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1 Introduction

1.1 Motivation This paper continuous a line of research initiated in
[72] which combines Nachbin’s theory of “topology and order” [59] with the
setting of monad-quantale enriched categories [40]. Over the past century,
combining order with compact Hausdorff topologies has proven to be very
fruitful in various parts of mathematics: in the form of spectral spaces,
these structures appear in Stone duality for distributive lattices [70] and
Hochster’s characterisation of prime spectra of commutative rings [34], the
connection between spectral spaces and certain partially ordered compact
spaces was made explicit in [61, 62| (see also [18, 22|), and was further ex-
tended to an equivalence between all partially ordered compact spaces and
stably compact topological spaces in the 1970s (see [25]). Subsequently,
stably compact spaces have also played a central role in the development
of domain theory, see [49] for details. In a more general context, compact
Hausdorff spaces combined with the structure of a quantale-enriched cate-
gory have been essential in the study of topological structures as categories:
they appear in the definition of “dual space”, still implicitly in [15] and more
explicitly in [29, 37, 38]. This notion turned out to be an essential ingre-
dient in the investigation of (co)completeness properties of monad-quantale
enriched categories. In [12] we also explain the connection of Nachbin’s work
with the theory of multicategories [32, 33|.

Motivated by this development, we focus here on the ultrafilter monad
and study quantale-enriched categories equipped with a compact Hausdorff
topology; our examples include ordered, metric, and probabilistic metric
compact Hausdorff spaces. We show that the presence of a compact Haus-
dorff topology guarantees Cauchy completeness and (suitably defined) codi-
rected completeness of the underlying quantale enriched category. Our inves-
tigation relies on a connection between these V-categorical compact Haus-
dorff spaces and monad-quantale enriched categories which generalises the
equivalence between partially ordered compact spaces and stably compact
topological spaces (see [40, Section IIL.5|). Another important ingredient
is the concept of Cauchy completeness a la Lawvere for monad-quantale
enriched categories as introduced in [15]. In order to include probabilistic
metric spaces in our study, our setting is slightly weaker than the one con-
sidered in [15]. Due to these weaker assumptions, we have to overcome some
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technical difficulties which force us to revise and extend some notions and
results of [15].

In order to explain our motivation more in detail, we find it useful to
place it in a historical context.

1.2 Historical background Right from its origins at the beginning of
the 20*® century, one major concern of set-theoretic topology was the devel-
opment of a satisfactory notion of convergence. This in turn was motivated
by the increasing use of abstract objects in mathematics: besides numbers,
mathematical theories deal with sequences of functions, curves, surfaces,. . ..
To the best of our knowledge, a first attempt to treat convergence abstractly
is presented in [24]. Whereby the main contribution of [24] is the concept
of a (nowadays called) metric space, the starting point of [24] is actually
an abstract theory of sequential convergence. Fréchet considers a function
associating to every sequence of a set X a point of X, its convergence point,
subject to the following axioms:

(A) Every constant sequence (z,x,...) converges to x;

(B) If a sequence (x,)nen converges to z, then also every subsequence
of (xn)new converges to x.

Under these conditions, Fréchet gave indeed a generalisation of Weierstrafs’s
theorem |[23|; however, these constraints seem to be too weak in general
since the limit azioms (A), (B) are not very meaningful ... (31, page 266],
original in German; our translation). In [30], Hausdorff introduces the notion
of topological space via neighbourhood systems and compares the notions of
distance, topology and sequential convergence as ... the theory of distances
seems to be the most specific, the limes theory the most general... (31,
page 211], original in German; our translation). In the introduction to
Chapter 7 “Punktmengen in allgemeinen Rdumen”, Hausdorff affirms that
the greatest triumph of set theory lies in its application to the point sets
of the space, in the clarification and sharpening of the geometric notions. . .
(31, page 209], original in German; our translation). According to Hausdorff,
these geometric notions not only involve approximation and distance, but
also the theory of (partially) ordered sets to which he dedicates a substantial
part of his book. Thinking of an order relation on a set M as a function

[T MxM—{<,> =},
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Hausdorff also foresees that ( [31, page 210], original in German; our trans-
lation)

Now there stands nothing in the way of a generalisation of this
idea, and we can think of an arbitrary function of pairs of points
which associates to each pair (a,b) of elements of a set M a
specific element n = f(a,b) of a second set N. Generalising fur-
ther, we can consider a function of triples, sequences, complezes,
subsets, etc.

In particular, Hausdorff already presents metric spaces as a direct generali-
sation of ordered sets where now f associates to each pair (a,b) the distance
between a and b. This point of view was taken much further in [50]: not only
the structure but also the axioms of an ordered set and of a metric space
are very similar and, moreover, can be seen as instances of the definition of
a category. Furthermore, Hausdorff sees also the definition of a topological
space as a generalisation of the concept of a partially ordered set: instead
of a relation between points, sequential convergence relates sequences with
their convergence points, and a neighbourhood system relies on a relation
between points and subsets. Surprisingly, also here the relevant axioms on
such relations can be formulated so that they resemble the ones of a par-
tially ordered set. We refer the reader to the monograph [40| for an extensive
presentation of this theory and for further pointers to the literature.

Clearly, Hausdorff considers topologies as generalised partial orders; how-
ever, a more direct relation between the two concepts was only given more
than twenty years later. In [2], Alexandroff observes that every partial order
on a set X defines a topology, and from this topology one can reconstruct
the given order relation via

x <y <= y belongs to every neighbourhood of x. (1.2.1)

Furthermore, Alexandroff characterises the topological spaces obtained this
way as the so called “diskrete Rdume”, namely as those T0 spaces where the
intersection of open subsets is open. These spaces, without assuming the
TO separation axiom, are nowadays called Alexandroff spaces. In this paper
we depart from Hausdorff’s nomenclature since partial orders seem to be
more frequent than total ones. Therefore we call a binary relation < on a
set X an order relation whenever < is reflexive and transitive, and speak
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of a total order whenever all elements are comparable. Furthermore, we
think of the anti-symmetry condition as a(n often unnecessary) separation
axiom. We write Ord for the category of ordered sets and monotone maps
and, with Top denoting the category of topological spaces and continuous
maps, Alexandroff’s construction extends to a functor

Top — Ord

which commutes with the underlying forgetful functors to the category Set
of sets and functions. The order relation defined by (1.2.1) is now known
as the specialisation order of the space X. This order looses most of the
topological information of a space X and does not seem to be very useful for
the study of topological properties. Nevertheless, there are some properties
of a space X which are reflected in the specialisation order, in particular the
lower separation axioms:

e X is TO if and only if the specialisation order of X is separated (=anti-
symmetric); and

e X is T1 if and only if the specialisation order of X is discrete.

The latter equivalence might be the reason why this order relation does not
play a dominant role in general topology. More interesting seems to be the
reverse question: which order properties are guaranteed by certain topolog-
ical properties? For instance, the following observation is very relevant for
our paper:

e if X is sober, then the specialisation order of X is directed complete
(see [44, Lemma I1.1.9]).

The specialisation order plays also a role in Hochster’s study of ring spec-
tra: [34] characterises the prime spectra of commutative rings as precisely
Stone’s spectral spaces [70]. Here, for a commutative ring R, the order of
the topology on ¥(R) should match the inclusion order of prime ideals; by
that reason Hochster considers the dual of the specialisation order. Moti-
vated by the convergence theoretic approach described below, in this paper
we will also consider this underlying order of a topological space instead of
the specialisation order. A deep connection between topological properties
and order properties is made in [68] where injective topological T0 spaces
are characterised in terms of their underlying partial order.
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Whereby in the considerations above the order relation is the one induced
by a given topology, a different road was taken in [59] in his study of ordered
topological spaces where topology and order are two independent structures,
subject to a mild compatibility condition. This combination allows for a
substantial extension of the scope of various important notions and results
in topology, we mention here the concept of order-normality and the Urysohn
Lemma. Of special interest to us is a particular class of separated ordered
topological spaces, namely the compact ones, which are described in [45]
as “precisely the TO analogues of compact Hausdorff spaces”. These spaces
can be equivalently described in purely topological terms: firstly, there is a
comparison functor

K : PosComp — Top

between the category PosComp of separated ordered compact spaces and
monotone continuous maps and Top; secondly, this functor restricts to an
equivalence PosComp ~ StablyComp where StablyComp denotes the category
of stably compact spaces and spectral maps. These facts are known since
the beginning of the 1970’s and were first published in [25]. To explain this
connection better, we find it useful to return to the story of convergence.

After Hausdorff’s fundamental book [31], the notion of convergence does
not seem to have played a prominent role in the development of topology.
The notion of sequence proved to be insufficient, and only in the 1930s [6]
appeared a characterisation of topological T'1 spaces in terms of an abstract
concept of convergence based on the notion of Moore-Smith sequence [57,
58]. At the same time, Cartan introduced the concept of filter convergence
[9, 10], and this idea was met with enthusiasm within the Bourbaki group
[8]. However, it seems to us that this enthusiasm was not shared by most
treatments of topology as convergence plays often only a secondary role. We
refer to [13| for more information on convergence and its history.

Using either filters or nets (as Moore-Smith sequence are typically called
nowadays), convergence finally conquered its appropriate place in topol-
ogy. This also led to the consideration of abstract (ultra)filter convergence
structures, we mention here the papers [17, 27, 28, 79] where topological
convergence structures are characterised among more general ones. In our
opinion, the most useful descriptions were obtained around 1970: firstly,
Manes characterises compact Hausdorftf spaces as precisely the Eilenberg—
Moore algebras for the ultrafilter monad U = (U, m,e) on Set [55], and
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Barr characterises topological spaces as the lax algebras for the ultrafilter
monad [4]. More in detail, a compact Hausdorff space is given by a set X
together with a map a: UX — X so that the diagrams

XX Ux and UUX ML Ux
gL o e
X UX X

commute in Set; whereby a general topological space is given by a set X
together with a relation a: UX - X so that the inequalities

XX Ux and UUX 2> UX

<
Wb 4 < b
X UX ——X

hold in the ordered category Rel of sets and relations, ordered by inclusion.
Elementwise, the latter axioms read as

ex(x) = x and X—-r&r—z) = mx(X) >z,

forall z € X, r € UX and X € UUX. Note that the second condition
talks about the convergence of an ultrafilter of ultrafilters X to an ultrafil-
ter ¢, which comes from applying the ultrafilter functor U to the relation
a: UX - X. Hence, this description involves the additional difficulty of
extending the functor U : Set — Set in a suitable way to a locally mono-
tone endofunctor on Rel; but it is extremely useful since it does not only
provide axioms but also a calculus to deal with these axioms since they are
formulated within the structure of the ordered category Rel. Barr’s charac-
terisation gives also new evidence to Hausdorff’s intuition that topological
spaces are generalised orders, as the two axioms are clearly reminiscent to
the reflexivity and the transitivity condition defining an order relation. We
also note that the underlying order of a topology a: UX —— X is simply the
composite a-ex: X = X.

Using this language, Tholen [72] shows that an ordered compact Haus-
dorff space can be equivalently described as a set X equipped with an order
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relation <: X - X and a compact Hausdorff topology a: UX — X which
must be compatible in the sense that

a: (UX,U<) — (X, <)

is monotone. Moreover, the object part of the functor K : PosComp — Top
mentioned above can now be simply described by relational composition

(X’Saa) — (Xa < 'O‘);

a simple calculation shows that < -a: UX - X satisfies indeed the two
axioms of a topology. More importantly, as already initiated in [72], this
approach paves the way to mix topology with metric structures or other
“generalised orders” in the spirit of Hausdorff; or better: enriched categories
in the spirit of Lawvere [50]. Undoubtedly, topology is already omnipresent
in the study of metric spaces; however, there does not seem to exist a sys-
tematic account in the literature thinking of metric and topology as a gen-
eralisation of Nachbin’s ordered topological spaces. This motivation brings
us to the following considerations.

e Instead of analysing a metric space (X, d) using the topology induced
by d, we ask what properties of d are ensured by a compact Hausdorff
topology compatible with d.

e To answer this question, we look back and ask the same question for
the ordered case. Surprisingly, there is a quick answer: since every sep-
arated ordered compact space corresponds to a stably compact space
which is in particular sober, every separated ordered compact space
has codirected infima and, by duality, also directed suprema.

e To transport this argumentation back to the metric case, we need a
metric variant of sober topological spaces, which is provided by the
notion of sober approach space |3, 53, 73].

e we also consider the notion of codirected completeness for metric spaces
which implies Cauchy completeness. We compare this notion to other
concepts of (co)directedness in the literature.

The principal aim of this paper is to present a theory which encompasses
the steps above, for quantale-enriched categories equipped with a compact
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Hausdorff topology; our examples include ordered, metric, and probabilistic
metric compact Hausdorff spaces. We place this study in the general frame-
work of topological theories [36] and monad-quantale-enriched categories
(see [40]), for the ultrafilter monad U on Set.

2 Basic notions

In this section, we recall various aspects of the theory of quantale-enriched
categories. All results presented here are well-known, for more information
about enriched category theory we refer to the classic [46] and to [71]. In
our examples we focus on quantales based on the lattices 2 = {0, 1}, [0, 1],
[0,00] and the lattice D of distribution functions. The book [40] presents
and uses quantale-enriched categories in the context of topology, and in this
section we follow the notation of [40].

2.1 Quantale A quantale V = (V,®,k) is a complete lattice V, with the
order relation denoted by <, equipped with a monoidal structure given by
a commutative and associative binary operation ®, with identity k, which
distributes over joins:

u® <\/ uz> =\ (u®u).

el el

Thus, by Freyd’s Adjoint Functor Theorem, for each u € V, the monotone
map u® —: V — V has a right adjoint hom(u, —) characterised by

u®v <w <= v < hom(u,w),

for all v,w € V. Our principal examples include the following.

Example 2.1. (1) The two element chain 2 = {0,1} of truth values with
0 <1 is a quantale for ® = & being the logical operation “and”; in this case
hom(w,v) is just the implication v = wv. More general, every Heyting
algebra with ® = A being infimum and the identity given by the top element
T is a quantale.

(2) The extended real half line [0, co] ordered by the “greater or equal”
relation > becomes a quantale with the tensor product given by the usual
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addition 4+, denoted by ETOO]_A'_. In this case, hom(u,v) = v S u = max{v —
u, 0}, for all u,v € [0,00]. According to (1), one can also equip froo] with
’(che_inﬁmum ® = max of this lattice, we denote the resulting quantale as
[0, 00] A

(3) Similar to (2), we consider the unit interval [0,1] with the “greater
or equal” relation > and the tensor

u® v =min{l,u + v},

for all u,v € [0,1]. This quantale will be denoted by m@.

(4) The quantales introduced in (2) and (3) can be more uniformly de-
scribed using the unit interval [0, 1] equipped with the usual order <. In
fact, [0,1] admits several interesting quantale structures, the most impor-
tant ones to us are the minimum A, the usual multiplication *, and the
Lukasiewicz sum defined by v ® v = max{0,u 4+ v — 1}, for all u,v € [0, 1].
The corresponding operation hom is given, respectively, by

1, ifu<w

v, else

min{7,1}, ifu#0
1, u=20

)

hom(u,v) = { ,  hom(u,v) = {

hom(u,v) = min{l,1 —u+ v} =1 — max{0,u — v},

for u,v € [0,1]. We will denote these quantales by [0, 1], [0, 1], and [0, 1],
respectively. Then, through the map

[0,00] — [0,1], u —> €™ "
with e™*° = 0, the quantale froo]Jr is isomorphic to [0, 1], and froo]/\ is
isomorphic to [0, 1]x. Finally, the quantale m@ of (3) is isomorphic to the
quantale [0, 1], via the lattice isomorphism u +— 1 — u.

(5) Another way to equip the unit interval [0, 1] with a quantale structure
is to consider the usual order and to give ® by the nilpotent minimum

min{u,v} fu+ov>1,
URQ U=
0 else

for u,v € [0,1], for which hom(u,v) = max{1 — u,v}. This is a classical
example of a tensor in [0, 1] that is left continuous but not continuous.
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(6) The set

D ={f:]0,00] —[0,1] | f(e) = \/ f(B) for all a € [0, 00]}

B<a

of left continuous distribution functions, ordered pointwise, is a complete
lattice. Here the supremum of a family (h;);cr of elements of D can be
calculated pointwise as h(a) = \/;c; hi(a), for all @ € [0, 00]. The infimum of
an arbitrary collection of elements of D cannot be obtained by an analogous
process since the pointwise infimum of a family of left continuous maps need
not be left continuous. However, the infimum of a family (f;)ier in D is
given by
/\f,( = supinf f;(B),

icl B<atel

for every a € [0, 0], due to the adjunction ¢ - ¢, where ¢ is the embedding
D — Ord([0, o], [0,1]) and ¢: Ord([0, <], [0,1]) — D, such that c¢(f)(«) =
Sup,8<a f(ﬁ)
For each of the tensor products ® on [0, 1] defined in (4), D becomes a
quantale with
fegm) =\ fl

a+B<y

for all v € [0, oo]; the identity is given by

0 ifa=0,
00,1(a) = {

1 else.

For more information about this quantale we refer to [16, 20, 39].

2.2 Completely distributive lattices In this subsection we recall
some properties of complete lattices and quantales which will be useful in
the sequel. First of all, we call a quantale V = (V, ®, k) non-trivial whenever
k > L. More generally:

Definition 2.2. The neutral element & of a quantale V = (V, ®, k) is called
V-irreducible whenever k > | and, for all u,v € V, k < u Vv implies k < u
or k <w.
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For an ordered set X, we denote by P X the complete lattice of down
sets of X ordered by inclusion. The ordered set X can be embedded into
P X by

Ix: X P X,z lo={ye X |y<ah
and X is complete if and only if | x : X — P, X has a left adjoint V: PX—
X. In this paper we will often require that the complete lattice V is com-
pletely distributive, a notion introduced in [64]. Therefore we recall suc-

cinctly the notions and results needed in this paper and refer for all details
to [78].

Definition 2.3. A complete ordered set X is called completely distributive
whenever the map \/: P, X — X preserves all infima.

Hence, since P X is complete, the lattice X is completely distributive if
and only if \/ has a left adjoint | x: X — P, X. We recall that

Ux1\/ <« VzeXVAePX . (Ix2CA < z<\/A)

Definition 2.4. Let X be a complete ordered set X. For all z,y € X, x is
totally below y (x < y) whenever, for all A € P X,

y§\/A = x € A.

Proposition 2.5. Let < be the totally below relation in a complete ordered
set X with order relation <. Then, for all x,y,z € X:

ey = z<y;

2Qr<y<z = <K z;

Berky<z = <K z;

ey = TzeX.r<gK2Ky.

If X is a completely distributive lattice, then, for every y € X,

by=(N{AePX|y<\/ A}
therefore x €|} y if and only if z < y.

Theorem 2.6. A complete lattice X is completely distributive if and only if
every y € X can be expressed asy = \/{zr € X | z < y}.
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Remark 2.7. A complete ordered set X is completely distributive if and
only if X°P is so.

Example 2.8. (1) The complete lattice 2 is completely distributive where
x < y if and only if y = 1.

(2) The lattices [0, 1] and [0, oc], ordered by <, are completely distribu-
tive with < being the usual smaller relation <. Similarly, [0, 1] and [0, o],
with the “greater or equal relation” >, are completely distributive where the
totally below relation is the larger relation >.

(3) In order to show that the complete lattice D is completely distribu-
tive, it is useful to introduce some special elements that will allow a more
simplified description of D and of its properties. The step functions oy, .,
with n € [0,00] and € € [0, 1], are elements of D defined by

(@) 0 ifa<gmn,
Onela) =
o e if a>mn;

for all o € [0,00]. It is shown in [20] that, for all f,0,. € D, 0 < f if
and only if e < f(n). This observation allows to write every element f € D
as the supremum of those step functions totally bellow f: f = \/{on. € D |
one < f}. A complete description of the totally below relation on D can
be found in [16].

Definition 2.9. For a quantale V = (V, ®, k), we say that k is approzimated
whenever the set
Ve={uveV|u<k}

is directed and k =/ k.

We note that in each of the quantales of Examples 2.8 the neutral element
is approximated.

Proposition 2.10. Let V = (V, ®, k) be a quantale where k is approzimated.
Then k is V-irreducible and k = \/ , .\, u ® u.

Proof. Assume that k is approximated. First note that k > L since, being
directed, |k is non-empty. Furthermore, k is V-irreducible by [39, Remark
4.21], and the second assertion follows from [19, Theorem 1.12]. O
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2.3 V-relations For a quantale V = (V,®,k), a V-relation r: X + Y
isamap X xY — V. Given V-relations r: X - Y and s: Y - Z, their
composite s-r: X - Z is defined by

s r(z,z) = \/ r(@,y) ® s(y, 2),

yey

forall z € X and z € Z. Every map f: X — Y can be seen as a V-relation
f: X Y with

koif f(z) =y,
1 else;

f(w,y)—{

and the identity map 1x: X — X induces the identity V-relation 1x: X -
X. The resulting category of sets and V-relations is denoted by V-Rel. We
note that the construction above defines a functor Set — V-Rel which is
faithful if and only if V is non-trivial.

The set V-Rel(X,Y) of V-relations from X to Y is actually a complete
ordered set where the supremum of a family (p;: X - Y);cs is calculated
pointwise. Since the tensor product of V preserves suprema, for every V-
relation 7: X - Y, the maps (—) - r: V-Rel(Y, Z) — V-Rel(X, Z) and r -
(=): V-Rel(Z,X) — V-Rel(Z,Y) preserve suprema as well; which tells us
that V-Rel is actually a quantaloid (see [65]). In particular, both maps have
right adjoints in Ord.

Explicitly, the right adjoint — e~ r of (—) - r is given by

ter(y,2) = /\ hom(r(x,y),t(x, z)),
zeX

for each t: X —+ Z; we call t o r the extension of t along r. Similarly,
we denote the right adjoint of r - (=) by r —e —; for each t: Z + Y, the
V-relation r —e t is called the lifting of t along r and can be calculated as

r—et(z,x) = /\ hom(r(z, y), t(z,y)).
yey

Another important feature which comes from the fact that V-Rel is locally
ordered, is the possibility to define adjoint V-relations: r: X —+ Y is left
adjoint to s: Y - X ifandonly if 1y < s-randr-s < ly.
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For each V-relation r: X - Y one can consider its opposite °: Y - X
given by r°(x,y) = r(y,z), for all z € X and all y € Y. This construction
defines a locally monotone functor (—)°P: V-Rel®® — V-Rel. We also note
that f 4 f° in V-Rel, for every function f: X — Y.

2.4 V-categories We introduce now categories enriched in a quantale
V.

Definition 2.11. Let V = (V,®, k) be a quantale. A V-category is a pair
(X, a) consisting of a set X and a V-relation a: X —— X satisfying 1x < a
and a - a < a; in pointwise notation:

k < a(z, ) and a(z,y) ® aly, z) < a(z, 2),

for all z,y,z € X. A V-functor f: (X,a) — (Y,b) between V-categories is
amap f: X — Y such that f-a < b- f; equivalently, for all z,2’ € X,

a(z,z") < b(f(z), f(z')).

With the usual composition of maps and the identity maps, V-categories
and V-functors provide the category V-Cat. Note that 1x < a implies a <
a - a; therefore a - a = a, for every V-category (X,a). The quantale V is
itself a V-category with structure given by hom: V x V — V. To every
V-category (X, a) one can associate its dual V-category X°P = (X, a°), and
this construction defines a functor

(—)°P: V-Cat — V-Cat
commuting with the canonical forgetful functor Oy,: V-Cat — Set.

Definition 2.12. A V-category X is called symmetric whenever X = X°P.

Due to the fact that the forgetful functor Oy,: V-Cat — Set is topological
(see [1, 14]), the category V-Cat admits all limits and colimits. Moreover,
Oy : V-Cat — Set has a left adjoint and the free V-category over the one-
element set 1 = {*} is given by G = (1, k), where k(x,x) = k. For every set
X, we have the X-fold power VX of the V-category V whose elements are
maps ¢: X — V and, for maps ¢1,p2: X =V,

o1 02] i= 2 o= o1 = J\ hom(i1(), ga(a))
zeX
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describes the V-categorical structure of VX. Another example is the product
of V-categories (X, a) and (Y, b), which is the V-category X xY = (X xY, d),
where, for (z,y), (¢/,y') € X xY, d((x,y), («',y")) = a(z,2") Ab(y,y'). How-
ever one can also consider the structure a®@b on X xY: a®b((z,y), (z',vy')) =
a(z, ") @b(y,y'). Both operations are commutative and associative but the
neutral objects differ in general: (1, T) is the neutral object for the first
product while G = (1, k) is the neutral object for the second.
We consider now the quantales of Examples 2.1.

Example 2.13. (1) The objects of 2-Cat are ordered sets (that is, sets
equipped with a reflexive and transitive binary relation) and the morphisms
are monotone maps; thus, 2-Cat ~ Ord.

(2) A fToo]Jr—category is a generalised metric space in the sense of [50]
and a [0, co]-functor is a non-expansive map. We write Met for the result-
ing category, that is, [0,00];-Cat ~ Met. Due to the lattice isomorphism
| o
[0,00]+ ~ [0, 1], also [0, 1],-Cat ~ Met. Similarly, for V = [0, 00]x, a V-
category is a (generalised) ultrametric space and, since m A > [0,1]A, we
have [0, 00]r-Cat ~ [0, 1]o-Cat ~ UMet. Finally, we can interpret [0, 1]q-
categories and [0, 1]o-categories as boun(ﬁby—l metric spaces and [0, 1]¢-
functors as non-expansive maps, so that [0, 1]g-Cat =~ [0, 1]-Cat ~ BMet.

(3) A D-category consists of a set equipped with a structure a: X x X —
D such that, for all z,y,z € X and ¢ € [0, 00]:

L<a(z,y)(t) and \/ alz,y)(q) ©a(y, 2)(r) < alz,2)(),

qtr<t

and a D-functor f: (X, a) — (Y,b) satisfies a(x,y)(t) < b(f(x), f(y))(t), for
xz,y € X and t € [0,00]. Therefore the category D-Cat is isomorphic to the
category of (generalised) probabilistic metric spaces ProbMet. The classical
definition of probabilistic metric space (see |56, 67]) demands that (X, a) is
separated (see Definition 2.16), symmetric and finitary (a(z,y) € D should
be finite for all z,y € X). A detailed study of probabilistic metric spaces as
enriched categories can be found in [39].

Definition 2.14. Let V; and V, be quantales, we write ® for the multi-
plication in both V; and Vs, and ki denotes the neutral element of V; and
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ko the neutral element of Vo. A lax quantale morphism ¢: Vi — Vs is a
monotone map between the underlying ordered sets satisfying

ko < (k1) and  p(u) @ p(v) < p(u®v),
for all u,v € Vs.

These properties ensure that the mapping (X, a) — (X, ¢a) sends V;-
categories to Vo-categories; hence, this construction defines a functor

Bcp: Vi-Cat — Vo-Cat
which commutes with the forgetful functors to Set.
Example 2.15. (1) The identity map on [0, oo] defines a lax quantale mor-
phism

)

[07 OO]/\ — [07 OO]_,_,

and the map [0, 00] — [0,1], u — min{u, 1} gives a lax quantale morphism

[0,00]4. — [07 1]69'
The corresponding functors produce the canonical chain of functors
UMet — Met — BMet.

%
(2) The quantale [0, c0]4 embeds canonically into D via I : [0, 00]4 —
D, taking an element n € [0,00] to 0,1 € D. This map is a lax quantale
morphism and it admits a right and a left adjoint

Ooo
oG
0, OO]+ ——Jeo—>D
~_ 1
Poo

with Py (f) = inf{n € [0,00] | f(n) = 1} and Ox(f) = sup{n € [0, 0] |
f(n) = 0}, for all f € D with Py and O being lax quantale morphisms.
These lax morphisms induce adjoint functors

O
m
Met I.o— ProbMet.

\i/

Poo

between the categories Met and ProbMet.
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For every quantale V), the canonical map
1:2—V, 00— 1L, 1—k

is a lax quantale morphism, which induces the functor B;: Ord — V-Cat.
The monotone map i: 2 — V has a right adjoint

1 ifvo>k,
p:Y—2 v—
0 else
which is a lax morphism of quantales too and induces the functor B, : V-Cat —
Ord; explicitly,
<y <= k<a(z,y),

for all elements x,y of a V-category X.

Definition 2.16. A V-category X = (X,a) is called separated whenever
B, X is separated; that is, for all z,y € X, k < a(z,y) and k£ < a(y,x)
imply z = y.

2.5 V-distributors Besides V-functors, there is another important type
of morphisms between categories, called V-distributors. The notion of dis-
tributor was introduced by Bénabou in the 1960s and provides “a general-
isation of relations between sets to ‘relations between (small) categories’ ”
(see [5]).

Definition 2.17. For V-categories X = (X, a) and Y = (Y, b), a V-distributor
w: X > Y is a V-relation ¢: X - Y compatible with both structures,
meaning that ¢ -a < ¢ and that b- ¢ < .

In fact, these inequalities are equalities due to the reflexivity of a and
b. Thus the identity distributor on (X, a) is actually a and, considering the
composition of V-relations, we obtain the category V-Dist. We also note that
a V-relation ¢: X -+ Y is a V-distributor precisely when ¢: XP®Y — V
is a V-functor (see [50]).

For V-categories X and Y, the subset

V-Dist(X,Y) < V-Rel(X,Y)
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is closed under suprema; hence, the supremum of a family (p;: X - Y);cr
of V-distributors can be calculated pointwise. As in Subsection 2.3, for a
V-distributor ¢: X -e» Y, both maps (—) - ¢ and ¢ - (—) have right adjoint
given, respectively, by the extension and lifting along ¢.

Every V-functor f: (X,a) — (Y,b) induces a pair of V-distributors
fer (X,a) = (Y,b) and f*: (Y,b) o> (X,a) given by f. = b- f and
f* = f°-b; in pointwise notation, for x € X and y € Y,

fel@,y) =0(f(z),y) and f*(y,z) = b(y, f(x)),

which characterise the functors (—),: V-Cat — V-Dist and (—)*: V-Cat —
V-Dist®?. An important fact about these induced V-distributors is that they
form an adjunction f, 4 f* in V-Dist. For the particular case of a V-functor
of the form z: G — X we obtain z, = a(z,—) and z* = a(—, x).

Definition 2.18. A V-functor f: (X,a) — (Y,b) is called fully faithful
whenever f*- f, = a, and f is called fully dense whenever f, - f* =b.

The underlying order of V-categories extends point-wise to an order re-
lation between V-functors. This order relation can be equivalently described
using V-distributors: for V-functors f,g: (X,a) — (Y,b),

f<g = <9 <= 9. < fe

Furthermore, the composition from either side preserves this order, and
therefore V-Cat is actually an ordered category. An important consequence is
the possibility to define adjoint V-functors: a pair of V-functors f: (X,a) —
(Y,b)and g: (Y,b) — (X, a) forms an adjunction, f - g, whenever, 1x < g-f
and -fg < 1y. Since

fHdg <= g1 fi &= fi=4",

fgifandonlyif, forallz € X and y €Y, a(z,g(y)) = b(f(x),y).

2.6 Cauchy complete V-categories In 1973, Lawvere [50] proved
that a metric space X is Cauchy complete if and only if every adjunction
¢ 1419:Y = X of [0,00]-distributors is of the form f, 4 f*, for some
non-expansive map f: X — Y. This observation motivates the following
nomenclature.
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Definition 2.19. Let V = (V,®,k) be a quantale. A V-category (X, a)
is Cauchy complete if every adjunction of V-distributors (¢: X -+ Y)
(¢: Y - X) is representable, meaning that there is a V-functor f: Y — X
such that p = f, and ¥ = f*.

Although the definition requires the representability of every adjunction,
it is enough to consider the case Y = G. Thus, a V-category X is Cauchy
complete if and only if every adjunction (¢: G <> X) 4 (¢: X > G) is rep-
resentable by some x € X. Subsequent developments established conditions
under which results relating Cauchy sequences, convergence of sequences,
adjunctions of distributors and representability can be generalised to V-Cat
(see |11, 15, 19, 39, 42, 75]).

Finally, we recall some topological notions for V-categories from [42].
For a quantale V = (V, ®, k), a V-category (X, a) and a subset M C X the
L-closure M of M is given by the collection of all x € X which represent
adjoint distributors on M. More precisely, x € M whenever i* - x, 4 z* - iy,
where i: M — X is the inclusion V-functor. In more elementary terms, we
have (see [42]):

Proposition 2.20. Let (X,a) be a V-category, M C X and x € X. Then
z €M if and only if k < \/ ¢y a(z,2) @ a(z, z).

The above proposition also shows that (X,a) and (X, a)° induce the
same closure operator on the set X. The following two results can be found
in [42] and describe fundamental properties of the L-closure.

Proposition 2.21. Let V = (V,®,k) be a quantale. For a V-functor
f: X =Y and M,M' C X, NCY, one has:
(1 )MCM and M C M’ implies M C M.
(2) M
(3)() ()Cmdf()Df() o
(4) If k is V-irreducible, then MU M’ = M UM’ and @ = 2.

Corollary 2.22. If k is V-irreducible in V, then the L-closure operator de-
fines a topology on X such that every V-functor becomes continuous. Hence,
in this case the L-closure defines a functor Ly : V-Cat — Top.
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3 Combining convergence and V-categories

In this section, we study V-categories equipped with a compatible conver-
gence structure. As we explained in Section 1, this study has its roots in
Nachbin’s “Topology and Order” [59] as presented in [72]. We recall the
notion of topological theory U [36], which provides enough structure to ex-
tend the ultrafilter monad U to a monad on V-Cat; the algebras for this
monad we designate as V-categorical compact Hausdorff spaces. We also re-
call the notions of U-category and U-functor and the comparison between
V-categorical compact Hausdorff spaces and U-categories, which can already
be found in [72]. In Subsection 3.6 we use the closure operator on V-Cat
(see Subsection 2.6) to define compact V-categories, and show, under some
conditions on V, that compact separated V-categories provide examples of
V-categorical compact Hausdorff spaces.

3.1 Ultrafilter theories Of particular interest to us is the ultrafilter
monad U = (U, m, e) which is induced by the adjunction

Boole(—,2)
S
Boole®? T Set;
~_
Set(—,2)

for more information on monads we refer to [54]. Here the functor U: Set —
Set takes a set X to the set UX of ultrafilters on X and, foramap f: X - Y
andr € UX,Uf(x) ={ACY | f}(A) €¢}. The unit ex: X — UX on
X sends z € X to the principal ultrafilter  on X, and the multiplication
my: U?X — UX is characterised, for every X € U?X, by mx(X) = {4 €
UX | A* € X}, where A#* = {r € UX | A € 1}. The Eilenberg-Moore
category of U, SetV, is equivalent to the category of compact Hausdorff
topological spaces and continuous maps (see [55]).

The following result (see [70]) ensures the existence of certain ultrafilters
and will be very important for later usage.

Lemma 3.1. Let § be a filter and j be an ideal on a set X such that fNj = @.
Then there is an ultrafilter ¢ that extends § and excludes j; that is, f C v and
jNt=g.
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In this paper, we consider a particular case U = (U, V, ) of a topological
theory (in the sense of [36]) based on the ultrafilter monad U = (U, m, e), a
quantale V = (V,®,k) and a map £: UV — V. Here we require (U, V, ) to
satisfy all the axioms of the definition of a strict topological theory with the
exception of the axiom regarding the tensor product ® of V, for which it is
enough to have lax continuity. We call such a theory an ultrafilter theory.
More in detail:

e the map &: UV — V is the structure of an Eilenberg—Moore algebra

on V,
XX Ux UUX 2. UXx
\ is Uéi is
1x
X UX : X

that is, £&: UV — V is the convergence of a compact Hausdorff topology
on V;

e The tensor product is “laxly continuous”

U xv) -2y
<5UW1,£U7T2>i < J{E

V><V®—>V

e { is “compatible with suprema in V” as specified in condition (Qy/)
in [36].

We call a theory U satisfying even equality in the axiom involving the
tensor product a strict ultrafilter theory. We note that every ultrafilter theory
U = (U,V,¢) based on a frame V with ® = A is strict. Furthermore, U is
called compatible with finite suprema whenever the diagram

U xv)-Luy
(§U7r1,§U7F2>\L li

VXYV
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commutes. Note that we do not need to impose a condition on the empty
supremum since, for every ultrafilter theory, the diagram

v1 Yy

|k

1— =V

commutes. For v € V| we consider the map
ty:V —V, v— u®u.

An ultrafilter theory U = (U, V,§) is called pointwise strict whenever, for

all u € V, the diagram

vy -2 gy

e

VeV

commutes. Clearly, every strict ultrafilter theory is pointwise strict.
The following result (see [36, Theorem 3.3]) provides examples of ultra-
filter theories.

Theorem 3.2. For every completely distributive quantale V, the map

&EUV—V,o— A\ u

AevucA
defines an ultrafilter theory (U, V,§).

Somehow surprisingly, the formula above depends only on the lattice
structure of V; moreover, it is self-dual in the sense that

s =AVu=V Au

AevucA AcvucA

for all b € UV. For the lattices V =2,V = [0,1], V = [0,00] and V = D
we denote the corresponding map § : UV — V by &2, §[0,1], §[0,00] and &,
respectively.
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Proposition 3.3. Let V be a completely distributive quantale and &: UV —
V as in Theorem 3.2. ThenU = (U, V,§) is compatible with finite suprema.

Proof. Just apply Theorem 3.2 to the quantale V°P with tensor product
given by binary suprema V in V. Here we use the fact that also the lattice
VP is completely distributive and therefore in particular a frame. O

Example 3.4. According to the quantales introduced in Examples 2.1, and
keeping in mind Examples 2.8, we have the following examples of ultrafilter
theories.

(1) For ¥V = 2, the convergence of Theorem 3.2 corresponds to the dis-
crete topology on 2. We denote this theory as Us.

(2) For the quantales based on the lattices [0, 1] and [0, 00|, the con-
vergence of Theorem 3.2 corresponds to the usual Euclidean topology. We
denote the corresponding theories by L{m+, UmA, Up11.» Uy, and
Upp 1), » respectively.

(3) We will denote the ultrafilter theory based on the quantale D and on
the the convergence of Theorem 3.2 by Up.

Remark 3.5. For each of the quantales V = 2, V = [0,1] and V = [0, o0],
the theory obtained from Theorem 3.2 is strict. However, we do not know
if there is a strict ultrafilter theory involving the quantale D of distribution
functions.

Definition 3.6. Let 4 = (U,V1,&1) and % = (U, Vs, &) be ultrafilter

theories and ¢: Vi — Vs be a lax quantale morphism. Then ¢ is compatible
with 24 and %, whenever, for all v € UVy, & - Up(v) < ¢ - &1(0).

Uy, -2 Uy,

J = e

Vi T>V2

For instance, for every ultrafilter theory U = (U, V,§), the canonical
map i: 2 = V (see Subsection 2.4) is a lax quantale morphism making the
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diagram
v2 Yy
of
2 V

commutative; hence ¢ is compatible with Us and U.

Lemma 3.7. Let % = (U,V,§) be an ultrafilter theory where k is the top
element of V. Then the right adjoint p: V — 2 of i is compatible with %
and Us.

Proof. Let v € UV and assume that &(Up(v)) = 1. Then Up(b) = 1 and
therefore 1k € v. If k is the top-element of V, then {k} € v and consequently

£(v) = k. O

Lemma 3.8. Let 7241 = (U, V1,&1) and % = (U, Ve, &2) be ultrafilter theories
where £1,& are as in Theorem 3.2. Assume that p: Vi — Vo is a lax
quantale morphism preserving codirected infima. Then ¢ is compatible with

%1 and %2.

Proof. Let v € UV;. Then

:/\\/w(u)é/\so<\/ >—¢</\\/ )—%051 v)).

AcvucA Aco  \ueA AevueA
O

The result above applies in particular when ¢: Vi — Vs is right adjoint.
For instance, if U = (U, V, &) is an ultrafilter theory where V is completely
distributive and £: UV — V is as in Theorem 3.2, then p: V — 2 is compat-
ible with U and Us since i - p.

Example 3.9. Recall the chain Oy - I 4 Py of adjoint lax quantale

morphisms introduced in Example 2.15 (2). Since I, and Py, are both

right adjoints, they are compatible with the ultrafilter theories Um and
b +

Up.
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3.2 Extending the monad Given an ultrafilter theory U = (U, V, §),
we extend the functor U : Set — Set to a lax functor U, on V-Rel by putting
UX=UX for each set X and

Ur:UX xUY —V
(r,n9) — \/ {5 -Ur(w) ‘ welU(X xY),Urx(tv) =g, Ury(o) = n}

for each V-relation r : X xY — V. The following result can be found in [36].

Theorem 3.10. Let U = (U, V,§) be an ultrafilter theory. Then the follow-
ing assertions hold.
(1) For each V-relationr: X Y, U, (r°) = U(r)° (and we write U,r°).
(2) For each function f: X =Y, Uf =U,f and (Uf)° = U.(f°).
(3) For each V-relationr: X =Y and functions f: A — X andg: Y —
Z,
U(g-r)=Ug-Ur and U(r-f)=Ur-Uf.

(4) For all V-relations r: X - Y and s: Y - Z, U;s-Ur < U (s 7).
We have even equality if U is a strict theory.

(5) Then e becomes an op-lax natural transformation e: 1 — U, and
m a natural transformation m: U.U, — U, that is, for every V-relation
r: X =Y we have

ey r <Ur-ey, my - U.U;r =Ur-mx.
X--UXx UUX —UX

b o ke
Y=~ WY GUY -~ UY

3.3 V-categorical compact Hausdorff spaces Based on the lax
extension of the Set-monad U = (U, m,e) to V-Rel described in Subsec-
tion 3.2, the Set-monad U admits a natural extension to a monad on V-Cat,
in the sequel also denoted as U = (U,m,e) (see [72]). Here the functor
U: V-Cat — V-Cat sends a V-category (X, ag) to (UX,U,ap), and with this
definition ex: X = UX and mx: UUX — UX become V-functors for each
V-category X.
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Definition 3.11. Let U = (U, V, &) be an ultrafilter theory. An Eilenberg—
Moore algebra for the monad U on V-Cat is called V-categorical compact
Hausdorff space.

Hence, a V-categorical compact Hausdorff space can be described as a
triple (X, ag, @) where (X, ag) is a V-category and a: UX — X is the con-
vergence of a compact Hausdorff topology on X such that «: U(X,ag) —
(X,ap) is a V-functor. For U-algebras (X,agp,«) and (Y,bg,3), a map
f: X — Y is a homomorphism f: (X,ap,a) — (Y, by, ) precisely if f
preserves both structures, that is, whenever f: (X, ag) — (Y,bp) is a V-
functor and f: (X,a) — (Y, ) is continuous. Since the extension U, of U
commutes with the involution (—)°, with X = (X, ag, @) also (X, ag, @) is a
V-categorical compact Hausdorff space. It follows from [36, Lemma 3.2] that
the V-category (V,hom) combined with the U-algebra structure £ induces
the V-categorical compact Hausdorff space V = (V, hom, &).

Example 3.12. (1) Our motivating example is produced by U = Us. In
this case, the objects of the Eilenberg-Moore category for the monad U on
Ord are precisely the ordered compact Hausdorff spaces introduced in [59],
and the homomorphisms are the monotone continuous map. We denote this
category by OrdCH. We recall that an ordered compact Hausdorff space X is
a set equipped with an order relation < and a compact Hausdorff topology
so that
[y o<y} C X x X

is closed with respect to the product topology. It is shown in [72] that
this condition is equivalent to being an Eilenberg—Moore algebra for the
ultrafilter monad on Ord.

(2) ForU = Um+, we put MetCH = Met” and call an object of MetCH
a metric compact Hausdorff space.

(3) Similarly, for 4 = Up, the objects of ProbMetV are called proba-
bilistic metric compact Hausdorff spaces. The category ProbMet” will be
represented by ProbMetCH.

Proposition 3.13. Let 724 = (U, V1,&1) and % = (U, Vo, &) be ultrafilter
theories and ¢: V1 — Vs be a lax quantale morphism compatible with 7
and . Then, for every Vi-category X, the identity map on the set UX is
a Vo-functor of type

UB,(X) — B,U(X).
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Proof. Let (X, ap) be a Vy-category. Then, since ¢ is compatible with the
ultrafilter theories U; and Us, for all ¢, € UX we have

U, (vao)(x,9) = \/{& - U - Uag(w) | Uri () = ¢, Uma(1w) = y}
<\ & - Uag(w) | Um () = 5, Umz(w) = n}
<o (VA& - Uao(w) | Umi(w) = £, Ums(w) = n})
= (U, a0)(x,v);
which proves the claim. 0

Hence, the family of these maps defines a natural transformation

V;-Cat i Vo-Cat

Je

Vi-Cat ? Vo-Cat

@
and, together with B, : V;-Cat — V»-Cat, a monad morphism (see [63]) from
the ultrafilter monad U on V;-Cat to the ultrafilter monad U on V-Cat. As

a result, we obtain the functor B, : V1-CatV — V,-CatV sending (X, ap, )
to (X, pap, @) and making the diagram

Vl—CatU i VQ—CatU

Gul lGU

Vl-cat T> VQ-Cat

©

commutative. In particular, for every completely distributive quantale V
and £ given by the formula in Theorem 3.2, the lax quantale morphism
p: V — 2 induces the functor

B,: V-Cat” — OrdCH.

Example 3.14. We have seen in Example 3.9 that the lax quantale mor-
phisms introduced in Example 2.15 (2) are compatible with the ultrafilter
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theories Z/Im and Up. As a consequence one has the adjoint functors
’ +

Bpas

ProbMetCH ~ T  MetCH.
\_/
By,

e}

3.4 U-categories and U-functors We have already mentioned in
Section 1 that there is a close connection between ordered compact Haus-
dorff spaces and certain topological spaces. In this subsection we recall the
definition of U-categories as enriched substitutes of topological spaces. This
notion has its roots in Barr’s “relational algebras” [4]; an extensive presen-
tation of the theory of (T,V)-categories (also called (T, V)-algebras), for a
monad T and a quantale V, can be found in [40].

Definition 3.15. A U-category is a pair (X, a) consisting of a set X and a V-
relation a: T X — X satisfying the lax Eilenberg—Moore axioms 1x < a-ex
andalfgaga-mx.

Expressed elementwise, these two conditions read as
k<alex(z),x) and Ua(X,r) ®a(r,z) < a(mx(X),z),
foral X e UUX,reUX and z € X.

Definition 3.16. A function f: X — Y between U-categories (X, a) and
(Y,b) is a U-functor whenever f-a <b-Uf.

Since f - f° in V-Rel, this condition is equivalent to a < f°-b- U f, and
in pointwise notation the latter inequality becomes

a(r,z) < bUf(r), f(x)),

for all r € UX, x € X. The category of U-categories and U-functors is
denoted by U-Cat.

Example 3.17. (1) For V = 2, a Ua-category is a set X equipped with a
relation —: UX — X such that e;(z) — =z and, if X — v and v — z, then
mx (X) — x. It is shown in [4] that these are precisely the convergence rela-
tions induced by topologies; in fact, the main result of [4] states that Us-Cat
is isomorphic to the category Top of topological spaces and continuous maps.
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(2) The concept of approach space was introduced by Lowen in 1989
(see [52, 53]). It involves a set X and a map ¢: PX x X — [0, 0], called
approach distance or distance map, satisfying:

(a) 6({z},2z) =0,

(b) 6(@,x) = oo,

(c) 6(AU B,z) = min{d(A,x),5(B,z)},

(d) §(A®),z)+e> (A, z), with A®) = {z € X | e > §(A,z)},

for all z € X, all A,B € PX and all ¢ € [0,00]. A non-expansive map
is a map f: X — Y between approach spaces (X,9) and (Y, d’) subject to
(A, x) = (f(A), f(x)), for all A € PX and all z € X.

It was proved in [14] that a [0, co]4-relation a: UX -+ X is induced by
an approach distance 6: PX x X — [0, 00] if and only if

0> a(z,z) and Uga(X,t)+a(t,z) > a(mx(X),z).

forall z € X, all t € UX and all X € UUX, or equivalently, if and only
if (X,a) is a Z/{m -category. Moreover, non-expansive maps correspond
b +

precisely to I/{m -functors, so that App ~ L{er—Cat.

(3) For V = [0,00]p =~ [0,1]x, L{m -Cat can be identified with the

subcategory of App whose objects (X, a) are the approach spaces satisfying
additionally the condition

max(Uga(X,t),a(r,x)) = a(mx(X), ),

forall X e UUX, vt € UX and z € X.
(4) For V = [0, 1], Ujg 11, -Cat is the category whose objects are struc-

tures of the type (X, a) with a: UX -+ X satisfying 1 < a(z,z) and
Uea(X,v) +a(t,z) 21 = Uga(X,r) +a(r,z) < a(mx(X),z) + 1.

(5) For V = D, U-categories can be identified with probabilistic approach
spaces. This is an example of a quantale-valued approach space studied
in [48]. For the sake of simplicity we will represent Up-Cat by ProbApp.
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Similarly to the situation for V-categories, the canonical forgetful functor
Oy: U-Cat — Set is topological (see [14]); which implies that the category
U-Cat is complete and cocomplete and Oy preserves limits and colimits. We
denote the free U-category over the one-element set 1 by G = (1,k); here
k: Ul -+ 1 is the V-relation which sends the unique element of U1 x 1 to k.

There are several functors connecting U-categories with V-categories and
topological spaces. Firstly, we have a functor Set” < ¢/-Cat interpreting an
Eilenberg—Moore algebra as a lax one. Furthermore, there is a forgetful
functor (—)p: U-Cat — V-Cat sending (X, a) to (X,ap = a-ex) and leaving
maps unchanged. We notice that the diagram

Set! — = 4-Cat

A |

Set —— V-Cat

discrete
commutes. Furthermore, by [36, Section 4|, we have:

Proposition 3.18. Assume that p: Vi — Vs s is a lax quantale morphism
compatible with the ultrafilter theories % = (U, V1,&1) and % = (U, Va,&2).
Then

(X,a) — (X, pa) and fr—1f
define a functor By,: 7 -Cat — %»-Cat.

By Proposition 3.18, for every ultrafilter theory U = (U, V, §), the canon-
ical map i: 2 — V (see Subsection 2.4) induces the functor

B;: Top — U-Cat.
interpreting a topological space X as the U-category with structure

k ifr—=x

,T) —
(& 2) {J_ else,

for r € UX and z € X. If, moreover, the right adjoint p: V — 2 of 7 is
compatible with U and Us (see Lemmas 3.7 and 3.8), then p defines a functor

B,: U-Cat — Top
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which is right adjoint to B;. Here B, sends an U-category (X,a) to the
topological space X with convergence

a

UX x X y—L2 .2

that is, for y € UX and = € X, ¢ — z if and only if k£ < a(r, z).

Example 3.19. The adjoint lax quantale morphisms I, - Py (see Ex-
ample 2.15) are compatible with the ultrafilter theories ufoT.o] and Up.
b +

Therefore they induce the adjoint functors

Bp

ProbApp @ App.
By

oo

3.5 Comparison with /-categories It is shown in [72] that there is
a canonical functor

K: (V-Cat)V — U-Cat

which associates to each X = (X, ag,a) in (V-Cat)V the U-category KX =
(X, a) where a = ag - a. Note that (ag - a)o = ag, that is, the diagram

(V-Cat)! —E5 14-Cat (3.5.1)

S |

V-Cat

commutes. Applying K to V = (V,hom, &) produces the U-category V =
(V,homg¢) where

homg: UV xV — V, (v,v) — hom({(v), v).

Example 3.20. (1) For U = U, one obtains the commutative diagram

OrdCH L>Top

k l(—)o
Ord
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Here every ordered compact Hausdorff space maps to a weakly sober, locally
compact and stable topological space; assuming also the TO-axiom, these
spaces are called stably compact (see [26]). We recall that a topological
space X is called weakly sober whenever every irreducible closed subset of
A C X is the closure of a singleton A = {z}; and X is called stable whenever
the way-below relation on the lattice of opens of X is stable under finite
intersection. It is also shown in [26] that the full subcategory of OrdCH
defined by the separated orders is isomorphic to the category StablyComp of
stably compact topological spaces and spectral maps. We also note that the
space K2 is the Sierpiniski space 2 = {0, 1} with {1} closed.

(2) When we consider the ultrafilter theory U = L[m+, diagram (3.5.1)

becomes
MetCH —% = App
o0 l(—)o
Met.

Here the space K froo]Jr coincides with the “Sierpiniski approach space” of
[53, Example 1.8.33 (2)]. Similarly to the topological case, it is shown in
[29] that separated metric compact Hausdorff spaces correspond precisely to
stably compact approach spaces.

(3) For U = Up, we obtain the diagram

ProbMetCH —= = ProbApp

o J{(—)o
ProbMet.

The functor K : (V-Cat)V — U-Cat is right adjoint, its left adjoint assigns
to every U-category the V-categorical compact Hausdorff space (UX, a, mx).
Regarding this construction, we recall here from [15]:

Lemma 3.21. For every U-category (X,a), a := U.a - m% is a V-category
structure on UX.

We give now an alternative characterisation of the compatibility between
the convergence and the V-categorical structure of an Eilenberg—Moore al-
gebra (X, ap, @) in V-CatV, which resembles the classical condition stating
that “the order relation is closed in the product space”.
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Proposition 3.22. For a V-category (X, ag) and a U-algebra (X, o) with
the same underlying set X, the following assertions are equivalent.

(i) a: U(X,a0) = (X, a0) is a V-functor.
(i) ao: (X,a) x (X, ) = (V,homy) is an U-functor.
Proof. The first assertions is equivalent to

Ve,p € UX . U.ao(r,9) < ao(a(r), a(n)),

and, since

U.ao(r,y) = \/{¢ - Uag(w) | w € U(X x X),Umi(w) =1, Umz(w) =y},

this is equivalent to

Vi,p e UX,Vio e U(X x X).((Um (o) =& Ums(v) =9) =
(€ Uao(w) < ao(a(r), a(v))))-

On the other hand, the second statement translates to

Vo e U(X x X),Vr,y e UX . (Unmi(w) =& Umy(w) =1y) =
(k <hom(¢ - Uap(w), ap(a(r)

which proves the equivalence. O

From Proposition 3.22 we conclude immediately:

Lemma 3.23. Let U be an ultrafilter theory so that p: V — 2 is compatible
with U and Ug, and (X, ap, ) be a V-categorical compact Hausdorff space.
Then, for all x € X and u € V, the closed balls

{y € X |ag(z,y) >u} and {y€ X |ap(y,z) > u}

with center x and radius u are closed with respect to the compact Hausdorff
topology.

Proof. Applying the forgetful functor B,: U-Cat — Top, we obtain that
ag: (X, a)x (X,a) = Bp(V, homg) is continuous. For every x € X, consider
the continuous maps

<lx, > <le>

XL XxX Y and X S5 X xX 25y,

Then, for every u € V, the closed balls with center x and radius u are the
preimages of the closed set Tu in V. O
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3.6 Convergences from V-categories We recall from Corollary 2.22
that, for every quantale V = (V, ®, k) where k is V-irreducible, we have the
functor

Ly: V-Cat — Top

sending a V-category (X, ap) to X equipped with the L-closure of (X, ap).
We investigate now connections between V-categorical and topological prop-
erties. Note that, if k£ is the top element of the quantale V), then the projec-
tion maps m1: X XY — X and mo: X x Y — Y are V-functors

T : (X,a0)®(Y,bo)—>(X,a0) and 7y: (X,a0)®(Y,bo)—>()/,bo),

for all V-categories (X, ap) and (Y, bp). Therefore, with the same proof as
for [42, Corollary 5.8], we obtain:

Lemma 3.24. Let V be a quantale where k is the top element and (X, ap)
be V-category. For all z,y € X,

r~y <= (r,9) € Ain (X, a0) ® (X, ap).
Hence, (X, ao) is separated if and only if A is closed in (X, ap) ® (X, ap).
In the sequel we will often require that the functor Ly, is monoidal.

Definition 3.25. The functor Ly : V-Cat — Top is monoidal if, for all V-
categories (X, ag) and (Y, bp), the identity map on X X Y is continuous of
type

Lv(X, ao) X LV(Y, bo) — Ly((X, ao) ® (Y, bo))

Proposition 3.26. Let V = (V,®,k) be a completely distributive quantale
where k is the top element and V-irreducible in V. We consider the ultrafilter

theory U = (U, V,§) where £&: UV — V is as in Theorem 3.2. Then the

following assertions hold.

(1) The identity map on'V is continuous of type Ly(V, hom) — By(V, homy).

(2) Assume that Ly is monoidal. Then, for every V-category (X, ag), the
topological space Ly(X, ag) is Hausdor(f if and only if (X, ag) is separated.

Proof. To see (1), we note that an ultrafilter r converges to x in Ly(V, hom)
if and only if, for all A € ¢, x € A; that is,

k< \/ hom(z, z) ® hom(z, x).
z€A
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On the other hand, r — = in B,(V, homg) is equivalent to
VAer.(\A<a).

Assume ¢ — x in Ly(V, hom). For every A € ¢, we calculate

2 = hom(k, z) > hom( \/ hom(z, z) ® hom(z, x), x)
z€EA
= /\ hom(hom(z, z) ® hom(z, z), x).
z€A

Since k is the top element of V,
z ® hom(z, z) ® hom(z,z) < z ® hom(z, z) < x;
we obtain

/\ z < /\ hom(hom(z, z) ® hom(z, z),x) < z.
z€A z€A

Regarding (2), by Lemma 3.24, a V-category (X, ag) is separated if and only
AX C X xX

is closed in Ly ((X, ap) ® (X, ap)). Hence, since Ly is monoidal, the assertion
follows. 0

Definition 3.27. Let V = (V, ®, k) be a quantale where k is V-irreducible.
A V-category X is called compact whenever the topological space Ly (X) is
compact. The full subcategory of V-Cat defined by all compact separated
V-categories is denoted by V-Catsep comp-

Theorem 3.28. Let V be a completely distributive quantale where k is V-
irreducible and the top element of V and assume that Ly : V-Cat — Top is
monoidal. Let U = (U, V,§) be the ultrafilter theory with &: UV — V as in
Theorem 3.2. Then the functor Ly: V-Catsep.comp — CompHaus lifts to a
Junctor Ty : V-Catgep.comp — (V-Cat)V which commutes with the canonical
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forgetful functors
V-Cat

|

V-Catgep,comp Tu (V-Cat)V

T |

CompHaus
to V-Cat and CompHaus.

Proof. Since the composite
can o Lya
Ly(X, ap) x Ly(X, ag) = Ly((X, ao)™ ® (X, ao)) —>
— Ly(V,hom) — B,(V, homy)

is continuous, every separated compact V-category becomes a V-categorical
compact Hausdorff space when equipped with the topology of Ly (X). O

Proposition 3.29. Let V = (V, ®, k) be a quantale where k is approzimated.
Then Ly 1s monoidal.

Proof. Under the condition that k is approximated, the topology of a V-
category (X, ag) is generated by the “symmetric open balls”

Bs(z,u) ={y € X | u < ao(z,y) and u < ao(y,z)},

for x € X and u < k (see Proposition 2.10 and [39, Remark 4.21]). Let
now (X, ap) and (Y,by) be V-categories, (z,y) € X x Y and u < k. By
Proposition 2.10, there is some v < k with v < v ® v. Then Bg(z,v) x
Bs(y,v) € Bs((z,y),u); which proves the claim. O

Remark 3.30. By the results of this subsection, every compact separated
(probabilistic) metric space is a (probabilistic) metric compact Hausdorff
space. Put differently, the theory developed in this paper provides a new
technique to study (probabilistic) metric spaces: instead of considering the
topology induced by the metric, find a (compact Hausdorff) topology com-
patible with the metric. As we will see, this method is particularly useful in
the study of Cauchy completeness (see Corollary 4.21).
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4 Completeness from compactness

The central topic of this section is Cauchy completeness for U-categories, a
notion defined in terms of adjoint -distributors in [15]. We recall here the
notion of U-distributor and how to compose U-distributors; unfortunately,
only if the ultrafilter theory U is strict we are able to conclude that this
composition is associative. In order to keep the quantale D of distribution
functions included (see Remark 3.5), we avoid as much as possible assuming
that U is strict. The lack of associativity forces us to be more careful in
our treatment of adjunctions; in particular, adjoints need not be unique.
We show, under some conditions on the quantale V, that the corresponding
U-category of a V-categorical compact Hausdorff space is Cauchy complete.
Moreover, for strict theories U, we prove that the forgetful functor ¢-Cat —
V-Cat preserves Cauchy-completeness. Combining both results shows that
the underlying V-category of a V-categorical compact Hausdorff space is
Cauchy complete. In the last subsection we go a step further and study
codirected completeness for V-categories.

4.1 U-distributors A V-relation of the form ¢: UX -+ Y is called a
U-relation and think of ¢ as an arrow from X to Y, and write p: X — Y.
Composition is given by Kleisli composition:

Vo= -Up mk,

UxX UY UX S UUux
b
@ P — o Uy
lo
Y Z Z

forall p: X ==Y and ¥: Y = Z. One easily verifies
poex =p-Uex -mx =¢
and

] (e} (o] (o] (o]
exop=ex-Up -mx > -egx -mx =g,
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for all U-relations p: X —+ Y that is, e is a lax identity for the Kleisli
composition. Moreover:

Theorem 4.1. For composable U-relations we have
po(poy)=(poy)or,

with equality if U is a strict theory.

Proof. See 35, Subsection 2.1]. O]

Remark 4.2. In the language of U-relations, an U-category (X, a) consists
of a set X and an U-relation a: X —+ X satisfying e < a and aoa < a.

Definition 4.3. A U-relation p: X - Y between U-categories X = (X, a)
and Y = (Y, b) is a U-distributor, written as ¢: X o Y, whenever poa < ¢
and bo ¢ < . In pointwise notation, ¢: X -~ Y is an U-distributor if, for
allrteUX,all X e UUX,ally €Y and all hy e UY,

Usa(X,v)@p(r,y) < p(mx(X),y) and Ugp(X,n)@b(n,y) < p(mx(X),y).

In other words, an U-distributor ¢: X -~ Y comes with a right action
of the U-relation a and a left action of b. This perspective motivates the
designations bimodule or module used by some authors. Note that we always
have poa > ¢ and bop > ¢, so that the U-distributor conditions above are
in fact equalities which make the U-structures identities for the composition
of U-distributors.

Remark 4.4. In general, U-distributors do not compose. However, this
property is guaranteed by assuming that the ultrafilter theory is strict.

The following result establishes a connection between U/-distributors and
U-functors and generalises slightly [15, Theorem 4.3].

Theorem 4.5. Let (X, a) and (Y,b) be U-categories, and ¢: UX - Y be
a V-relation. Then the following assertions are equivalent.

(i) The V-relation ¢ is an U-distributor p: X - Y.

(i) ¢: (UX,a)P x (Y,1ly) = (V,hom) is a V-functor and ¢: (UX,mx) X
(Y,b) = (V,homg) is an U-functor.
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Proof. First note that ¢ is an U-distributor if and only if
p-a<e and b-Up<p-mx.

The first inequality above means precisely that, for all y € Y and all ¢, 9 €
UX,
o(r,y) @ am,r) < (v, y),

which in turn is equivalent to
a(y,x) < hom(p(x,y), ¢(v,y)).

Consequently, ¢ - @ < ¢ if and only if, for all y € Y,
90(_7 y) : (UX7 &)Op — (Vﬂ hom)

is a V-functor; which is the case if and only if ¢: (UX,a)°? x (Y,1ly) —
(V,hom) is a V-functor.
Secondly, b- U, < ¢ - mx if and only if, for all X € UUX, yp € UY and
yey,
b(n,y) @ U,p(X,9) < p(mx(X),y),

and this inequality is equivalent to
\/{b(n,y) @ EUQ(W) | W € U(UX x Y),Umy (W) = X, Umy(2W) =}
< p(mx(X),y).

The latter holds if and only if, for all W e U(UX xY),r€e UX andy €Y
with myx (Um (20)) =1,

b(Uma(20),y) < hom(EU (), ¢(x, y)).

Hence, b- U, < ¢ - mx is equivalent to ¢: (UX,mx) x (Y,b) — (V, homg)
being an U-functor. O

In the sequel we will consider in particular U-distributors with domain
or codomain G. For an U-category X = (X, a), an U-relation p: 1 +— X is
an U-distributor ¢: G -~ X if and only if, for all x € X and all vt € UX,

Uep(v) @ a(r, x) < ¢(x).
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Similarly, an U-relation ¢: X —-— 1 is an U-distributor ¥: X - G if and
only if, for all t € UX and all X e UU X,

Usa(X,t) @ 9(v) < p(mx (X)) and  Ug(X) < ¢ (mx(X)).

Let (X,a) and (Y,b) be U-categories. Each map f: X — Y induces
U-relations

fo=b-Uf: X +Y and f®=/f°-b:Y + X;

moreover, one has bo fg < fg and f® ob < f® These U-relations are
actually U-distributors precisely when f is an U-functor.

Lemma 4.6. The following are equivalent, for U-categories (X, a) and (Y, b)
and a map f: X =Y.

(i) f is an U-functor f: (X,a) — (Y,b).
(ii) fe is an U-distributor, that is, fgoa < fg.
(iii) f® us an U-distributor, that is, ao f® < f®.
Proof. See [15, Subsection 3.6]. O

Lemma 4.7. Let f: A— X and g: Y — B be U-functors and p: X =Y
be an U-distributor. Then

pofo=9-Uf and g¥op=g°-¢
are U-distributors.

Proof. See |15, Proposition 3.6]. O

Similarly to the case of V-categories, the local order of V-Rel allows us
to consider U-Cat as an ordered category: for U-functors f,g: X — Y,

[<g = [P<¢¥ <= go < [o
— f"<g".
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In particular, every U-category X has an underlying order where z < y
whenever z® < y®, for all z,y € X; which in turn is equivalent to k <
a(z,y). This construction defines a functor

Oy : U-Cat —» Ord,

and the diagrams

U-Cat 2% V_Cat

l \5“\ pr

Top —— Ord
(=)o
commute. A U-category (X, a) is separated (see [42]) whenever the underly-
ing ordered set Oy(X,a) is separated. We note that (—)o: U-Cat — V-Cat
sends separated U-categories to separated V-categories.

By

4.2 Adjoint UU-distributors In this subsection we study the impor-
tant notion of adjoint U-distributor. We employ here the usual definition of
adjunction in an ordered category; however, some extra caution is needed
since U-distributors in general do not compose.

Definition 4.8. Let X = (X,a) and Y = (Y,b) be U-categories. A pair of
U-distributors ¢: X e Y and ¢: Y - X form an adjunction, denoted as
© - 1, whenever their composites, @ o ¢ and ¥ o ¢, are U-distributors and
a<tpopand por <b.

We hasten to remark that fg - f®, for every U-functor f: (X,a) —
(Y, b). In fact, by [15, Proposition 3.6 (2), p. 188|, f® o fg and fg o f® are
U-distributors and

f®of®:b-Uf-Uf°-U§b.m§’/Sb-UEb.m%:b
and
90 fo = fo-b-Ugb'UUf-mg( — fo-b-Uéb-mff-Uf: fob-Uf> f°-fa>a.

Similarly to the nomenclature for V-categories, we call an U-functor f: (X, a)
(Y, b) fully faithful whenever f®o fg = a, and fully dense whenever fgo f® =
b.
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In general, we are not able to prove unicity of left adjoints since com-
position of U-distributors does not need to be associative. However, we can
still prove that right adjoints are unique:

Proposition 4.9. Let p: X = Y, ¢¥:Y o X and ¢': Y - X be U-
distributors with o =1 and p 4 '. Then ¢ =)'

Proof. From a < 1oy we get ¢’ = aot)’ < (Ypoyp)or)’ < who(por)’) < 1hob = 1p.
Similarly, ¢ < 1/, and we conclude that 1) = ¢’ O

We now turn our attention to U-distributors with domain or codomain

G.

Lemma 4.10. Let X = (X,a) be an U-category and ¢: G = X and
: X =~ G be U-distributors. Then the composites ¢ o) and 1 o ¢ are
U-distributors.

Proof. Clearly, ¥ o p: G =~ G is an U-distributor. To prove that ¢ o is
indeed an U-distributor of type X -~ X, we verify first that

poth=g-e1-e]-Up-mx =¢p-e1-(e]oyh) = e1-1.
Therefore
ao(po)) = a-Up-Uer-Up-m% < a-Up-mi-Up-m% = (aop)-U-m% = poy),

and (poy)oa < po(hoa)=ypor. 0

Therefore, when studying adjunctions of the form

we do not need to worry about the composites po and ¥ oy. Elementwise,
-1 translates to

k< \ v(G)©&Up() and 9(r) © p(z) < aly, z),
3eUX

for all r € UX and x € X. We also point out that
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e A map ¢: X — V (seen as an U-relation ¢: G +— X) is an U-
distributor ¢: G e~ X if and only if aop < @ if and only if p: X =V
is a U-functor (see Theorem 4.5) if and only if

p) =\ alr,z) ® V).

eUX
o A U-relation 1p: X - G is an U-distributor ¢: X -~ G if and only if
Yoa <t and ey - Ut -ms <.

Proposition 4.11. Let ¢: X - G, ¢: G o X and ¢': G -~ X be U-
distributors with ¢ 41 and @' 4. Then ¢ = ¢'.

Proof. We calculate

Pa)< \V d@)evt)@tUsi) <\ ak2)@Upi) =p). O
3eUX eUX

4.3 Cauchy complete U-categories With the notion of adjunction
of U-distributors at our disposal, we come now to the concept of Cauchy
completeness (called Lawvere completeness in [15]).

Definition 4.12. A U-category X = (X, a) is called Cauchy complete when-
ever every adjunction

X T G,
\\g_/

of U-distributors is of the form zg 4 2%, for some z € X.

Note that zg = a(z, —) and that 2% = a(—, ), so that xg 4 2® means,
forallr € UX and 2/ € X,

E< \/ aG,2)®Uere(3)  and  ar,2) @ a(d,2) < alx, o).
3eUX

Example 4.13. Various examples of Cauchy complete U-categories are de-
scribed in [15], we sketch here the principal facts.
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(1) We have already seen that Top ~ Uz-Cat. In this context, a Us-
distributor ¢: (X, a) e~ (Y,b) is a relation ¢: UX =+ Y that satisfies, for
alyeY pelUY,veUX and X e UUX,

X—or&o(ty) = p(mx(%X),y)

and

Uep(X,0) &y =y = o(mx(X),y).
In particular, Us-distributors of the form ¢: G -e~ X can be identified with
relations ¢: 1 - X satisfying
Ve e XVee UX . (Ugp(r) & v — 2) = ¢(x),
and a relation ¢: UX =+ 1 is a Ua-distributor ¢: X -~ G if and only if

(X =& y(r) <¢(mx (X)) and Ugh(X) < p(mx (X)),

forall X € UUX and v € UX. Using Theorem 4.5, a Ua-distributor ¢: G =~
X can be also seen as a continuous map X — 2 into the Sierpinski space,
which in turn can be interpreted as a closed subset A C X. A U-distributor
¥: X -~ Gisamap UX — 2 which is continuous with respect to the Zariski
closure on UX (an ultrafilter r € UX belongs to the closure of B C UX
whenever [ B C t) and antitone with respect to the order relation where

r <v whenever VAcr. A€y,

for all x,y € UX. Such maps correspond precisely to subsets A C UX which
are Zariski closed and down-closed with respect to the order relation defined
above.

4
A pair of U -distributors forms an adjunction X /i\\ G if and only
\\42/
if
I e UX . Uspr) & ¢(r)
and

Vee XVeeUX. (W) & p(x)) = v — .
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In terms of the corresponding subsets A C X and A C UX, these conditions
read as

FeUX.(Aer & e A
and

Vee XVieUX.teAdA& reA) = t— .

From this it follows that ¢: G e~ X is left adjoint if and only if the cor-
responding closed subset A C X is irreducible. Consequently, a topological
space X is Cauchy complete if and only if X is weakly sober.

(2) We consider now U = Um+, and recall that L[m;Cat ~ App.

Here, aUs—— -distributor ¢: (X,a) =~ (Y,b)isa [0, co] -relation p: UX —+>

[0,00LF
Y subject to woa = ¢ and bo ¢ > ¢. These conditions express that, for all

yeY,yeUY, tcUX and X € UUX,

Uga(X,v) + ¢(v,y) = ¢(mx(X),y)
and

Usp(X,9) +b(n,y) = p(mx(X),y).

A Z/{m+—distributor of the type p: G =~ X can be seen as a L{m+—functor
¢: X — [0,00]4 and it is characterised by

Ugp(r) + a(r, ) = ¢(z),
forx € X and v e UX, and a U -distributor of the type ¢: X - G is
f0,00+
a mapping UX — [0, 00]4 that satisfies

Uea(X,v) + ¥ (x) = h(mx (X))
and

Ug(X) 2 ¢p(mx (X)),
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forallt € UX and X € UUX. Z/Im+—distributors form an adjunction of

P
type X © T S G, forall z € X and X € UUX,
\\3_/

0= A Uep(t) +¢(x)

reUX

and

b(mx (X)) + ¢(z) = a(mx (X), ).

Furthermore, ufo_oo] -distributors of type ¢: G -~ X are identified with
b +

closed variable sets. Here a variable set is a family (Ay),¢[0,00] Such that, for
all v € [0,00], Ay =[5, Au- Such a variable set is closed whenever, for all
u,v € [0,00], {x € X | d(Ay,x) < v} C Ayyy, where d(Ay, z) = inf{a(r,z) |
te UA,}. A L{m+—distribut0r 1: X -~ G which is right adjoint to ¢ is
induced by the variable set A = (Ay)yeo,00] With Ay = {v € UX | Vu €
[0,00],Vz € Ay, a(r,x) < w4+ v}. Such a variable set A corresponds to a
right adjoint of ¢ if and only if A is irreducible, that is, for all u € [0, 00]

withu >0, UA,NA# 2. A Ufo—oo];distributor ¢: G -~ X is represented

by x € X if and only if the induced variable set A = (Ay)ye(0,00] 18 given
by A, = {y € X | d(z,y) < v} for each v € [0, 00]. Therefore an approach
space X is Cauchy complete if and only if each irreducible variable set is
representable. Finally, this condition is equivalent to X being weakly sober
in the sense of [3].

4.4 U-distributors vs U-functors In this subsection we will show
that, under suitable conditions, every U-category of the form K (X, ap, «) is
Cauchy complete, for (X, ag, ) in (V-Cat)V. For an U-category X = (X, a)
and M C X, we define

‘)OM(:E): \/ a(z,,:z:),

3€UM

for all x € X. We can view ¢jr as an U-relation ppr: 1 = X given by
oyv = a-Ui-U® (here i: M — X and !: M — 1). It is easy to see that
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pur is actually an U-distributor ¢pr: G =~ X, hence, ppr: X — V is an
U-functor. We also not that oz = 1 and paup = 94 V ¢B.
We import now from [41, Lemma 3.2 and Corollary 3.3]:

Proposition 4.14. Let U = (U,V,§) be an ultrafilter theory where V is
completely distributive and £: UV — V is as in Theorem 3.2. For every
U-category X = (X,a), r €eUX and z € X, a(r,z) = A\ s, pa(z).

Next we analyse left adjoint U-distributors ¢: G o X.

Lemma 4.15. LetU be an ultrafilter theory and ¢: G =~ X be a left adjoint
U-distributor with right adjoint ¢: X -~ G. Then, for every U-distributor
oG e X,

= /\ hom(p(z), ¢'(x)) =o'

zeX

Proof. Recall that [p,¢] = ¢/ e ¢ is the largest element u € V with
o(r) ®@u < ¢'(x), for all x € X (see Subsection 2.3). From

p)@ \/ vE) Ul =\ o) @@ @ U (x)

€eUX €eUX

<V alt,2) @ U () = ¢ (x)

eUX

we get ¥ o ¢’ < [p,¢']. On the other hand, from ¢ ® u < ¢’ we get

u< \/ vel@meu< \/ ¢@oUyou)r) < \/ v@)eld [).
reUX reUX eUX -

Proposition 4.16. Let U = (U, V,&) be an ultrafilter theory where V is
completely distributive, & is as in Theorem 3.2, and k is the top element of
V.

(1) For every left adjoint U-distributor ¢: G o X,

k< \ el@)
zeX

(2) If k is V-irreducible, then every left adjoint U-distributor ¢: G -~ X
is irreducible (that is: ¢ # L and @ < @1V @2 implies ¢ < o1 or ¢ < @a).
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Proof. Regarding the first statement, first observe that
E< \/ v eUer) < \/ Ue).

eUX reUX

Let u < k. Then there is some ¢ € UX with

uw<Up@) = \ V v(@) <\ o).

A€rxzeA zeX

Regarding the second statement, we observe first that ¢ # L since

1 <k< \/ ().
zeX
Furthermore, by Lemma 4.15, [, —| preserves finite suprema. Therefore, if
© < 1V 2, then

k< lp, 01V pa] = [0, 1] V [0, 2]
Since k is V-irreducible, we conclude that ¢ < @1 or ¢ < @s. O

The following result is inspired by [40, Lemma I11.5.9.1] which in turn is
motivated by [3, Proposition 5.7]

Proposition 4.17. Let U = (U,V,§) be an ultrafilter theory where V is
completely distributive, & is as in Theorem 3.2, and k is approzimated and
the top element of V. Then every left adjoint U-distributor p: G o~ X is of
the form ¢ = a(x,—), for somepr € UX.

Proof. First note that from {u € V | v < k} is directed it follows that k is
V-irreducible (see [39, Remark 4.21]). For every u < k, put 4, = {x € X |
u < @(x)}. By hypothesis, A, # @. We claim that ¢ < @y4,. To see this,
put A={z € X | p(x) < pa,(z)}. Since pa,(x) =k for every x € A,, it
follows that A, C A. Put v = \/{p(z) | x ¢ A}, then k £ v since u < v.
By construction, ¢ < ¢4, Vu. But ¢ < v is impossible since k < \/, . x ()
and k £ v, hence ¢ < @4, .

The directed set f = {A, | © < k} is disjoint from the ideal j = {B C X |
© £ g}, hence there is some ultrafilter r € UX with f Crand rNj = @.
Therefore

P =< /\@A:a(%—)
Aer

and o(z) > a(r,x) @ EU@(r) > a(x, x), for all x € X. O
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Corollary 4.18. Under the conditions of Proposition 4.17, every U -category
in the image of

K: (V-Cat)’ — U-Cat
is Cauchy complete. In particular, the U-category V is Cauchy complete.

Proof. Given a left adjoint U-distributor ¢: G =~ X, we have ¢ = a(r,—) =
ao(a(x), —). O

For our next result, we recall that the forgetful functor (—)o: U-Cat —
V-Cat has a left adjoint F': V-Cat — U-Cat sending a V-category (X, ag) to
the U-category (X, e - U.ap), and leaving maps unchanged.

Proposition 4.19. Let U be an ultrafilter theory. Then the following asser-
tions hold.

(1) F sends fully faithful V-functors to fully faithful U-functors.

(2) If U is strict, then F sends fully dense V-functors to fully dense
U-functors.

Proof. For a V-functor f: (X,ap) — (Y, bo), we write
a=e% - Uag and b=ey - Ubo

for the corresponding U-structures. Assume first that f: (X, a9) — (Y, bo)
is fully faithful. Then

feofe=f" ey Ubo-Uf =ex -Uf° -Ubo - Uf =ex - U(f-bo- f)=a

Assume now that U is strict and f is fully dense. Now we calculate:
f®of®:b'Uf'UfO'Uéb'mg/:6%'U;b0'Uf'Ufo'ery'UgU;bo'mgf
=ey -Ubo-Uf-Uf®-Uey -my -Uby =ey -Ubo-Uf -Uf°-Uby=b [

Theorem 4.20. Let U be a strict ultrafilter theory. Then (—)o: U-Cat —
V-Cat sends Cauchy complete U-categories to Cauchy complete V-categories.

Proof. Just note that a V-category (resp. U-category) is Cauchy complete
if and only if it is injective with respect to fully faithful and fully dense
V-functors (resp. U-functors) as it was proven in [42, Theorems 3.10 and
5.11]. O
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Corollary 4.21. Let U = (U,V,§) be a strict ultrafilter theory where V
is completely distributive, £ is as in Theorem 3.2, and k is approrimated
and the top element of V. Then, for every (X, ag,a) in (V-Cat)V, the V-
category (X, ag) is Cauchy complete. In particular, every compact separated
V-category is Cauchy complete.

Corollary 4.22. Let U = (U, V,&) be a strict ultrafilter theory. Then, for
every V-category (X, ag), the V-category (UX,Uag) is Cauchy complete.

Proof. Just observe that (UX,Uag, mx) is a V-categorical compact Haus-
dorff space since it is the free Eilenberg—Moore algebra over (X, ag). O]

We stress that the topology of Uag need not be compact. For instance,
if ag is discrete, then so is Uay.

For U = Us, Corollary 4.21 is vacuous since every ordered set is Cauchy
complete. As we already pointed out in Section 1, a stronger result holds in
this case: the underlying order of a sober space is codirected complete. In the
next subsection we proof a similar result for U-categories, under additional
conditions on the quantale V.

Remark 4.23. A related study of properties of metric spaces via approach
spaces can be found in [51]. Among other results, it is shown there that
in the underlying metric of an approach space every forward Cauchy se-
quence converges (see |7, 76]). We will come back to this notion in the next
subsection.

4.5 Codirected complete V-categories In this subsection we look
at Cauchy completeness of V-categories from a different perspective, namely
as
(co)completeness with respect to some choice of (co)limit weights. In this
paper we need only very particular limits and colimits, therefore we refer for
more information to [47, 71] and recall here only what we believe is essential
for our paper.

As the starting point, we assume that a saturated class ® of limit weights
p: G > X is given; examples of such choices are given below. For each
V-category X, we write ®(X) to denote the weights with codomain X.
Moreover, we consider V-Dist(G, X) as a V-subcategory of V-Rel(1, X) ~ VX
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and ®(X) as a V-subcategory of V-Dist(G, X )°P, this way the mapping
Y X — ®(X), x — x,

is a V-functor. A V-category X is called ®-complete whenever ﬁj{g has a right
adjoint
inf%: ®(X) — X.

Intuitively, infc)}} calculates the infimum of a limit weight ¢: G > X. The
assumption that @ is saturated guarantees that each ®(X) is ®-complete;
in fact, it is the free ®-completion of X. Dually, notions of cocompleteness
depend on a choice of a saturated class ¥ of colimit weights ¢: X <> G.
Then a V-category X is W-cocomplete if and only if the V-functor

X —VX),zr— 2"
has a left adjoint. Here we consider U(X) as a V-subcategory of V-Dist(X, G).

Remark 4.24. For a saturated class ® of limit weights, a V-category X
is ®-complete if and only if there exists a V-functor I: ®(X) — X with
1 /ij{g ~ 1x; such a V-functor is necessarily right adjoint to ﬁj{;.

For instance,
® = {all left adjoint V-distributors ¢: G -+ X with domain G}

is a saturated class of limit weights, and a V-category X is ®-complete if
and only if X is Cauchy complete. The following definition provides another
important example of a saturated class of limit weights.

Definition 4.25. Let V be a quantale. A V-distributor pg: G > X with
domain G is called codirected whenever the V-functor

[¢0,—]: V-Dist(G, X) — V

preserves finite suprema and tensors; that is, for all p,¢': G ©» X and all
u €y,

[po, L] = L, [0,V €] = 1[0, 0] Vpo,¢] [po,u®¢]=u® [,
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We note that the class ®a of all codirected V-distributors ¢: G <> X is
saturated (see [47]).

Definition 4.26. A V-category X is called codirected complete whenever X
is ®a-complete.

For a left adjoint V-distributor ¢: G -+ X with right adjoint ¢: X -+ G,
we have
[907 _] = —
since p - — 4 ¢ - — and ¢ - — - [p, —]; which shows that ¢: G - X
is codirected. Therefore every codirected complete V-category is Cauchy
complete.

Example 4.27. For V = 2, we can interpret every 2-distributor ¢: G o> X
as an upclosed subset A C X of X. Then A is codirected in the sense of
Definition 4.25 if and only if A is codirected in the usual sense; that is,
A # @ and, for all x,y € A, there is some z € A with z <z and z < y.

We recall now that, by Theorem 4.5, U-distributors of type G - X
correspond to U-functors X — V; and with this perspective we can consider
U-Dist(G, X) as a V-subcategory of V-Dist(G, Xj).

Proposition 4.28. For every ultrafilter theory U = (U, V,§), the inclusion
V-functor
U-Dist(G, X) — V-Dist(G, Xp)

has a left adjoint

(—): V-Dist(G, Xo) — U-Dist(G, X).

Moreover, if U is pointwise strict and compatible with finite suprema, then
U-Dist(G, X) is closed in V-Dist(G, Xo) under finite suprema and tensors.

Proof. By [36, Corollary 5.3|, the V-category U-Dist(G,X) is closed in
V-Dist(G, Xo) under weighted limits. The additional conditions guarantee
that the maps

ty: V —V and V: VXV —Y

are U-functors, for every u € V; which justifies the second claim. O
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Corollary 4.29. Let U = (U, V,§) be a strict ultrafilter theory compati-
ble with finite suprema so that k is approximated and the top element of
V. Then, for every codirected V-distributor ¢: G -+ X, the U-distributor
©: G o X s left adjoint in U-Dist.

Proof. We recall first from Proposition 2.10 that, under these assumptions,
k is V-irreducible. Using the adjunction of Proposition 4.28, the V-functor

@, —]: U-Dist(G, X) — V

is equal to the composite

U-Dist(G, X) —s V-Dist(G, Xo) -2 v,

and therefore [@, —] preserves tensors and finite suprema. By [41, Propo-
sitions 2.15 and 3.5], §: G - X is left adjoint in U-Cat. Note that the
notation regarding distributors in [41] is dual to ours. O

Theorem 4.30. Let U = (U, V,&) be a strict ultrafilter theory compati-
ble with finite suprema where V is completely distributive, £ is as in Theo-
rem 3.2, and k is approximated and the top element of V. Then, for every
V-categorical compact Hausdorff space (X, ap, ), the V-category (X, ap) is
codirected complete.

Proof. Let p: G o> X be a codirected V-distributor. By Corollaries 4.18
and 4.29, there is some y € X with
© = Yo = Y. Then, for every z € X,

[()Da I'*] = [@7 .CU*] = [y*:x*] = aO(xay)'
This proves that yx: X — ®a(X) has a right adjoint in V-Cat. O

We finish this subsection by exhibiting a connection with other ac-
counts of “codirected complete metric spaces” which appear in the litera-
ture. Firstly, non-symmetric versions of Cauchy sequences and their limits
are introduced in [69] and further studied in [7, 66]: a sequence (zp)nen in
a metric space (X, d) is called forward-Cauchy whenever

Ve >03IN €e NVn >m > N .d(xm, z,) < €,
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and (zp)nen is called backward-Cauchy whenever
Ve >03IN €e NVn>m > N .d(xy, zp) < €.

The definitions above extend naturally to nets (see [21]), and in [74] it is
shown that that forward-Cauchy nets in metric spaces correspond precisely

to those [0, 00];-distributors ©: X -+ G with the property that the V-
functor

<—
- —:]0,00]4-Dist(G, X) — [0,00]4, p — ¥ - ¢
preserves finite meets. On the other hand, in [43] it is shown that these
distributors do not coincide with forward-Cauchy nets for V = [0, co]x. Such

%
[0, o] +-distributors are called flat in |74]; however, in this paper we deviate
slightly from the notation of [74].

Definition 4.31. A V-distributor ¥: X > G is called flat if
- —: V-Dist(G, X) =V
preserves finite infima and cotensors.

In order to compare these two notions of “directedness”, we restrict our
study to a certain type of quantales.

Definition 4.32. We call a quantale V = (V, ®, k) a Girard quantale when-
ever V has a dualising element D € V; that is, for every v € V, v =
hom(hom(u, D), D).

This type of quantales is introduced in [80], we also refer to [77] for a
study of categories enriched in a Girard quantale.

Example 4.33. The quantale 2 = {0,1} and the quantale [0, 1] with the
Lukasiewicz tensor ® = © are Girard quantales, with dualising object the
bottom element 0.

For V = (V,®, k) being a Girard quantale with dualising element D, we
write u' = hom(u, D). As shown in [80], the operations (—)* and ® allow
us to determine the internal hom of V: for all u,v € V,

hom(u,v) = (u® vh)*t.
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Lemma 4.34. The map (—)*:V — V°P is a V-functor. Hence, V ~ VP
in V-Cat.

Proof. For all u,v € V we have
hom(u, v) ® hom(v, D) < hom(u, D),
which is equivalent to hom(u,v) < hom(vt, ut). O

Hence, for every ¢: G > X in V-Dist, o (z) = @(x)* defines a V-
distributor ¢+ : X -e+ G. Hence, the isomorphism of Lemma 4.34 induces a
V-isomorphism

(=)*: V-Dist(G, X) — V-Dist(X, G)°P.

Proposition 4.35. Let V = (V,®, k) be a Girard quantale, X a V-category
and pg: G o+ X in V-Dist. Then the diagram

N
V-Dist(G, X) -~ V_Dist(X, G)°P

[Wor]l l(—'%)c’p

1% 2
(=)

commutes.

Proof. Let ¢: G e+ X be a V-distributor. Then

1
[0, )" = (/\ hom(wo(w),sﬂ(fv))>

zeX

=/ hom(po(), p(x))*

zeX
=\ vo(z) ® p(x)". O
zeX
Corollary 4.36. Let V = (V,®,k) be a Girard quantale. Then a V-
distributor ¢: G o> X s codirected if and only if the V-functor
— - ¢: V-Dist(X,G) -V

preserves cotensors and finite infima. Hence, X is codirected complete if and
only if X°P is cocomplete with respect to all flat V-distributors : X o> G.
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