal of H. O

Theorem 2.9. Let H be an ordered semihypergroup and {A; | i € I} be a set
of (m,n)-hyperideals of H. If (| A; # 0, then () A; is an (m,n)-hyperideal
i€l el

of H.

Proof. Assume that () A; # 0. Let x,y € [\ A;. Then, x,y € A; for each

i€l iel

i € I. As for each i € I, A; is an (m,n)-hyperideal, z oy C A;. Therefore,
xoy C () A;. Thus, () 4; is a subsemihypergroup of H. Next we show that

i€l el
(N A)™oHo () A)™ C ) A;. We have
el iel iel
(N A)™oHo ([ A)"
i€l el
- (Az)m oHo (Az)n (as ﬂ A; C ALV e I)

i€l
C A; (as A;’s are (m,n)-hyperideals).

Thus ([ 4;)™oHo(() A;)™ C ) A;. Finally, we show that ([ 4;] C () As.
iel iel iel iel iel
Let a € () Ai,h € H such that h < a. As a € A; for each i € I and A;’s
i€l



(m,n)-Hyperideals in ordered semihypergroups 51

are (m,n)-hyperideals, h € A; for each i € I. Therefore, h € [ A;, as
el

required. O
Theorem 2.10. [20] Let H be an ordered semihypergroup. Then the fol-
lowing conditions hold:

(i) Let {L; | i € I} be a set of (m,0)-hyperideals of H. If () L; # 0,

el
then () L; is an (m,0)-hyperideal of H.
el
(ii) Let {R; | i € I} be a set of (0,n)-hyperideals of H. If (\ R; # 0,
i€l
then () R; is a (0,n)-hyperideal of H.
el

Let H be an ordered semihypergroup and A be any non-empty subset
of H. We denote P = {J | J is an (m, n)-hyperideal of H containing A}.
Clearly, P # 0 since H € P. Let [Aln = (1jepJ. As A C J for each
J € P, [Almn # 0. By Theorem 1.9, [A],,  is an (m, n)-hyperideal of H
containing A. The (m,n)-hyperideal [A], , is called the (m,n)-hyperideal
of H generated by A. Similarly, [A],, 0 and [A]p , are called (m, 0)-hyperideal
and (0, n)-hyperideal of H generated by A, respectively.

Theorem 2.11. Let H be an ordered semihypergroup and A be a non-empty
subset of H. Then

[Almn = (U;ﬁin A'UA™ o H o A™]
for any positive integers m,n.

Proof. Clearly ([J™" AU A™ o H o A"] # (). Now we have
m+n m+n
(U AUA™oHo A" o( | A'UA™ o H o A"]
i—1 =1

m+tn m4n
C((U AudmoHodmo (| ATUA™ o H oA

m+n m+n m+n m+n
— (U a)o(U 40U Ao amoHo AP U(Am 0 Ho Ao (U A7)
i=1 i=1 i=1 =1
U(A™ o HoA")o (A™o H o A™)]

m4n +n
(U a0 (U ayuamon o (1).

Let 2 € (U™ A% o (U™ AY). Then, © € 2z o 2 for some 21,22 €
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Umi™ A% Then, 21 = AP,zp = A9 for some 1 < p,q < m + n. There
are two cases arising. If p+ ¢ < m +n, then z;3 0 zg C ™A', If
m+n < p+gq, then 21 0 29 C A™ o H o A". Therefore, in both cases
z1020 C UMM AAUAMoHo A", Asx € z1029, 2 € X" ATUA™ o Ho A",
Thuiﬁ (U:’:{" Ao (U™ AY) C U:f{” A'UA™oHo A", Therefore, from (1),
(UL " A'UA™ o Ho A o(UMt™ ATUA™ o Ho A" C (U™ APUA™ o Ho A™].
Hence, (U™ AU A™ o H o A"] is a subsemihypergroup of H containing
A. We have

m+n
(U AAUA™oHo A"])™ o H
zTnl-I—n . m+n
=(J AUAmoHo A")™ Lo (|J AlUA™ o Ho A" o H
=1 =1
m+n m+n
C(U AtuAmoHoA)" Lo( U AAc HUA™ o Ho A"o H|
i=1 =1
m+n
C(U A“UdAmoHo A")™ 1o (Ao H]
=1
m+n m4n
=(J A"UAmoHo A")™20( |J A'UA™ o Ho A" o (Ao H|
i=1 =1
m+4n m+tn
C(Y A'uA™oHo A"))m 20 ( Ao Ao HUA™oHo A" o Ao H]
i=1 =1
m+n

C( »!1 AtUA™ o Ho A™))™ Lo (A% 0 H]

_ (A™ o H].

Similarly, I o ((U?:{n A'U A™ o H o A"))™ C (H o A"]. Therefore, we have
((nﬁnm UA™o Ho A"])™o H o (("ij” AU A™ o H o A
C z(:A1m o Ho A" =
c (U atuAm o H o Am,

=1

Also (UM" ATUA™ o H o A)] C (UM A7U A™ o H o A]. Therefore,
(U™ A" U A™ o H o A™ is an (m,n)-hyperideal of H containing A. It
follows that [a],., € (4" A"UA™ o H o A™]. For the reverse inclusion, let
z e (UM™ ATUA™ o H o A, that is, there exist z € |JI1™" A/UA™ o0 Ho A"
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such that z < z. If 2 € U?:{nAi, then z = AP for some 1 < p < m + n.
Therefore, x € [A]n. If 2 € A™ o H o A", then

A" o Ho A" C ([Almn)™ o H o ([Almn)" C [Almn-

)

Therefore, z € [Al,,., implies x € [Al, . Hence, [Aly,, = (UM ATUA™ o
H o A™], as required. O

Theorem 2.12. [20] Let H be an ordered semihypergroup and A be any
non-empty subset of H. Then:

(i) [Almo = ( Q AU A™ o H);
(i) [Ao.n = ( '(]1 AU H o A7),

Theorem 2.13. Let H be an ordered semihypergroup and A be a non-empty
subset of H. Then

(([A]mm)m oHo ([A]m,n)n] == (Am oHo An]
for any positive integers m,n.

Proof. We have
([Almn)™ o H

m+n
=(J AAUA™oHo A"])™ o H
=1
m+n m4n
= (( AtUAm o Ho A")" Lo (U AAUA™ o Ho A" o H
i=1 i=1
m+n m+n
C(U AUAmoHoA"])™ 1o Ao HUA™o Ho A" o H]
i=1 =1
m+n
C(U AUAmoHoA")" 1o (Ao H|
=1
m+n m+n
=(J AUAmoHo A")™ 20 ( |J A'UA™ o Ho A" o (Ao H]
=1 =1
m+n m+n
C(U AuAmoHoA")" 20( Y AcAocHUA™oHo A" o Ao H|
i=1 =1
m+n
C( AU A™ o H o A"))™ 1o (A% 0 H]
=1

(2
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:: (A™ o HJ.

Similarly, H o ([A]mn)" € H o A™. Therefore, (([Almn)™ o H o ([Almn)"] C
(A™ o H o A™]. The reverse inclusion is obvious, that is, (A™ o H o A"] C
(([Alm,n)™ o H o ([A]m,n)"]. Hence, (([A]mn)™ o H o ([Almn)"] = (AT o Ho
A". O

Theorem 2.14. (20| Let H be an ordered semihypergroup and A be a non-
empty subset of H. Then

(1) (([A]m,0)™ o H] = (A™ o H] for any positive integer m.

(ii) (H o ([A](o,n))"] = (H o A"] for any positive integer n.

3 (m,n)-regularity in ordered semihypergroups

In this section, we characterize (m,n)-regular, (m,0)-regular and (0, n)-
regular ordered semihypergroup in terms of its (m,n)-hyperideals, (m,0)-
hyperideals and (0, n)-hyperideals.

Definition 3.1. Let H be an ordered semihypergroup and m,n be non-
negative integers. An element a of H is said to be an (m,n)-regular element
if @ € (™ o H o a"]. The ordered semihypergroup H is said to be (m,n)-
reqular if each element of H is (m,n)-regular, equivalently, for each subset
A of H we have A C (A™ o H o A"]. Here, Ao H = Ho A = H.

It is clear from Definition 3.1 that, for each non-negative integers m
and n every (m,n)-regular ordered semihypergroup is (r,s)-regular (r <
m, s < n are non-negative integers). In particular, for any positive integers
m and n, an (m,n)-regular ordered semihypergroup is regular. Indeed,
a € (@™o Hoda" C (aoHoal. On the other hand, for each positive
integer m, an (m,0)-regular ordered semihypergroup need not be a regular
ordered semihypergroup.

Proposition 3.2. Let H be an (m,n)-regular ordered semihypergroup and A
be a generalized (m,n)-hyperideal of H for any positive integers m,n. Then
A is an (m,n)-hyperideal of H.
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Proof. Let a,b € A. Since H is an (m,n)-regular ordered semihypergroup,
there exist z,y € H such that a < a™oxoa™ b < b™oyob™ Therefore,
aob<amoxoa"ob™oyob” =a"o(zxoa"ob™oy)ob” C Ao HoA™ C A
whence aob C (A] = A. Thus A is a subsemihypergroup of H. Hence, A is
an (m,n)-hyperideal of H. O

Theorem 3.3. Let H be an ordered semihypergroup and m,n be non-negative
integers. The set of all (m,0)-hyperideals, (0,n)-hyperideals, and (m,n)-
hyperideals will be denoted by I(,, 0y, L(0,n) and Iy, ), respectively. Then, we
have

(i) H is (m,0)-reqular if and only if Iy, o) is (m,0)-regular;

(ii) H is (0,n)-reqular if and only if I is (0,n)-regular;

(iil) H is (m,n)-regular if and only if Iy, ny is (m,n)-regular.

Proof. (i) When m = 0, the statement holds trivially because H is the
only (0,0)-hyperideal of H. So, let m # 0 and A € I, ). Therefore
(A" o H) C A. As S is (m,0)-regular, A C (A" o H]. Thus, A= (A" o H].
Since H € Iy, 0y, A is a (m,0)-regular element of I(,, 5). Hence I, ¢ is
(m,0)-regular. For the converse, assume that I(,, o) is (m,0)-regular. Take
any a € S. As [a]mo 18 in I(y,0) and Iy, 0y is (m, 0)-regular, there exists
B e I(m,O) such that [a]mp = ([a]mg) oB C ([ ] ) oH C (([a}mp)moH].
By Theorem 2.14, ([a]m,0)™ o H| = (a™ o H]. As {a} C [a]m,0, we have
a € (a™ o H]. Hence H is (m,0)-regular.

(ii) On the similar lines to (i), we may prove (ii).

(iii) If m = n = 0, then the statement is true because I(go) = {H}.
If m#20and n =0 or m =0 and n # 0, then the statement follows by
(i) and (ii), respectively. So, let m # 0,n # 0 and A € I(;,, ). Therefore
(A" o Ho A" C A. As H is (m,n)-regular, A C (A™ o H o A"]. Thus,
A = (A" o Ho A"]. Since H € Iy, ), A is an (m,n)-regular element
of I(ypy. Hence, I(,, ) is (m,n)-regular. For the converse, assume that
Iy is (m,n)-regular and a € H. As [a]y 5 is in [, pyand Iy, ) is (m, n)-
regular, there exists B € I(,, ,,y such that [a]mn = ([a]mn)™ 0 Bo([a]mn)" €
([almn)™ o H o ([almn)™ C (([a]mn)™ o H o ([a]mn)"]. By Theorem 4.1, we
have (([a]mn)™ o H o ([a]mn)"] = (@™ o Hoa"]. As {a} C [a]lmn, a €
(a™ o H oa™]. This implies that a is an (m, n)-regular element of H. Hence,
H is (m,n)-regular. O
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Lemma 3.4. [20] Let H be an ordered semihypergroup. If the sets of all
(m, 0)-hyperideals and (0,n)-hyperideals are denoted by Iy, 0y and I (o) Te-
spectively, then

(i) H is (m,0)-regular if and only if R = (R™ o H]| (VR € I(;,,)), where
m 1S any posilive integer;

(ii) H is (0,n)-regular if and only if L = (H o L"] (VL € I ), where n
18 any positive integer.

Theorem 3.5. Let H be an ordered semihypergroup and m,n be non-negative
integers. The set of all (m,n)-hyperideals will be denoted by Iinny- Then H
is (m,n)-regular if and only if A= (A™ o H o A"] for all A € I, ).

Proof. If m = n = 0, then the statement is true because I(g o) = {H}. If
m #% 0and n = 0or m =0 and n # 0, then the statement follows by Lemma
3.4. So, let m # 0,n # 0 and A € I(;;, o). Then, by definition of (m,n)-
regularity, we have A C (A" o H o A"] and, by definition of (m, n)-hyperideal,
we have (A™ o H o A"] C (A] = A. Hence, A= (A™ o H o A™].

For the converse, assume that A = (A"oHoA"] for each A € I, ,,). Take
any a € H, 80 [a]mn € (). From Theorem 4.1 and by the assumption,
[a]mn = (([a]mn)™ o H o [a]lmn)"] = (@™ o Hoa"]. As {a} € |a]mn,
a € (a™ o H oa"|. Hence, H is (m,n)-regular. O

Theorem 3.6. Let H be an ordered semihypergroup and m, n be non-
negative integers. Then, H is (m,n)-regular if and only if LNR = (R™ o L"|
for each (m,0)-hyperideal R and for each (0,n)-hyperideal L of H.

Proof. The statement is trivially true form =0=mn. If m =0 and n # 0 or
m # 0 and n = 0, then the result follows by Lemma 3.4. So, let m # 0, n #
0, R be any (m, 0)-hyperideal and L be any (0, n)-hyperideal of H. Therefore
(RMo L™ C(R™oH|] C(R]=Rand (R™"oL"] C(HoL"| C (L] = L.
Therefore, (R™ o L™ C RN L. As H is (m,n)-regular, we have

(RNL)

C((RNL)™oHo(RNL)"

C(R™oHolL"

C(R"oHoL" v 1o(L™oHolL"] (as H is (m,n)-regular)
=(R"oHoL" 'oL™oHoL" (by Lemma 1.1)
C(R™oHoL" toL™m lo(LmoHoL"oHoL"] (as H is (m,n)-regular)
C (RmoHoL" toL™ lo(L™oHoL"o(HoL"]] (as Ho L™ C (H o L")
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(R"oHoL" toL™ lo(L™oHoL"oHolL"] (by Lemma 1.1)
(R"oHolL" toLm™ 'oLMmoHoL"o HolL" (by Lemma 1.1)
(R"oHoL" toLm™m oM lo(LmoHoL" oHolL"o HolL"

- IN NN

C(R"oHoL™'oLm™ o™ o...o ™ o(L™o Ho L")

n—1-times

oHoL"oHoL"o---0HolL"]

n—1-times

=(R"oHoL" to(Lm )y loLmoHoL"oHoL"0---0HolL"|
n-times
= (RmoHo(LnfloLm”*m*”WloLm)oHoL"oHoL”ou-oHoL”}
n-times

=(R"o(HoL™)oHoL"oHoL"0---0HoL"|

n-times

C(RMoHoHoL"oHoL"o---0HolL"
n-times
C(RMoHoL"oHoL"o---0HolL"|
n-t;:Iles

C (R™o (H o LY

C(R™oL".
Therefore, LN R = (R™ o L"].

Conversely, assume that L N R = (R™ o L"] for each (m,0)-hyperideal
R and for each (0,n)-hyperideal L of H. Let a € S. As [a]m is an (m,0)-
hyperideal and H is a (0,n)-hyperideal of H, we have

[a]m,0 = [a]m,o N H = (([alm0)™ o H"]

C (([alm,0)™ o H] = (a™ o H] (by Theorem 2.14)
Similarly, [alo, C (Hoa"]. As (a™oH] and (H ca™] are an (m, 0)-hyperideal
and (0, n)-hyperideal of H, by hypothesis we get

{a} C [almoNlalon € (@™o HIN (H 0 a”]

= (((a™ o H])™o ((H oa"])"] (by hypothesis)

C(a™oHoa".
Hence, H is (m,n)-regular. O

Theorem 3.7. Let H be an ordered semihypergroup and m, n be positive
integers (either m > 2 orn > 2). Then, the following are equivalent:
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(i) Each (m,n)-hyperideal of H is idempotent;

(ii) For each (m,n)-hyperideals A, B of H, AN B C (A™ o B"|;
(iii) [alm,n N [Blmn € (([a)mm)™ © ([blmn)"] Va, b€ H;

(iv) [almm € ([a]m,n)™ © ([alm,n)"] Va € H;

(v) His (m,n)-regular.

Proof. (i) = (ii) Assume that each (m,n)-hyperideal of H is idempotent.
Let A and B be any (m,n)-hyperideals of H. As AN B is an (m,n)-
hyperideal of H, we have

ANB = ((ANB)’] = ((AnB)o ((ANB))

(ANB)’|=--- = ((AnB)™™"
:((AﬂB)mo(AﬂB) ] C (A™ o B"].

[e]
™o H o ([a]mm,)"] (by Lemma 1.1)
a™ o (H o ([a]mn)"]] (by Lemma 1.1)
a™o (Hoa"]] (by Theorem 4.1)
a™o Hoa"] (by Lemma 1.1)
C [a}mmn, a € (a™ o H oa™. Hence H is (m,n)-regular.
= (i) Take any (m,n)-hyperideal A of H. As H is (m,n)-regular
and A is an (m,n)-hyperideal, A = (A™ o H o A"]. Now

(ii) = (iii) and (iii) = (iv) are obvious.

(iv) = (v) Take any a € A. Then, by (iv), we have

[almn € (([alm,n)™ o ([a]m,n)"]

C (([alm,n)™ o ([almn)"~ Lo ((lalm,n)™ o ([alm.n)"]]

= (([a]m,n)™ o ([a]mn)" " o ([a]mn)™ © ([almn)"] (by Lemma 1.1)
C (([alm,n)™ o H o ([a]m,n)"]

= ((([a]mn)™ o H] o ([a]mn)"] (by Lemma 1.1)

= ((a™ o H] o ([a]mn)"] (by Theorem 4.1)

>

w0
—~~

S

(AcAl=((A"MoHoA"|o(AMoHoA")] C(AMoHo A" = A

and
A= (Ao Ho A"
=((AMoHoA

(((Am oHoA")™o H o A"]
o--0(A™oHo A" oH o A"]

]
m-times

=((AmoHoA" o (A™o H o Ao

3
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(A"oHoA"|o---0(A™oHo A" o Ho A"]

(m—2)-times

C((A™oHo Ao (A™oHo A" o H o H o A"
C((AMoHoA" o (A™o Ho A" o Ho A"
C((Am"oHo A" o(A™oHo A" o (H o A"
C((AMoHoA" o (A™oHo Ao H o A"|]
C((A™oHo Ao (A™o H o A™]
= (Ao Al

Therefore, A = (AoA]. Hence, each (m, n)-hyperideal of H is an idempotent.

O

The following example shows that the condition m > 2 or n > 2 in
Theorem 3.7 is necessary.

Example 3.8. [24] Let H = {a,b,¢,d, e}. Define a hyperoperation o on H
by the table
a b c d e
{a}  {a} Ao}  {a} {a}
{a} {a,b} {a} {a,d} {a}
{a} {a,e} {a,c} {a,c} {a,e}
{a} {a,0} {a,d} {a,d} {a,b}
{a} {a,e} {a} AHa,c}  {a}

and the order < on H as <:= {(a,a), (b)), (c,c),(d,d), (e, e), (a,b), (a,c),
(a,d), (a,e)}. The covering relation < and the figure of H are as

<= {(a,b), (a,¢), (a,d), (a,e)}
b c d e

O QU O Qo

a

Now, (H,o, <) is a regular ordered semihypergroup. One may easily check
that A = {a, e} is a bi-hyperideal of H, but A # (A2].



60 A. Mahboob, N.M. Khan, B. Davvaz

4 Relations Z,,,,Z,H!, and B}, on ordered semihypergroups

In this section, the relations Z,, ,,Z, H;, and B}, on an ordered semihyper-
group are introduced. Then, some related properties of these relations are
studied.

Definition 4.1. Let H be an ordered semihypergroup and m,n be positive
integers. We define the relations Z,,, ,,Z, H;, and B}, as

T, ={(a,b) € S xS | [alon = [blon};
mZ ={(a,b) € S x S| [alm,o0 = [blmo};
/H:Ln =m n In;

B, = {(a,b) € S xS | [almn = [b]mn}-

Clearly, all the relations defined above are equivalence relations on H.

Lemma 4.2. Let H be an ordered semihypergroup and a,b € H be ,,Z-
related (respectively, T,,-related). Then, (a™ o H| = (b™ o H] (respectively,
(H o a”] = (H o b)),

Proof. Suppose that (a,b) € ,Z. Then, by definition, [a]m0 = [b]m,0, i-e.
(U, a'Ua™oH] = (X, b'Ub™o H]. Therefore, {a} C (UL, b'Ub"oH] and
{0} € (U™, aiamo ] Thus, (amoH) C (U, b Ubm o H))™oH] = (b
H]] = (b™o H] (by Theorem 4.1). Similarly, from {b} C (J%; a’ Ua™ o H],
we have (0™ o H| C (a™ o H]. Hence (a™ o H] = (b™ o H]. Similarly, we may
show that (a,b) € Z,, implies (H o a"] = (H o b"]. O

Lemma 4.3. Let H be an ordered semihypergroup and a,b € H be H -
related. Then, (a™o H] = (™o H|, (Hoa"] = (Hob"] and (a™ o Hoa"] =
(0™ o H o b"].

Proof. Suppose that (a,b) € HJ}. Then, by definition, (a,b) € ,,Z and
(a,b) € Z,,. By Lemma 4.1, (a™ o H] = (b™ o H| and (H oa"] = (H o b"].
Therefore, we have (¢ o H 0o a"] = ((a™ o H|] 0o a™] = ((b™ o H] 0 a"] =
(0moHoa" = ("o (Hoa"]]=(b"o(Hob"|]=(b"oHob"]. O

Lemma 4.4. Let H be an ordered semihypergroup. Then, B}, C H}, .
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Proof. Let (a,b) € BY. Then, [almn = [blmn, ie. (U™ a? Ua™ o H o
a"l = (UM ubm o Hod™. Soa® C (U6 Ub™ o Hob"] and b C
(U™ a* Ua™ o H o a"] for each i € {1,2,...,m + n}. It follows that

Ul e C(UM" 0 ub™o Hob® and ", b° € (UM e’ Ua™ o H o a™].
Now (a™o H] C ((UiLy" b'Ub™ o Hob"])™ o H] and (b™ o H] C ((UZY" b'U
b™ o H o b"])™ o H|. Therefore, by Theorem 4.1, (a™ o H] C (b™ o H] and
(b™ o H] C (a™ o H]. Now

[a)mo = (U a® Ua™ o H]
=1
m+n m m4n
C((U bubmoHob"Ua™oH] (since J a' C (U b*"Ub™ o0 Hob"))
i=1 i=1 i=1
m+n
C((U bUb"oHOob"|U(a™oH]| (asa™oH C (a™ o HJ)
=1
m+n
C(U bvUbmoHob"|U (™o H]| (as (a™o H] C (b™ o HJ)
i=1
m+n
=((U bUbmoHob"Ub"o H]] (by Lemma 1.1)
i=1
m+n
=(J dUb™oHob"Ub™o H| (by Lemma 1.1)
i=1

m. m4n m
C(UbVUb"oHUbV"oHob"UbmoH]| (since |J b C Jb'Ub"oH)
i=1 i=1 i=1
=(UbubmroH] (asbmoHob" Cb™oH)
i=1
= [blm.0;
and
[b]m,O
= (b ubmoH|
i=1
m+n mo m+n
C((U a'ua™oHoa™Ub™oH] (since |Jb* C (|J a*Ua™o H oa")
i=1 i=1 i=1
m+n
C((UY aduamoHoa™U(B™oH]| (asb™oH C (b™o HJ)
i=1

c ((n@:ai Ua™o Hoa™ U(a™oH|| (as (b o H] C (a™ o H))
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m+n
=(U duUamoHoam™Ua™oH]] (by Lemma 1.1)

=1
=(U duUa™oHoa™Ua™oH| (by Lemma 1.1)

=1

Zm . m+n
C(Ya'Uam™oHUamoHoa"Ua™oH] (since |J a'C U atUa™oH)

i=1 i=1 1=

m .
C(Ua"Uam™oH] (asa™oHoa™ Ca™oH)
i=1

= [alm,o-
Therefore, [a]m 0 = [bm,0. Similarly, one can show that [a]o, = [b]o,. Thus,
(a,b) € Hy,. Hence, By, C Hy,. O

Theorem 4.5. Let H be an (m,n)-reqular ordered semihypergroup. Then,
Bl =M.

Proof. Let (a,b) € H}},. Therefore, by Lemma 4.2, (a™ o H oa™ = (b™ o
Hob"|. As S is (m,n)-regular, a € (a™ o Hoa™] and b € (b™ o H o b"]. So
a’ C (@™o Hoa™) for each i € {1,2,...,m +n}, it follows that |J"}" a’ C
(@™o Hoa™]. Thus, [a]m, = (UM a’Ua™ o Hoa™] = (a™ o H o a™] and
similarly [b]p,n = (b™ o H o b™]. Thus, [a]mn = [blmn, ie. (a,b) € B,. This
implies that H] C B;,. Hence, by Lemma 4.3, B}, = H,. O]

Lemma 4.6. If B, and B, are two (m,n)-reqular B} -classes contained in
the same H;,, -class of ordered semihypergroup H, then B, = B,.

Proof. As x and y are (m,n)-regular elements of H, =z € (2™ o H o z"]
and y € (y™ o Hoy"], {z}’ C (¢™ o Hoa"] and {y}' C (y" o H oy"]
for each i € {1,2,...,m +n}. Tt follows that " 2? C (2™ o H o 2™
and ™"yt C (y™ o H o y™]. Therefore, [z}, = (2 o H o 2"] and
[Ylmn = (y™ o Hoy"]. Since = and y are contained in the same #;,-class,
by Lemma 4.2, (™o H oz"| = (y"™ o H oy"]. So []mn = [Y|mn. Therefore,
B y. Hence, B, = B,. O

5 (m,0)-regularity [(0,n)-regularity] and (m,n)-right weakly
regularity of a B] -class, Q) -class and H], -class

In this section, the (m,0)-regular, (0,n)-regular, (m,n)-regular and (m,n)-
right weakly regular class of the relations 4}, and B]} are studied.
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Lemma 5.1. An H} -class H of an ordered semihypergroup is (m, 0)-regular
[(0,n)-regular| if it contains an (m,0)-regular [(0,n)-reqular| element.

Proof. Let a be an (m, 0)-regular element and ¢ be an element of #,-class H.
This implies [b]m,0 = [a]mo and a € (a™ o H]. Therefore, {a}’ C (a™ o H]
for each i € {1,2,...,m}. Then J2,a’ C (a™ o H] implies (U, a’] C
((am o H]] = (a™ o H]. Thus, [blmo = [almo = (U @' Ua™ o H] =
(U, a'lU (@™o H] = (a™ o H]. By Lemma 4.2, (a™ o H] = (b™ o H]. This
implies that [b],, 0 C (b™ o H]. Hence, b € (0™ o H]. So bis an (m, 0)-regular
element of HJ,,-class H. Hence, the H} -class H is (m,0)-regular. The dual
statement follows on the similar lines. O

Lemma 5.2. An H],-class H of an ordered semihypergroup is (m, n)-reqular
if it contains an (m,n)-reqular element.

Proof. The proof is similar to the proof of Lemma 5.1. O

Lemma 5.3. A BJ,-class B of an ordered semihypergroup is (m,n)-reqular
if it contains an (m,n)-reqular element.

Proof. Let a € B be an (m,n)-regular element and b € B. Then, a €
(@™o H o a™ so that {a}* C (a™ o H o a™] for each i € {1,2,...,m+n}, so
U™ a? C (@™o H 0 a™ implies (U, a’] € ((a™ o Hoa")] = (a™ o Hoa".
Since a,b € B, [blmn = [almn = (U a'Ua™o Hoa"] = (U™ a’]u(a™o
Hoa"| = (a™o Hoa"]. By Lemmas 4.3 and 4.2, we have (a™ o H o a"| =
(b™ o H o b"]. This implies that [b],,,, C (b™ o Hob"]. Sobe (™o H ob"].
Thus, b is an (m, n)-regular element of B. Hence, B is (m,n)-regular. [

Definition 5.4. Let H be an ordered semihypergroup and m, n be positive
integers. An element a of H is said to be an (m,n)-right weakly regular
element if @ € (a™ o H o a™ o H]. The ordered semihypergroup H is said
to be (m,n)-right weakly regular if each element of H is (m,n)-right weakly
regular, equivalently, for each subset A of H, A C (A™ o H o A" o H].

Lemma 5.5. A B! -class B of an ordered semihypergroup H is (m,n)-right
weakly regular if it contains an (m,n)-right weakly reqular element.

Proof. Let a € B be an (m,n)-right weakly regular element and b € B.
Then, a € (a™ o H o a™ o H]. This implies that {a}’ C (a™ o H o0 a" o H|
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for each i € {1,2,...,m + n}, so U™ a’ C (a™ o H o a" o H] implies
(U 0] € (@™ o Hoa" o H]] = (@™o Hoa" o H]. So, (@™o Hoa"] C
(((@™oHoa"oH])oHo((a™oHoa"oHJ)] C (a™oHoa"o H|. Since
a,b € B, [Dlmn = [a)mn = (U " d"Ua™ o Hoa™] = (UM " a']U(a™ o Ho
" € (U7 ] U (@™o Hoa™ o H] = (a™ o Hoa™ o H] (since (U4 ai] C
(a™ o Hoa"o H]). By Lemmas 4.3 and 4.2, (a™ o Hoa"] = (b™ o H o b"].
This implies that [b];,, C (@™ o Hoa" o H] = ((a™ o Hoa" o H| =
(™o Hob"oH| = (b"oHob"o H|. Sobe (b™oHob"o H|. Thus,
b is an (m,n)-right weakly regular element of B. Hence, B is (m,n)-right
weakly regular. O

Corollary 5.6. An ordered semihypergroup H is (m,n)-regular ((m,n)-right
weakly regular) if and only if each BJ,-class of H contains an (m,n)-regular
((m,n)-right weakly reqular) element.

Lemma 5.7. An H} -class H of an ordered semihypergroup is (m,n)-right
weakly regular if it contains an (m,n)-right weakly reqular element.

Proof. Let a be an (m,n)-right weakly regular element and b be an element
of H?-class H. Then, a € (a™ o H o a™ o H]. This gives that {a}’ C (a™ o
Hoa"oH] for each i € {1,2,...,m+n}, and so J"["a’ C (a™oHoa" o H]
implies (J""a’] C ((a™ o Hoa"o H|] = (a™ o H o a”™ o H]. Therefore,
(@moH|C ((amoHoa"oH]oH] = (amoHoa"oHoH| C (a™oHoa"oH].
Since a,b € H, [blm0 = [almo = (U a’Ua™oH] = (U™ a']u(a™o H] =
(amoH] C (a™oHoa"oH]J. So, by Lemma 4.2, (a™oHoa"] = (b™oHob"].
This implies that [b],,0 € (a™ o Hoa" o H] = ((a™ o Hoa" o H| =
(™o Hob" oH]= (b"oHob"oH]. Therefore, b € (0™ o Hob" o H] and
thus, b is an (m, n)-right weakly regular element of H'-class H. Hence, H
is (m, n)-right weakly regular. O

Corollary 5.8. An ordered semihypergroup H is (respectively, (m,0)-regular,
(0,n)-regular, (m,n)-regular) (m,n)-right weakly reqular if and only if each
H -class of H contains a (respectively, (m,0)-reqular, (0,n)-regular, (m,n)-
reqular) (m,n)-right weakly reqular element.

6 Conclusion

The main purpose of the present paper is to introduce the equivalence rela-
tions ,Z,Zy, B, and ', on an ordered semihypergroup and enhance the un-



(m,n)-Hyperideals in ordered semihypergroups 65

derstanding of different classes of ordered semihypergroups ((m,n)-regular,
(m,0)-regular, (0, n)-regular, (m, n)-right weakly regular) by considering the
structural influence of the equivalence relations ,,Z,Z,, B}, and ‘H . In par-
ticular, if we take m = 1 = n, the equivalence relations ,,Z,Z,, and H}, are
reduced to the equivalence relations R, £ and H in ordered semihypergroup,
respectively, which mimic the definition of the usual Green’s relations R, L
and H in plain semihypergroups [11]. Also when we take m = 1 = n in
Theorems 1.9, 1.11, 4.1, 3.6, and 4.2, and Lemmas 4.1, 4.2, 4.3, 4.3, 5.1,
and 5.2, then we obtain all the results for bi-hyperideals in an ordered semi-
hypergroup and some characterizations of regular ordered semihypergroups,
which is the main application of the results presented in this paper.
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