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Abstract. In this paper, for each lattice-valued map A — L with some
properties, a ring representation A — R L is constructed. This representation
is denoted by 7. which is an f-ring homomorphism and a Q-linear map,
where its index ¢, mentions to a lattice-valued map. We use the notation
Opg = (a — p)T A (¢ —a)", where p,¢ € Q and a € A, that is nominated
as interval projection. To get a well-defined f-ring homomorphism 7., we
need such concepts as bounded, continuous, and Q-compatible for ¢, which are
defined and some related results are investigated. On the contrary, we present
a cozero lattice-valued map ¢4 : A — L for each f-ring homomorphism
¢ : A — RL. It is proved that ¢;, = ¢" and 7., = ¢, which they make a
kind of correspondence relation between ring representations A — RL and
the lattice-valued maps A — L, where the mapping ¢" : A — L is called a
realization of c. It is shown that 7.r = 7. and ¢ = ¢".

Finally, we describe how 7. can be a fundamental tool to extend pointfree
version of Gelfand duality constructed by B. Banaschewski.
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1 Introduction

According Banaschewski’s pointfree out-looking [1], the fundamental part
of Gelfand duality is a pair of adjunction maps (o, 7) between two functors
¢ : KCRFrm — SBFAnn and 9 : SBFAnn - KCRFrm.

In this paper, the second part of the adjunction, 7, is extended gener-
ally. It is necessary to say that for every strong f-ring A, 74 : A — RIM(A)
is given by 74(a) = a, where a : R — 9(A) is defined by a(p,q) =
[(a—p)T Alg—p)*].

In Section 5, we define 7. as an extension of 74, for a lattice-valued map
c:A— L to aframe L.

Now, to analyse introductionally, we see that p < x < ¢ if and only
if min{(z — p)*, (¢ — z)*} is nonzero, for every p,q,x € Q. So, for every
f € C(X) and for every p,q € Q, [~ (p,q) = cozx((f —p)T A(g— f)T),
where the pointfree version of this equation is discussed in [2] as a(p,q) =
coz,((a—p)TA(g—a)T), where « € RL and p, ¢ € Q. This is the reason for
taking the notation o5, = (a — p)T A (q—a)T, for every p,q € Q and every
a € A, where A is a Q-algebra f-ring. The above notation is fundamentally
applied in construction of 7. in this paper.

First, in the next section, we give the necessary background on frames
(pointfree topology) and f-rings. Interval projections are introduced and
discussed in Section 3. In Lemma 3.3, we recall the basic relations which
we expect from 0y, similar to intervals. In Section 4, we define a. : R — L,
given by ac(p, q) = c(d,,), for every a € A and ¢ € F(A, L). The concepts
of the continuous lattice-valued maps and the bounded lattice-valued maps
are defined and studied, which are necessary for a. : R — L to be a frame
map. Proposition 4.7 shows that there are many bounded lattice-valued
map. We study continuity and bondedness of lattice-valued maps of cozx,
cozy, LA and T4, in Propositions 4.8 and 4.10. In Section 5, the Q-compatible
lattice-valued map is defined, which is a fundamental sufficient condition for
74 : A — RL to be an f-ring homomorphism and a Q-linear map, which
is proved in Corollary 6.9 in the last section. In Proposition 5.5 we prove
that cozx and cozp are Q-compatible, and in Proposition 5.7 we show that
t4 and 74 are Q-compatible in the particular case of the ring of continuous
functions, but the general case is left for the readers as an open problem
(Remark 5.6). It is interesting to say that the set of all Q-compatible lattice-
valued maps is closed under binary meets, which is proved in Proposition 5.7.
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In the last section, we introduce 7. : A — RL given by 7.(a) = a.. Using
Te, We prove, in Proposition 6.10, that if ¢ is a Q-compatible lattice-valued
map, so is ¢". We describe the relations between 7., ¢, and ¢”" in Proposition
6.11. Finally, we explain that 7. is fundamental to extend pointfree version
of Gelfand duality (Remark 6.12).

2 Preliminaries

Throughout the paper, all the necessary definitions and preliminary state-
ments may be found in [1, 3, 5, 8]. Recall that a frame L is a complete
lattice in which the infinite distributive law

a/\\/Sz\/{a/\xL’nES}

holds for all @ € L and S C L. We denote the top element and the bottom
element of L by T and L, respectively. Throughout this paper L is supposed
to be a frame.

We recall from [2] that a homomorphism of lattice-ordered rings is, of
course, a map between such rings which is, both, a ring and a lattice ho-
momorphism. An ¢-ideal in a lattice-ordered ring A is a ring ideal J of A
with the added property that |z| < |a| and a € J imply x € J, for every
x,a € A. The set of all (-ideals of A, denoted by L(A), is a compact frame
with the partial order C. For a € A, the f-ideal generated by a is

[a] ={z € A |z| <]alb, b >0 in A}

and, obviously, [a] = [|al].
Now, an f-ring is a lattice-ordered ring A which satisfies any one of the
equivalent conditions

1. (a Ab)e = (ac) A (be) for any a,b€ Aand 0 < c € A,
2. |ab] = |al[0],
3. [a] N [b] = [a Ab] for any a,b > 0 in A.

In any f-ring A, a® > 0 for each a € A. We call an f-ring A strong if every
a > 1 is invertible in A, and bounded if, for each a € A, |a] < n for some
natural number n. Throughout this paper A is a strong f-ring.
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Recall from Frame real that the frame LR of reals is obtained by taking
the ordered pairs (p, q) of rational numbers as generators and imposing the
relations

(R1) (p,g) A (r,s)=(pVr,gAs).

(R2) (p,q) V (r,s) = (p,s) whenever p <r < g <s.

(R3) (p,q) = V{(r,s)lp<r<s<q}

(R4) T =V{(p,9)| p,q € Q}.

The set RL of all frame homomorphisms from £R to L has been studied
as an f-ring in [1, 2].

Corresponding to every continuous operation o : Q% — Q (in particular
+,-,A,V) we have an operation on RL, denoted by the same symbol o,
defined by

aoB(p,q) = \[{alr,s) A Blu,w) : (r,s) o (u,w) < (p,q)},

where (r,s) ¢ (u,w) < (p,q) means that for each r <z < sand u <y < w
we have p <z oy < q.
The cozero map is the map coz : RL — L, defined by

coz(a) = a(—,0) vV (0, —).

For A C RL, let Coz(A) = {coz(a) : « € A} be the cozero part of A. The
set Coz(RL) is denoted by CozL. For more details about cozero map and
its properties which are used in this note see [2].

3 Interval projection

In this section, we introduce the notion of an interval projection. Interval
projections are elements of a strong f-ring A, denoted by dj,, which are
indexed by a triple (a,p,q) where a € A and p,q € Q. The reason for
taking the notation 4y, is that for a fixed a, interval projections 4y, and
open intervals (p,q) have the same lattice behaviour, given in Lemma 3.3.

So, one can say that d;, are projections of open intervals (p, q) on a.
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Definition 3.1. Let A be a strong f-ring. For a € A and r,s € Q, the
element (a —r)* A (s —a)™, which we denote it by d%, is called an interval
projection.

In the following figure, in the ring of continuous functions C'([0,+00)),
the identity function y = x and its interval projection 4, is drawn.

Y

‘Q
o
= IS

Figure 1:

Suppose that ¢ : A — B is an f-ring homomorphism between two strong
f-rings such that ¢(p) = p for all p € Q. So, it is also a linear map on the
field Q, because of this, we call ¢ an f-ring homomorphism and a Q-linear
map.

Lemma 3.2. Let ¢ : A — B be an f-ring homomorphism and a Q-linear
map. If (1) =1, then
(J5q) = 055,

for every a € A and p,q € Q.

Proof.
e(0p,) = ¢(la—p)" A(g—a)T)
= (p(a) =p)" A (g~ p(a)*
o5y
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Lemma 3.3. Fora € A and p,q,7,s € Q, we have
(1) pr>q, then o5, =0,

(2) (pvr)(ghs) — = 5(1 /\67(%8’

(3) 05, A oy =0,

(4) pr<7“<s<q then 67y < o5,

(5) If p<r < q<s, then 65,V 07y = 6y,
(6) If p < q, then 65,V 6, = 05,

Proof. (1) If p > q, then

0< 8, =((a=p)" Ag—a)") < ((a=p)" Ac(p—a)") =0.

Hence, oy, =

(2) Suppose p,7,5,q € Q. Since
a— (V) =(e—p)Aa—r), (As)—a=(g—a)A(s—a)

and
(Ay)T =2 Ayt

we conclude that

6?er)(q/\s) = (a - (p \ T))+ A ((q A 8) - CL)+
= (@a-ptAala—rtA(g—a)TA(s—a)t
= 5% A

(3) It is clear that

08, Nof = (a—s)tAla—r)TA(r—a)TA(g—a)t
= (a—8)T A% AN(g—a)T
= 0.

(4) Let p,r,s,q € Q with p <r < s <gq. Then, by (2), we have

58 A 8% = b =54,

— “(pvr)(gns)

Hence, 62, < 5‘1

»rrs
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(5) Let p,q,7,s € Q with p <r < ¢ < s. Since (a —p)* > (a —r)" and
(s —a)™ > (¢ —a)t, we conclude that

5, Vot = ((a—p)"A(g—a)")V((a—r)T A(s—a)t)
= ((a=p)TV@e—r))A((a=p)TV(s—a)t)
Alg—a)"Via—=r))A((g—a)T V(s—a))

= [(a=p)" A((a=p)*TV

—
»
|
Q
~
Jr

(6) It is clear that

5&1 Vv &le = [(a— p)+ A(g— a)+] V [(a — Q)+ A(p— a)+]
< lla=ptVvi@—-gtIA[(a=p)TV(p—a)fIA
(g—a)*V(e-q)"IA[(g—a)"V(p—a)]
= (a—p)" ANla—p)"V(p—a)t]A
[(g—a)tV(a—q)t]A(g—a)t
< 89
Therefore, 0, V 0g,, = 05, O

4 Bounded and continuous lattice-valued maps

In this section, we define and study the concepts of the continuous and
bounded lattice-valued maps. First we introduce the concept of cozero
lattice-valued maps.

Definition 4.1. A mapping ¢: A — L is called a lattice-valued map on A.

We denote the set of all lattice-valued maps from a strong f-ring A into
a frame L by F(A,L).

Definition 4.2. A lattice-valued map ¢ € F(A, L) is called a cozero lattice-
valued map if it satisfies

(c1) e(0) = L,

(¢2) if = is a unit, then ¢(z) = T,
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(e3) if z,y > 0, then c(z Vy) = c(z) V c(y),
(c4) if z,y > 0, then c(z Ay) = c(z) A c(y).

From now on, unless specified otherwise, ¢ denotes a lattice-valued map
from a strong f-ring A into a frame L.

We recall from [2] that an f-ring A has a natural topology, its uniform
topology, with basic neighbourhoods

1
Vila)={ze€A:|z—al< -}, n=1,2,---
n

for each a € A. For any I,J € L(A), INJ = 1N J. Therefore, MA, the
frame of all closed (-ideals of A, is a sublocal of £(A) and a frame under the
finite meet in £(A) and the closure of arbitrary joins in £(A); in particular
it is a compact completely regular frame.

Example 4.3. The following are cozero lattice-valued maps:

1. The map cozx : C(X) — O(X) defined by f +— cozx(f) ={z € X :
f(x) # 0}, where O(X) is the frame of open subsets of X.

2. The map cozy, : RL — L defined by a — cozp(«), where L is a
frame.

3. The map 14 : A — L(A) given by x — [z].

4. The map 74 : A — M(A) defined by x +— [z].

Definition 4.4. A lattice-valued map c¢ is called continuous if for every
p,q € Qand x € A,

@)=\ eon).
r,5€Q,
p<r<s<q
Definition 4.5. A lattice-valued map ¢ € F(A, L) is called bounded if
\/ c(6g,) =T,
pqeQ

for all @ € A.
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First, we start with the following lemma.

Lemma 4.6. If ¢ satisfies Condition (cl) of Definition 4.2, then the follow-
ing are equivalent:
(1) The lattice-valued map ¢ € F(A, L) is a bounded lattice-valued map.
(2) Vpeqclpg) =T, for every x € A.

Proof. (1) = (2) Since c satisfies Condition (c1), we conclude from Lemma
3.3 that if p > ¢, then c(d;,) = 0, for every x € A. Therefore,

T= \/ (0pq) = \/ c(Jpq);

p,g€Q p<q

for every x € A.
2) = (1) is evident. ]
(2)=(1)

Proposition 4.7. Let A be a bounded strong f-ring. If c € F(A, L) satisfies
Condition (¢2), then ¢ is a bounded lattice-valued map.

Proof. Suppose © € A. Then there exists n € N such that |x| < n. Consider
p,q € Q such that p < —n — 1 and ¢ > 1 + n. Thus, —n < z implies that
1 < —n—p < z—p. Consequently, (z —p)* > 1. Also, x < n implies
l1<qg—n<gq—u=z and so (¢ — z)" > 1. Therefore, dpg > 1 and &y, is
invertible. Since c¢ satisfies Condition (c2), we conclude that c(d,,) = T.
Therefore,

\/ (Opg) = T,

p,q€Q

for every x € A. Hence, c is a bounded lattice-valued map. O

The following proposition shows that cozx and cozy, mentioned in Ex-
amples 4.3(1) and (2), are continuous and bounded.

Proposition 4.8. Let X and L be a topological space and a frame, respec-
tively. Then

(1) cozx : C(X) = OX is a bounded continuous lattice-valued map,

(2) cozr, : RL — L is a bounded continuous lattice-valued map.
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Proof. (1) Suppose f € C(X) and p,q € Q. By Lemma 3.3,

\/ cozx (64,) C cozx(égq).

r,s€Q,
p<r<s<q

Now, assume that = € 0(5};1). Then,
0 # 6], (2) = min{(f(z) —p)*, (¢ - f(2))"}.

If 0 # 5}:q(x) = (f(x) — p)*, then there exists n € N such that

1 1
p<pt—<qg——-<gq
n n

and

f !
T € COZX(‘S(I,_,_%)(,]_l)) C \E/Q cozx (0)-

p<r<s<q
If 0 # 5]{(,(3;) = (q — f(x))™, then a similar proof shows that
x € \/ cozx (67,).

r,s€Q,

p<r<s<q
Hence
cozX((qu): \/ cozx (67,
T,SGQ,
p<r<s<q

for every f € C(X) and for every p,q € Q, which proves the continuity
of cozx. To prove boundedness, suppose that f € C(X) and z € X. If
f(z) € Z, we put p = | f(x)] and ¢ = 2| f(x) + 1], then we have

x € cozX(égq) - \/ cozx (0pq),

P,q€Q,
p<q

where |z] denotes the largest integer less than or equal to x.

If f(z) € Z, we put p= f(x) — 1 and ¢ = f(x) + 1, then we have

x € cozx(égq) C \/ cozX(égq).

p,q€Q,
p<q
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Therefore,

\/ cozX(égq) =X = TP(X),
P,q€Q,
p<q

for every f € C(X).
(2) Suppose that « € RL. Since « is a frame map, we conclude, from [2,
Lemma 6], that

coz(0p,) = alp, q) = \/ a(r,s) = \/ cozr,(65).

r,s€Q, r,s€Q,
p<r<s<q p<r<s<q

Also we have,

\/ coz(33) = \/ ap.g)=a( \/ (p.0) =a(T) =T,

P,q€Q p,q€Q P,q€Q

which shows the continuity and boundedness of cozy,. O

In Proposition 4.10 we study continuity and boundedness of lattice-
valued maps ¢4 and 74 mentioned in Example 4.3(3 and 4). First, we need
the following lemma.

Lemma 4.9. Let p,q € Q with p < q. If {en}tnen € QN (0,00) such that
rm=p+e, < q—ey =Sy, then

|5;q —or o | < 3en,

for everya € A and n € N,

Proof. Since aV s, —aVqg <0 and (—a)V (—-r,) — (—a) V (=p) < 0, we
conclude that

0<(a—s)t—(a—q)t=q—sp+aVs,—aVg<e,
and

0<(rn—a) —(p—a) =rm—p+(=a)V(-r) = (—a) V (-p) < en,
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for every a € A and n € N. Also, we have

(Tn—a)+V(a—sn)+—(p—a)+\/(a—q)+
=ep+(p—a)V(a—q)V(—en)
=—(p—a)V(@a—q VO
<e,+(p—a)V(a—q)VO0
—(p—a)V(@-q VO
:en
for every a € A and n € N. It is clear that
aNb—cANd=(a—c)+(b—d)+cVd—aVhb,
for every a,b,c,d € A. Hence

105 = sl < H0—a)" = (rn—a)| +[(a—q)" = (a—sn)"]
+rn—a)" Vi{a—sn)" = (p—a)" V(a—q)T
< 3en,

for every a € A and n € N. O

Proposition 4.10. (1) Let A = C((0,1)) be the ring of continuous func-
tions on the open interval (0,1). Then the lattice-valued map 14 is neither
continuous nor bounded.

(2) If A is a strong f-ring then T4 is continuous.

Proof. (1) Suppose f : (0,1) — R is given by f(z) = z. If p,q € Q and
p < g, then

(p+q)
2 bl

r—p forp<z<
S(@) =< q—a for —(p;q) <z <g,
0 otherwise.

Assume p,qg € Q and 0 < p < g < 1. We claim that

wa(0h) # ) ea(ly).

p<r<s<q

If LA((S]]:q) = 14(61), then

\/p<r<s<q

51];(16 [(51{4] = \/p<r<s<q[(5”f}9]
= Zp<r<s<q[57"5]‘
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Hence, there exists r1,81, - , 7k, Sk € Q and g1, ..., g9 € A such that
6£q:gl++gka

p<T1,81,...,Tk Sk < qand g; € [57];51.] for every 1 < i < k. Also, for every
1 < i <k, there exists 0 < h; € A such that |g;| < |57fisi!hi. Therefore,

60al < o]+ + o]
S |57f181’h1 + -+ ‘57‘fksk|hk

Let r = min{ry,--- ,ri}. Then, if p < z < r, we have
0 § r—p= ‘51{q|(x) < (‘55{131|h1 +eee |51fksk‘hk)(x) = 07

which is a contradiction. Therefore, t4 is not a continuous lattice-valued
map.

Now suppose that t4 : A — L(A) is a bounded lattice-valued map.
Once again consider f : (0,1) — R defined by f(z) = x. By the definition

of boundedness,
fead= \/ LA((Sz]:q) = Z [5;;1]'

p,q€Q, p,q€Q,
p<q p<q
Hence, there exist 1,81, -+ ,7, 5 € Q and g1,...,gr € A such that 0 <

ri<s;<l,f=gi+--+gk g € [5fisi], for every 1 < ¢ < k. Hence, for
every 1 < i < k, there exists 0 < h; € A such that |g;| < |6{.s,|hs. Therefore,

Ifl < gl +--+ gkl
S |67']‘c181’h1 + -+ léfksk’hk

Let r = min{ry,--- ,r;}. Then, if 0 < z < r, we have
0 < |fI(x) < (6], o, M1 + - + 16, o, ) () = 0.

Hence {z|0 < z < r} C Z(f) = 0, which is a contradiction. Therefore,
ta:A— L(A) is not a bounded lattice-valued map.
(2) Suppose that p,q € Q with p < ¢ and a € A. By Lemma 3.3,

Vows) =\ ] € [6g] = u(65,)-
T7S€Q7 T‘,SEQ,
p<r<s<q p<r<s<q

It is well known that there exists {ey}neny € QN (0,00) such that e, — 0
and
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Tm =p+ep, < q— e, =Sy

By Lemma 4.9, for every k € N, there exists kg € N such that for every
n € N, if n > kg, then

1
Hence
Vi) 0\ [] #0.
T7SEQ7
p<r<s<q

Since \/ rseq, [07]is a closed £-ideal, we conclude that 6, € \/ rseq, [05],

p<r<s<q p<r<s<q
which follows that
I RSEEAVAR AR
T78€Q7
p<r<s<q
Therefore, ¢ is a continuous lattice-valued map. ]

We close this section with the following question as an open problem:

Does there exist a strong f-ring A such that Ta is not bounded?

5 Q-compatiblity and coz-compatiblity

In this section, we introduce the notions Q-compatiblity for lattice-valued
maps A — L and correspondingly Q-compatiblity for ring homomorphisms
A— RL.

Definition 5.1. Let ¢ : A — L be a lattice-valued map. If for every
o€ {+,,V,A} a,be A and r,5,w,z,p,q € Q,

b b
c(0s) A e(0) < c(dpg”),
whenever < r,s > o < w,z >C< p,q >, then c is called Q-compatible.

Definition 5.2. The map ¢ : A — RL is called coz-compatible wherever

cozL(9(0py)) = ¢(a)(p, q),
for every p,q € Q and a € A.
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Let ¢ : A — RL be a function. We define a map ¢y from A into L by
cp(a) = cozp(p(a)), for all a € A.

The following proposition shows a primary relation between these two
notions.

Proposition 5.3. Let ) : A — RL be an f-ring homomorphism. If i :
A — RL is coz-compatible, then cy : A — L is Q-compatible.

Proof. If p, q, v, s, w, and z are rational numbers satisfying < r,s > ¢ <
w,z > < < p,q >, then

ey (085) A ey (00,,) cozr, (P (8%)) A cozr (¥(65,,))
()@@Awﬂw@

VA{w(a)(r,s) Ap(b)(w, 2) :
<rs>o<w,z><<p,q>}

P(a) o p(b)(p,q)

Y(aob)(p,q)

cozL (¥(3p ")

aob
Cw(fsz(?qo ))-

IA I

Therefore, ¢, is Q-compatible. O

Example 5.4. By giving an example, we discuss the relation between Def-
initions 5.1, 5.2, and Proposition 5.3. Consider Q as an f-ring. Define
6 :Q — RL, given by #(z) = x, which is an f-ring homomorphism. For
every a,p,q € Q, we have

T forp<a<aq,
1 otherwise.

cozL(Q(csgq)) = COZL((qu) = {
On the other hand,

T forp<a<aq,
1 otherwise.

W@W@ZX@@Z{

Hence, cozr,(0(d5,)) = 0(x)(p,q). Thus 6 is coz-compatible. Now, to calcu-
late ¢y : Q — L, we have

cop = cozr(0(z)) = cozp(x) = { I i i 8

Finally, note that cg : Q — L is Q-compatible, by Proposition 5.3.
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In the following proposition, we study Q-compatiblity of items of Ex-
ample 4.3.

Proposition 5.5. Let X and L be a topological space and a frame, respec-
tively. Then cozx and cozy, are Q-compatible.

Proof. We know that
cozx (M) ={z € X |u < f(z) < v},

for every u,v € Q and h € C(X). Suppose that f,g € C(X), r,s,w,z,p,q €
Q such that <r,s > ¢ <w,z >C< p,q >, where ¢ € {+,-,V,A}. We have

x € COZ)((&];) Ncozx(0%:) = 1< f(zr)<sandw < g(z) < z
= f(x)og(x)e<r,s>o<w,z>
= (fog)(z)e<p.q>
= € cozx (6539).

Therefore,
cozx (8,) A cozx (83,) < cozx (6557).

It proves that cozx is Q-compatible. But for cozy, we have

cozp,(8%) A cozp (68 )) = a(r,s) A B(w, z)
< \/{a(r, S)AB(w,2):<rys>0<w,z>C< p,qg>}

=a<B(p,q)

= cozL((S;‘;B).
So, cozy, is Q-compatible. O

Remark 5.6. About the question that lattice-valued maps t4 and 74 are
Q-compatible or not, we do not have an exact answer in the general case,
but in the case of ring of continuous functions, the answer is positive, which
is proved in Proposition 5.7. Any way, we leave the following open question
to the readers:

Does there exist a strong f-ring A such that ta and Tao are not Q-
compatible?
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Proposition 5.7. Let X be a topological space. Suppose that A = C(X).
Then, the lattice-valued maps 14 and T4 are Q-compatible.

Proof. First note that if cozx(f) C cozx(g) then we can conclude that
f € lg]. Now let f,g € C(X). Suppose that < r,s > o < w,z >C< p,q >,
where r,s,w,z,p,q € Q. By Q-compatiblity of cozx, we have cozx(&fs A
5iz) C cozx(égg,g), SO 5{; NS, € [553)9]. Therefore,

La(8F,) A ea(85,.) = ea(8f A 63.) C ea(8139),
since 6fy, 6%, > 0. Similarly, ZA(chs) ANTa(652) C ZA(chﬁJg). O
The partial ordering on F'(A, L) is defined by:
c1 < ¢g if and only if ¢1(x) < co(x) for all x € A.

It is clear that (c1 A c2)(z) = c1(z) A ca(x), for all z € A. Hence F(A, L) is
a meet-semilattice.

Proposition 5.8. Let c¢1,co € F(A, L) be Q-compatible cozero lattice-valued
maps. Then c1 A co is a Q-compatible cozero lattice-valued map.

Proof. If p, q, r, s, w, and z are rational numbers satisfying
(r,s) o (w,2) < (p,q),

then

1(675) A e2(07)) A (e1(dg,2) A e2(8y,2)

(e1 A e2)(87) A (er M) (8,2) = (e ca(
= (c1(07) A ex(82)) A (e2(07) A ea(03,2))
<a (

b

(5a<>b) A Co 5a<>b)
= (Cl VAN CQ)(&;Z )
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6 Representation of A into RL

As in [1], we recall a : R — 9M(A) given by a(p,q) = [(a —p)T A (¢ —a)T].
Then a is a frame homomorphism and so it is an element of RIM(A). It
entails an f-ring homomorphism 74 : A — RIM(A) defined by 74(a) = a.
In this section, we consider an arbitrary frame L instead of 9t(A), and
introduce a. and 7, which are extended to @ and 74, respectively, for each
suitable cozero lattice-valued map ¢: A — L. Also, we study the relations
between 7. and c.

Lemma 6.1. Let c € F(A, L) be a bounded continuous cozero lattice-valued
map. The following hold:

(Rl) C(égq) A C((sgs) = C((S?va)(q/\S)),

(R2) c(d5,) V c(d5) = c(d55), whenever p <1 < q < s,

(R3) c(dpg) =V rscq, c(07y),

p<r<s<q
(R4) V, eqcldp) =T.

Proof. (R1): Since c satisfies Condition (c4), we conclude, from Lemma
3.3, that

C( ?p\/r)(q/\s)) = c(é;gq N 61(”15)
(82,) A c(52).

for every p,q,r,s € Q and a € A.
(R2): Let p,q,r,s € Q with p <r < ¢ < s. Since c satisfies Condition
(c3), we conclude, from Lemma 3.3, that

e(05) V e(38,) = (55, v 62)

= c(0ps)-
(R3) and (R4): They are directly implied from the definitions of con-
tinuous and bounded lattice-valued maps. O

Definition 6.2. Define a. : R — L by ac(p,q) = c(dy,), for every a € A
and c€ F(A,L).
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Proposition 6.3. Let ¢ € F(A, L) be a bounded continuous cozero lattice-
valued map. Then, r. =r € RL, for every r € Q. In particular, 0. = 0 €
RL and 1. =1 € RL.

Proof. Consider r € Q. Since for every p,q € Q,

| T forp<0<yg,
(pg) = { 1 otherwise,

we conclude that r. =r € RL. ]

Definition 6.4. A cozero lattice-valued map ¢ : A — L is called realizable, if
a. € RL, for every a € A. Also, the map ¢" : A — L given by a — cozr(a.),
is called the realization of c.

Proposition 6.5. A cozero lattice-valued map is realizable if and only if it
s bounded and continuous.

Proof. Note that, in Lemma 6.1, the equations (R3) and (R4) are properties
of being continuous and bounded, respectively. This proves the proposition.
]

Remark 6.6. Consider the lattice-valued map cozy. By Lemma 6 of [2],
we have oz (p,q) = cozL(dp,) = a(p,q). So cozp is realizable and its
realization is itself, that is, ez, = @, and cozj (o) = cozp(a.) = cozp ().
By Proposition 6.5, the lattice-valued map ¢4 is not realizable.

Theorem 6.7. Let ¢ € F(A,L) be a bounded continuous cozero lattice-
valued map. If ¢ is Q-compatible, then

(aob). = ac< b,
for every a,b € A and o € {+,-,V,A}.

Proof. Suppose a,b € A, o € {+,-,V,A} and p,q € Q. Since ¢ is Q-
compatible,

VA{ac(r, 8) Abe(w, 2)[(r, s) o (w,2) C (p,q)}
VA{e(82) A e(85,)1(r,s) o (w,z) € (p,q)}
\/{C(5a°b)|< s)o{w,z) C (p,q)}

(5a<>b)

(aob)e(p,q)-

ac o be(p, q)

Al
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Since ac, be, and (a<b). are frame maps and R is a regular frame, it follows
that a. o b. = (a©b). O

Definition 6.8. Let ¢ € F(A, L) be a realizable lattice-valued map. We
define the map 7. from A into RL by 7.(a) = a., for all a € A.

Corollary 6.9. Let ¢ € F(A,L) be a bounded continuous cozero lattice-
valued map. If ¢ is Q-compatible, then the map 7. is an f-ring homomor-
phism and a Q-linear map. Also,

e(6) = 57
for every r,s € Q and a € A.

Proof. By Proposition 6.3 and Theorem 6.7, we get the result. For the
second part, we refer to Proposition 3.2. ]

Proposition 6.10. Let ¢ € F'(A, L) be a bounded continuous cozero lattice-
valued map. If ¢ is Q-compatible, then so is c”.

Proof. If p, q, r, s, u, and w are rational numbers satisfying < r,s > ¢ <
u,w >C< p,q >, then, by Corollary 6.9, we have

) = coxs )

= Tc(a o b) (pv q)7 by Lemma 6 in [2]
(ac o bC)(pﬂ Q)a
VA{ac(r,s) A be(u, w) |

<r,s >0 <u,w>C< p,qg>}

> ae(r,s) Abe(u,w)
= c0z(6%) A coz(8%,), by Lemma 6 in [2]
= (b7) A" (00)-
Hence ¢ is Q-compatible. O

The following proposition explains the relation between f-ring homo-
morphisms and Q-linear maps A — RL and the bounded continuous Q-
compatible cozero lattice-valued maps A — L.

Proposition 6.11. Let c € F(A, L) be a bounded continuous Q-compatible
cozero lattice-valued map, and ¢ : A — RL be an f-ring homomorphism
Q-linear map. Then, the following hold:
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M) e =,
) o7 —e,
(3) 7 =7
(4) ey = 6.

Proof. (1) is implied from the definition of realization and (2) is implied
directly from (1).
(3) By Lemma 6 in [2], for « € RL and p,q € Q,

cozr(0py) = a(p, q)-

Then, by Corollary 6.9, we have

T.(a)(pq) = a.(p.q)
= "(0p)
= COZL(TC(5pq))
= coz(6pg )

= 7c(a)(p,q),

for every a € A and p,q € Q. Therefore 7, = ..
(4) Let a € A and p,q € Q. We have

acy(p;q) = C4(0p)
= cozr(
= cozp (6
= cozp((
)

o(a)(p,q).

Note that, the last equality holds because for every o € RL we have
cozp((a—p)" A(g—a)¥)) = alp, q). Hence, 7, (a) = ¢(a), which completes
the proof. ]

2)
“)

5
¢(a) = p)* Alg—d(a)™))

Remark 6.12. Reffering to Bernhard Banaschewski [1], we have a functor
¢ : KCRFrm — SBFAnn, from the category of all compact completely



162 A. Karimi Feizabadi, A.A. Estaji, and B. Emamverdi

regular frames to the category of all strong bounded f-rings, which cor-
responds every frame L to the ring €(L) = RL. The functor € has a left
adjoint 9 given by A — 9M(A). There are two appropriate adjunction maps

o :ME(L) — L, 74 : A — EM(A)

given by

or([a]) = cozp (@), 7(a) = a,

where G : R — M (A) is given by

a(p,q) = [(a —p)* A (g —a)T] =1a(dp,)-

Banaschewski used the adjunction (o, 7) to describe the pointfree version of
Gelfand duality in [1].

Now, according to the methods of this paper, 74 is fundamentally defined
via the cozero map 74 : A — 9M(A) and the notation dy,. This fact leads us
to define generally 7. : A — L for an arbitrary lattice-valued map c: A — L
instead of the cozero map 74 : A — 9M(A), for any frame L (Definition 6.8).
The main purpose of this paper is studying the well-defindness of 7. and its
properties corresponding to properties of a lattice-valued map ¢: A — L.

So, studying 7. can be a method for thinking about finding a left adjoint
for a functor F : KCRFrm — SBFAnn (a general functor instead of
¢ : KCRFrm — SBFAnn), that will be a general form of pointfree version
of Gelfand duality, which is constructed by B. Banaschewski.
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